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Abstract. In photovoltaic (PV) systems, a maximum power point tracking (MPPT)
controller is essential for optimizing the PV output. The controller must be able to find
the global maximum power point (MPP) fast even when the power-voltage curve has mul-
tiple local MPPs. This paper presents a modified Bayesian optimization (BO) algorithm
and applies it to MPPT control for PV systems. By using the Lipschitz continuity of the
objective function, the presented algorithm reduces unnecessary exploration and acceler-
ates the convergence of the standard BO algorithm. In numerical simulation, we compare
the presented algorithm with some MPPT methods and validate its effectiveness in terms
of convergence time and power loss.
Keywords: Maximum power point tracking control, Partial shading condition, Bayesian
optimization, Lipschitz continuity

1. Introduction. To break our dependence on fossil fuels, the effective use of renewable
energy sources has been desired. Notably, photovoltaic (PV) generation has been spreading
all over the world because of its practicality and efficiency.

The power-voltage (P-V) curves of a PV array vary with weather conditions such as
panel temperature and solar radiation. A maximum power point tracking (MPPT) con-
troller is a crucial component for obtaining the maximum power point (MPP) in response
to the weather changes. MPPT control algorithms aim to find the MPP without weather
observation devices. As a result, an MPPT control problem can be characterized as a
black-box optimization problem.

A major challenge of the MPPT control problem is to find the global MPP even if the
P-V curves have multiple local MPPs under partial shading conditions. In these conditions,
typical MPPT methods, such as the hill climbing (HC) [1] and incremental conductance
methods [2, 3], may find a local MPP. More recently, the fuzzy state-feedback control-
based MPPT method has been presented in [4]. This method is robust for climate change
and saves the oscillation near the MPP; however, this method may also find a local MPP.
To cope with this issue, scanning-based and metaheuristics-based MPPT methods, such
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as window-scanning method [5], grey wolf optimization [6], Jaya algorithm [7, 8], and salp
swarm optimization [9], have been presented. These methods can find the global MPP
reliably (or with a high probability); however, these methods are somewhat inefficient
because the methods tend to excessively search the domain of the objective function.
In contrast to the abovementioned local and stochastic MPPT methods, a Lipschitz

optimization (LO)-based MPPT algorithm has been presented [10]. LO is guaranteed to
deterministically converge to the global optimum of a function satisfying the Lipschitz
continuity over a closed set [11, 12]. LO iteratively evaluates the objective function value
and estimates an upper bound of the objective function based on the Lipschitz condi-
tion. As the algorithm proceeds, the upper bound decreases, and the candidate regions
containing the global optimal solution are simultaneously restricted. In [13, 14], accel-
erated LO algorithms using the prior information on the objective function value have
been proposed and applied to the MPPT control problem. However, LO-based MPPT
methods as well as general deterministic algorithms tend to excessively search the domain
of the objective function and evaluate too many low power points. Consequently, these
MPPT methods cause low MPPT efficiency, i.e., power loss.
Meanwhile, Bayesian optimization (BO) has been implemented in the MPPT control

problem [15]. BO is global optimization based on a stochastic process and finds the opti-
mum of a black-box function or an expensive-to-evaluate function. In particular, BO has
been successful at hyper-parameter tuning in machine learning recently. However, BO
tends to explore excessively the search space to find the global MPP.
In this paper, we present modified BO (MBO) which utilizes the Lipschitz continuity of

the objective function and apply it to the MPPT control problem. The Lipschitz continu-
ous function is limited in its gradient to a bounded constant. By using this property, the
existence region of the global optimal solution is restricted. As a result, the convergence
of BO can be accelerated. In the application of MBO to the MPPT control problem,
finding the global MPP is much more efficient than continuing to track a local MPP in
terms of the economical use of solar energy. Additionally, a more efficient use of solar
energy can be achieved by finding the global MPP faster. We build a simulation model of
the PV system using MATLAB/Simulink. The LO [10] and BO [15]-based MPPT meth-
ods, which are global optimization methods and show the good performance, are opted
to compare with the presented method.
The remainder of this paper is organized as follows. The MPPT control problem is de-

scribed in Section 2. Some mathematical preliminaries and the BO algorithm are explained
in Section 3. In Section 4, we present MBO for the MPPT control problem. Section 5
gives simulation results to validate its effectiveness. In the final section, the conclusion of
this paper is given.

2. MPPT Control Problem. The simple PV system diagram is illustrated in Figure 1.
In Figure 1, IPV and VPV are the output current and output voltage, respectively, of the
PV panel. The role of the MPPT controller is to maximize the output of the PV array
by modulating the duty cycle of the DC-DC converter. In this section, the characteristics
of the PV array and the DC-DC converter are described.

2.1. Characteristics of PV array. Figure 2 depicts the current-voltage (I-V) and
power-voltage (P-V) curves of the PV array and the load line, where PPV = IPVVPV.
In Figure 2, IMPP and VMPP are the current and voltage, respectively, for the MPP. The
operating point of the PV array is given by the intersection of the I-V curve and the load
line. The area of the square implies the maximum output power. The slope of the load
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Figure 1. PV system

Figure 2. I-V and P-V curves of PV array and load line
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(c) P-D characteristics

Figure 3. Characteristics of PV array under partial shading conditions

line depends on the load magnitude. The MPPT controller aims to match the operating
point and the MPP by controlling the slope of the load line.

Under a uniform solar irradiance condition, the I-V curve exhibits a single step, as
shown in Figure 2. In contrast, under nonuniform solar irradiance conditions due to partial
shading situations, the I-V curves exhibit multiple steps, as shown in Figure 3(a). Then,
the corresponding P-V curves have multiple local MPPs, as shown in Figure 3(b). Note
that, in Figure 3, we simulate the PV panel characteristics under three different partial
shading cases by connecting four PV panels with different output power, as described
later in Subsection 5.1.

2.2. DC-DC converter. Figure 4 illustrates a boost converter, where L is inductance,
C is capacitance, VC is the output voltage, R is a load resistance, S is a switch, and D is
a diode. In the periodic steady-state, the mean voltage v̄ and mean current ī are given by
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(
ī
v̄

)
=


1

R(1− d)2

1

1− d

VPV, (1)

where R is the load resistance, and d is the duty cycle of the boost converter. Equation
(1) indicates that the output power of the PV system is a function of the duty cycle d.
Hence, the PV system modulates the duty cycle to find the global MPP. As a result, an
MPPT control problem can be characterized as a one-dimensional black-box optimization
problem, where the objective function is the output of the PV array, and the decision
variable is the duty cycle of the converter.

Figure 4. Boost converter

Meanwhile, in addition to the P-V curves, the power-duty (P-D) curves also exhibit
multiple local MPPs, as shown in Figure 3(c). In these cases, typical MPPT methods
may find local MPPs. To make the most of solar power, an MPPT control algorithm,
which aims to obtain the global MPP, is required.

3. Bayesian Optimization. BO addresses the following optimization problem:

max
x∈X

f(x), (2)

where f : X → R is a black-box function, and X ⊂ R is a closed interval.

Remark 3.1. As described in the previous section, since the MPPT control problem is a
one-dimensional optimization problem, we suppose f : X → R in this paper.

At iteration n ∈ N, suppose that we observe

yn = f(xn) + ϵn, (3)

where ϵn is noise which follows a Gaussian distribution with zero mean and variance σ2

(i.e., ϵn ∼ N (0, σ2)).
BO is performed by repeating the following process:

• Express the prior information on f as a statistical model P ;
• Choose a next observation point xn based on P ;
• Observe the corresponding function value yn;
• Update P based on D1:n = {(x1, y1), . . . , (xn, yn)}.

We introduce a Gaussian process (GP) to express the statistical model P .
This section first explains some mathematical preliminaries. Next, we describe the BO

algorithm.

3.1. Mathematical preliminaries.

3.1.1. Gaussian process. The GP is formally defined as follows [16].

Definition 3.1. The GP is a collection of random variables, any finite number of which
have (consistent) joint Gaussian distributions.
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The function f follows the GP if for any x1, . . . , xn ∈ X , the vector f1:n = [f(x1) · · ·
f(xn)]

T follows the n-dimensional Gaussian distribution with mean

m1:n = [µ(x1) · · ·µ(xn)]
T (4)

and covariance matrix

Σ1:n =

 k(x1, x1) · · · k(x1, xn)
...

. . .
...

k(xn, x1) · · · k(xn, xn)

 , (5)

where µ : X → R and k : X × X → R+ are the mean function and the kernel function,
respectively. For convenience, we assume that µ(x) = 0 in this study. The GP can be
characterized by its mean function µ and kernel function k. In this study, we use a Matérn
5/2 kernel [15] as the kernel function k:

kM5/2(x, x′) = θ

(
1 +

√
5r2(x, x′) +

5

3
r2(x, x′)

)
· exp

(
−
√

5r2(x, x′)
)
, (6)

where θ is a parameter, and

r2(x, x′) = (x− x′)2. (7)

Remark 3.2. In GP, 5/2 or 3/2 is often chosen as the parameter because BO with these
parameters has good empirical optimization performance and is also suitable for theoretical
analysis. In MPPT control, 5/2 is chosen to take account of the characteristics of the PV
panel [15].

3.1.2. Posterior distribution. In BO, we calculate the posterior distribution of f(xn+1) by
using the past observation points D1:n. The joint distribution of f1:n and f(xn+1) is as
follows [17]: [

f1:n

f(xn+1)

]
∼ N

(
0,

[
Σ1:n + σ2In k1:n(xn+1)

k1:n(xn+1)
T k(xn+1, xn+1)

])
, (8)

where In is the n-dimensional identity matrix, and k1:n(xn+1) is the vector [k(xn+1, x1) · · ·
k(xn+1, xn)]

T . By using this relationship, we have the posterior distribution of f(xn+1)
(i.e., conditional probability distribution of f(xn+1) given y1:n = [y1 · · · yn]T ) as follows
[17]:

p(f(xn+1)|f1:n, xn+1) = N
(
µn(xn+1), σ

2
n(xn+1)

)
, (9)

where

µn(xn+1) = k1:n(xn+1)
T
(
Σ1:n + σ2In

)−1
y1:n, (10)

σ2
n(xn+1) = k(xn+1, xn+1)− k1:n(xn+1)

T
(
Σ1:n + σ2In

)−1
k1:n(xn+1). (11)

3.2. BO algorithm. BO uses an alternative function a based on the probability distri-
bution of f(xn+1) and chooses a next observation point as follows:

xn+1 = arg max
x∈X

a(x). (12)

This alternative function is called an acquisition function. The acquisition function de-
pends on the kernel function k and the past observation points D1:n.

Many acquisition functions have been proposed, such as maximum probability of im-
provement and expected improvement [18]. In this paper, we use the well-known upper
confidence bound (UCB) scheme [18], which is a simple and intuitive form as follows:

aUCB(x) = µn(x) + βσ2
n(x), (13)
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where the parameter β controls the trade-off between exploration and exploitation.
From Subsection 3.1, the procedure of BO consists of three steps as follows:

• Derive the posterior distribution of f(xn+1) based on k and D1:n;
• Choose a next observation point xn+1 based on an acquisition function;
• Observe yn+1.

The pseudocode of BO is presented in Algorithm 1.

Algorithm 1. Bayesian optimization

1: Input: Max iteration N , n = 1, and initial input x1.
2: Observe y1 via (3).
3: while n ≤ N do
4: Calculate µn+1 and σ2

n+1 via (10) and (11).
5: Calculate xn+1 via (12).
6: Observe yn+1 via (3).
7: Add (xn+1, yn+1) to D1:n+1.
8: Increment n.
9: end while
10: Output: xi⋆ , where i⋆ ∈ arg max

i=1,...,N
yi.

4. Modified Bayesian Optimization. This paper presents MBO which utilizes the
gradient information, i.e., the Lipschitz constant of the objective function. The presented
algorithm improves the performance of standard BO by restricting the region where the
optimal solution does not exist.

4.1. Lipschitz condition. In this study, to utilize the Lipschitz continuity of the objec-
tive function, we add the following assumption.

Assumption 4.1. The objective function f satisfies the Lipschitz condition with a Lips-
chitz constant K > 0:

|f(α)− f(β)| ≤ K|α− β| ∀α, β ∈ X . (14)

In other words, the absolute value of the rate of change of f is at most K:

K ≥ max
α ̸=β

∣∣∣∣f(α)− f(β)

α− β

∣∣∣∣ . (15)

We now construct the zigzag function with gradient ±K by using the Lipschitz constant
K, as shown in Figure 5. From the Lipschitz condition (14), we have

f(xi)−K|x− xi| ≤ f(x) ≤ f(xi) +K|x− xi| ∀x, xi ∈ X , (16)

which means that the objective function exists in the parallelogram regions in Figure 5.
For explanation of the presented algorithm, we define the following notation:

D̄1:n = {(x̄1, ȳ1) , . . . , (x̄n, ȳn)} .
The set D̄1:n is the set sorted in ascending order with respect to the x-coordinate of D1:n.
We also define

(
x̄U
i , ȳ

U
i

)
as the upper vertices of the parallelogram in Figure 5, where

x̄U
i =

K(x̄i + x̄i+1) + ȳi+1 − ȳi
2K

ȳUi =
K(x̄i+1 − x̄i) + ȳi + ȳi+1

2

(17)

for all i ∈ {1, . . . , n− 1}.
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Figure 5. Graphical interpretation of Lipschitz condition

4.2. Modified Bayesian optimization algorithm. We attempt to introduce the Lips-
chitz continuity of the objective function into the standard BO algorithm. As we described
in the previous section, at each iteration of the standard BO algorithm, the mean function
µn and the covariance function σ2

n are calculated. At the same time, MBO constructs the
lines with gradient ±K from the past observation points, as shown in Figure 6. Now, let
us define

Jn+1 =

{
j ∈ {1, . . . , n− 1}

∣∣∣∣ max
i=1,...,n

yi > ȳUj

}
. (18)

Then, the global optimal solution does not exist in the interval [x̄k, x̄k+1] for all k ∈
Jn+1 because of the Lipschitz continuity of the objective function. MBO rejects such
interval [x̄k, x̄k+1] from the domain of the acquisition function a and reduces unnecessary
exploration, as shown in Figure 6. As a result, MBO accelerates the convergence of BO.
Moreover, it is noteworthy that the MBO algorithm does not terminate later than the
standard BO algorithm at worst.

Figure 6. Operating principle of MBO

The pseudocode of the MBO algorithm is summarized in Algorithm 2, where

â(x) =

{
−∞ if x̄k ≤ x ≤ x̄k+1 ∀k ∈ Jn+1

a(x) otherwise,
(19)

xn+1 = arg max
x∈X

â(x). (20)
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Algorithm 2. Modified Bayesian optimization

1: Input: Max iteration N , n = 1, and initial input x1.
2: Observe y1 via (3).
3: while n ≤ N do
4: Calculate µn+1 and σ2

n+1 via (10) and (11).
5: Calculate the upper vertices

(
x̄U
i , ȳ

U
i

)
via (17).

6: Calculate Jn+1 via (18).
7: Calculate â via (19).
8: Calculate xn+1 via (20).
9: Observe yn+1 via (3).
10: Add (xn+1, yn+1) to D1:n+1.
11: Increment n.
12: end while
13: Output: xi⋆ , where i⋆ ∈ arg max

i=1,...,N
yi.

Remark 4.1. It is noteworthy that the different processes between BO and MBO (i.e.,
fifth and sixth lines of Algorithm 2) are computationally inexpensive because only linear
functions and their intersections are calculated.

5. Simulation. In this section, we first describe the simulation model and the parameters
of the PV system. Next, we explain the prior simulations required to apply MBO to the
MPPT control problem. Finally, we show the simulation results and compare MBO with
LO [10] and standard BO [15]-based MPPT methods.

5.1. Simulation model. All the simulations were performed using Simscape Electrical
from MATLAB/Simulink on a computer with an Intel Core i7-7700K CPU 4.20 GHz
processor having 32 GB of RAM in a Windows 10 environment. The sampling time of
the simulation was taken as 0.1 ms. The calculated duty cycle via MPPT algorithms
was updated every tduty = 0.2 s and was set in the range of [0.1, 0.9] [10]. The circuit
parameters of the boost converter were listed in Table 1. The resistive load was R = 10 Ω.
The 1STH-215-P PV array model prepared in Simscape Electrical was used in this study.
To simulate the P-V curves with multiple local MPPs, the three PV array models were
connected in series. The panel temperature was constant at 25◦C. The simulation time
was tsim = 10 s.

Table 1. Circuit parameters of boost converter

Parameter Value
L 0.1 H
C 10−3 µF

Switching frequency 20 kHz

5.2. Prior simulation. To apply MBO to the MPPT control problem, we preliminarily
determined the parameter K based on the gradients of the P-D curves. Four irradiance
conditions for determining the relevant parameter K are listed in Table 2, where G1, G2,
and G3 express the amounts of solar radiation for each of the three PV array models.
In Figures 7 and 8, the corresponding P-D curves and their absolute values of gradients
are illustrated. Table 3 shows the smallest Lipschitz constant K⋆ in each case. Since
the P-D characteristics depend on the irradiance conditions, the Lipschitz constants also
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depend on the P-D characteristics. Thus, the Lipschitz constants depend on the irradiance
conditions. In this study, the parameter of LO and MBO was determined as K = 1000
based on Table 3 to subsume all the irradiance conditions.

Table 2. Irradiance conditions for determining K

Case G1 (W/m2) G2 (W/m2) G3 (W/m2)

1 1000 1000 1000

2 1000 800 800

3 800 600 400

4 1000 800 600
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Figure 7. P-D curves under conditions of Table 2
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Figure 8. Absolute values of gradients of P-D curves

Table 3. Smallest Lipschitz constant K⋆

Case K⋆

1 864
2 647
3 356
4 536



1434 E. MASUDA, Y. SOGAWA, Y. WAKASA AND R. ADACHI

5.3. Simulation results. In this subsection, we compare the presented MBO with LO
and BO in terms of power loss. The power loss is defined as follows:

Wloss =

nsim∑
n=1

(P ⋆ − Pn) tduty, (21)

where nsim is the number of iterations in the simulation (i.e., nsim = tsim/tduty = 50), P ⋆

is the maximum power, and Pn is the output power at iteration n. We randomly sampled
ten irradiance conditions from a uniform distribution over [100, 1000], as listed in Table 4.

Table 4. Ten irradiance conditions for verification

Case G1 (W/m2) G2 (W/m2) G3 (W/m2)

1 490 350 780

2 440 710 330

3 790 690 560

4 820 240 730

5 270 200 910

6 540 550 970

7 500 970 590

8 680 400 220

9 740 630 230

10 780 300 330

Figures 9 and 10 illustrate the duty cycle and power, respectively, of Case 4 as typical
results. In this case, the global MPP is x⋆ = 0.48. We can see from these figures that
LO finds the global MPP but it explores power points far from the global MPP around
5 s and 9 s. BO also finds the global MPP but it explores the many low power points
between 2 s and 4 s. On the other hand, MBO finds the global MPP faster than LO and
BO. This is due to the fact that the candidate regions containing the global MPP are
restricted by LO, as described in Subsection 4.2. Figure 11 illustrates the comparison of
the losses of the MPPT methods for ten randomly sampled irradiance cases. We can see
from Figure 11 that the loss of MBO is the lowest in all the cases.
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Figure 9. Duty cycles of MPPT methods
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Figure 10. Power of MPPT methods
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Figure 11. Power loss of MPPT methods

6. Conclusions. In this paper, we presented MBO and applied it to the MPPT control
problem. By utilizing the Lipschitz continuity of the objective function, the presented
algorithm improved the convergence performance. The effectiveness of MBO was verified
through simulations. Simulation results showed that the presented MBO algorithm finds
the global MPP faster than the standard BO algorithm.
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