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ABSTRACT. The conventional concept of computation in logical problem solving is based
on procedural reading of logical formulas. In contrast, computation in the equivalent trans-
formation (ET) framework is successive application of an unlimited number of ET rules,
which are procedures and not logical formulas. Computation by ET rules truly extends
the solvability of logical problems. For solving logical problems on clauses, we propose in
this paper prioritized ET rules. A set R of ET rules with priority ordering is employed,
and at each computation step an applicable ET rule with best priority in R is selected
and applied. This method can be used to reduce a search space by introducing new rules
and adjusting rule priority, and is useful for solving a large class of logical problems with
guarantee of strict correctness of computation results.

Keywords: Model-intersection problem, Equivalent transformation, Rule priority, Com-
putation control, Proof problem, Query-answering problem, Correctness

1. Introduction. By first-order formulas, we mean first-order formulas without built-in
constraint atoms. By full first-order formulas, we mean first-order formulas possibly with
built-in constraint atoms. Proof problems on first-order formulas historically constitute
the most important problem class in logical problem solving. The conventional resolution-
based theory, however, fails to establish a correct proof method for full first-order formulas
[1]. A query-answering (QA) problem is an “all-answers finding” problem to satisfy a giv-
en logical consequence relation on first-order formulas. SLD resolution has been proposed
for solving QA problems on definite clauses [2]. The conventional resolution-based theory,
however, has failed to establish a correct QA solution method for full first-order formu-
las [3]. It has been revealed that the conventional logical computation theory has both
representational limitation and computational limitation.

To break the representational and computational limitations of first-order formulas,
LPSF (Logical Problem Solving Framework) was invented [4]. LPSF is an axiomatic logic
and can be applied to conventional logics. LPSF can also generate new logics. KR-Logic
(knowledge-representation-logic) was created on LPSF as an extension of first-order logic
[5]. KR-Logic overcomes the representational and computational limitations of first-order
logic [1, 3, 5, 6].
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The conventional concept of computation in logical problem solving is based on proce-
dural reading of logical formulas. Only one rule of resolution is used in the conventional
computation by SLD resolution, and control means to select an occurrence of an atom in
a clause at each step of computation. Control in LPSF, in comparison, is to select a rule in
a given rule set at each computation step. One main characteristic of LPSF computation
is to use various equivalent transformation (ET) rules. Computation in the ET frame-
work is successive application of an unlimited number of ET rules, which are procedures
and not logical formulas. Computation by ET rules truly extends the solvability of logical
problems. In contrast, the conventional resolution-based computation can be regarded as
a simpler computational framework with a single transformation rule such as resolution
or unfolding.

For solving logical problems on clauses in the ET framework, we propose in this paper
prioritized ET rules. A set R of ET rules with priority ordering is employed, and at each
computation step an applicable ET rule with best priority in R is selected and applied.
Prioritizing a set of ET rules is a simple control mechanism, where the first applicable
rule in a given sequence of prioritized ET rules is selected and applied to a problem.
Prioritized ET rules can be used generally by any LPSF solver including one for KR-
Logic. Since we have various ET rules, control with prioritized ET rules is very useful for
better computation performance.

This method can be used to reduce a search space by introducing new rules on demand
and adjusting rule priority, and is useful for solving a large class of logical problems
with guarantee of strict correctness of computation results. One computation control may
give the shortest and finite path to the end of computation, while another computation
control may result in non-termination, i.e., never-ending computation with no answer
being obtained. By assigning a higher priority to an ET rule whose application yields a
smaller number of clauses, resource minimization control is possible. In practical problem
solving, resource for computation is limited. We can minimize execution time to reach a
conclusion under space constraints by giving higher priorities to lower-splitting rules.

The rest of the paper is organized as follows. Section 2 explains the LPSF theory,
which presents a solution method based on ET. Section 3 proposes prioritized ET rules
for computation control. Correctness of computation with prioritized ET rules directly
follows from the LPSF theory. Section 4 introduces a puzzle that is used as the main
example in this paper. The puzzle is represented by first-order formulas, and is converted
by Skolemization to a set of clauses in a clause space. Section 5 explains several ET rules
used in this paper mainly by examples. Section 6 illustrates computation with resource
minimization control by introducing new specialized rules and adjusting rule priority.
Section 7 provides conclusions.

The notation that follows holds thereafter. Given a set A, pow(A) denotes the power
set of A. Given two sets A and B, Map(A, B) denotes the set of all mappings from A to
B, and for any partial mapping f from A to B, dom(f) denotes the domain of f, i.e.,
dom(f) ={a | (a € A) & (f(a) is defined)}.

2. LPSF Theory.

2.1. LPSF theory. The conventional concept of computation in logical problem solving
is based on procedural reading of logical formulas, while computation in our theory is
successive application of an unlimited number of equivalent transformation (ET) rules. To
overcome the limited computation power of conventional logical problem solving methods
[1, 3], a general theory, called a logical problem solving framework (LPSF), was invented
[4], which extends the most basic concepts of logic and computation as follows.
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e LPSF utilizes a general concept of logical structure.

e LPSF regards model-intersection (MI) problems [7] as the main class of logical prob-
lems.

e LPSF takes ET rules as units of procedures.

MI problems form a large class of logical problems. Proof problems and query-answering
problems on first-order logic are considered as subclasses of MI problems. By solving MI
problems, we can solve proof problems and query-answering problems on first-order logic.
A general principle for solving MI problems on clauses is E'T, where problems are solved
by repeated problem simplification using ET rules. Efficiency of computation is basically
determined by

e a set R of ET rules used for the computation, and
e selection of an ET rule in R at each computation step.

ET rules and computation control may give an ET sequence that reaches a final problem
description in finite steps or may produce an infinite sequence without giving any answer
to the original problem.

2.2. Control and ET sequences. Let R be a set of ET rules. Let Prob be the set of
all MI problems. Given a sequence [Py, Py, ..., P;] of problems in Prob, a control gives an
ET rule in R that is applicable to P;. More precisely, a control ctrl is a partial mapping
from the set of all sequences of problems in Prob to the ET-rule set R that satisfies the
following two conditions. First, ctri([Fo, P, ..., P;]) is an ET rule in R that is applicable
to P;. Secondly, ctri([Py, Py, ..., P]) is undefined if no rule in R is applicable to P;.

Given an initial problem Fy and a rule set R, a control ctrl determines a finite or infinite
problem sequence [Py, P, ...] such that i) if ctrl gives a rule r; to a problem P; in the
sequence, then the next problem P, is obtained by (P, P;11) € r;, and ii) if ctrl gives
no rule to a problem P; in the sequence, then P; is the last problem and the problem
sequence terminates.

2.3. An LPSF-based solver. We can invent a logical problem solving method using
LPSF by designing four parameters: 1) a canonical logical structure £, 2) a set R of
ET rules, 3) a control ctrl, and 4) a set A of answer mappings. An answer mapping
is a mapping to obtain a computed answer of a given MI problem from the final state
of computation. For each initial problem, an LPSF-based solver determines a problem
sequence, a final problem, and a computed answer. A solver is correct if the following
condition is satisfied: for any initial problem, if the problem sequence determined by the
solver reaches the domain of an answer mapping, then the computed answer is equal to
the answer to the initial problem.

LPSF with these input parameters works as a problem solver for MI problems as follows.

e A problem ¢ formalized on L is received as input.

e The input problem ¢ is taken as the initial state F.

e [ is successively transformed by using ET rules in R, with rule selection being
determined by ctrl.

e Computation is a sequence of problems Fy, P, P,,... on L.

e If the computation Py, Py, Ps,... reaches the domain of an answer mapping ans in
A at P,, then LPSF outputs ans(P,) as an answer.

3. Computation Control by Prioritized ET Rules. Based on the LPSF theory and
the definition of control described in Section 2, we introduce computation control by

prioritized ET rules for LPSF solvers. The correctness of computation with prioritized
ET rules follows from the LPSF theory.
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3.1. Models and MI problems. Let G, be a set, the elements of which are regarded
as ground user-defined atoms. A canonical logical structure £ is a triple (K,Z,v) that
satisfies the following conditions [4].

1) K is a set.

2) T = pow(Gy).

3) v is a mapping from K to Map(Z, {true, false}).

An element of K is called a description and that of Z is called an interpretation. A typical
description is a logical formula in the first-order syntax. A set of clauses on first-order
logic is also a typical example of a description.

An interpretation I € Z is a model of a description k € K iff v(k)(I) = true. The
set of all models of a description k € K is denoted by Models(k). The intersection of
all models of k is denoted by () Models(k). Note that when Models(k) is the empty set,
() Models(k) = G,.

Hereafter, let Cs be a description on L. A model-intersection problem (for short, MI
problem) on L is a pair (Cs, ), where ¢ is a mapping from pow(G,) to some set W.
The mapping ¢ is called an extraction mapping. The answer to this problem, denoted by
ansmi(Cs, @), is defined by

ansyi(Cs, @) = ¢ <ﬂ Models( Cs)) .
Given an MI problem P = (Cs, @), ansui(Cs, ) is simply written as ansy(P).

3.2. Control and prioritized ET rules. A control selects an ET rule that is applied to
a problem at each step of computation based on a given problem sequence starting from
the initial problem to the current problem. Prioritized ET rules give a simple control that
selects an ET rule based only on the current problem P;.

We use priority of ET rules for computation control, where the first applicable rule in
a given sequence of rules is selected and applied to a given logical problem. Let Prob be
the set of all MI problems. Let R be a set of ET rules on Prob. Define R as the set of all
sequences of mutually distinct rules in R. A sequence [r1,72, ..., 7,] in R is also denoted
by ri1 >ry > - >r,. Aruler; in {ry,re,...,ry} is given priority ¢ by [ri, 72, ..., 7]
Hence [ry,7, ...,y is also called a prioritized ET rule set.

Let R, = [r1,72,...,7m] € RT. Let P be a problem. R, is applicable to P with r; if

1) none of ry,ry,...,7rj_1 is applicable to P, and

2) r; is applicable to P.
Note that j is determined uniquely by P and R,. For each element R, in R*, define
rule(R,) as the set of all pairs (P, P') such that R, is applicable to P with r;, and
(P, P") € r;. Since the relation rule(R,) is regarded as a rule, R, can be identified as a
rule by the relation rule(R,).

3.3. ET sequences and control by prioritized ET rules. Let R be a set of ET rules
on Prob. Let Py be an initial problem and R, a sequence of ET rules in R. The sequence
R, of ET rules determines
o arule set {ry,re,..., 7} if R, = [r1,72,...,7p], and
e a control, i.e., R, and P determine r; uniquely such that R, is applicable to P with
r; (Section 3.2).

Definition 3.1. A sequence [Py, Py,...] of problems in Prob is an ET sequence iff
ansyi(P;) = ansy(Piy1) for any P; and Py in the sequence.

Since all rules in R, are ET rules, R, produces a finite or infinite ET sequence.
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Definition 3.2. A mapping comp gives a finite sequence of problems, i.e.,
comp(Po,Rp) = [Po,Pl,PQ,...,Pn],

if i) (P, Piy1) € Ry, for any i € {0,1,...,n—1} and i) R, is not applicable to P,.
Otherwise comp(Py, R,) gives an infinite sequence of problems [Py, Py, Pa,...| such that
(P, Pit1) € Ry, for any i > 0.

3.4. Correctness of computation with prioritized ET rules. An MI problem
(Cs, ), where Cs is a description and ¢ is an extraction mapping, can be solved as
follows.

1) Let ans be an answer mapping.
2) Prepare a sequence R, of ET rules.
3) Take Py such that Py = (Cs, ) to start computation from Fj.
4) Obtain comp(Po, R,) = [Py, P1, P, ..., P,], and P, = (Cs,, ¢n).
5) If the computation reaches the domain of ans, ie., (Cs,,p,) € dom(ans), then
compute the answer by using the answer mapping ans, i.e., output ans(Cs,, p,).

There are many possible computation paths depending on the selection of a sequence R,
in R*. Every output computed by taking any arbitrary computation path is correct.

Theorem 3.1. When an ET sequence starting from Py = (Cs, ) reaches P, in dom(ans),
the above procedure gives the correct answer to (Cs, ).

Proof: Since [Py, P, ..., P,] is an ET sequence, ansyi(Cs, ¢) = ansyu(Csp, ¢n). Since
ans is an answer mapping,

ans(Csy, ©n) = ansy(Csp, on) = ansyr(Cs, @) (ﬂ Models( Cs))
Hence, ans(Cs,, vn) = ¢([) Models(Cs)). O

3.5. Finite solvability. From an initial problem P, and a prioritized rule set R, € R™,
finalProb(Py, R,) = P,

means that an initial problem F, is sucessively transformed into a final problem P, by
R,. Given a logical structure and a set of answer mappings, one typical computational
improvement is obtained by creation and accumulation of ET rules. Assume that a logical
structure is given, and A is a set of answer mappings. Let FSA(R, A) denote the set of all
problems that can be solved successfully using a set R of ET rules and a set A of answer
mappings by some control, i.e.,
FSA(R,A) ={F| (finalProb(Py,R,) = P,) &

(P, € dom(ans)) &

(ans € A) &

(R, € RT)}.
The set FSA(R, A) is called the finitely solvable area with respect to R and A assuming
rule priority.

3.6. The plan of the paper. The LPSF theory and the theory of control by prioritized
ET rules described so far can be applied to any logical structures such as first-order
logic and KR-Logic. From the next section onwards, we apply the theory of control by
prioritized ET rules to clauses on first-order logic and discuss computation control by
prioritized ET rules. We will explain several ET rules that may be applicable to clauses
on first-order logic. If we have more ET rules, priority-based control is more effective.
By specializing the applicability of ET rules, we can obtain ET rules that are useful for
smaller clause-splitting. We will take a proof problem in Section 4, explain several ET
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rules in a clause space in Section 5, and show that priority control by specialized ET rules
is useful for resource minimization in Section 6.

4. A Proof Problem and Its Formalization. We introduce a proof problem, called
the Steamroller puzzle. It is represented by a set of first-order formulas and is transformed
into an MI problem described by a set of clauses.

4.1. Schubert’s Steamroller puzzle. The Steamroller puzzle was presented by Lenhart
Schubert in 1978 as a challenge to automated-deduction systems. It was considered to
be too hard for existing theorem provers at that time due to its big search space. Much
work has been done related to the Steamroller puzzle to improve efficiency of computation
8, 9, 10, 11, 12]. This puzzle will be used in Section 6 to explain computation control
with prioritized ET rules and to illustrate the effect of computation control.

This puzzle is a proof problem. Formalization of the Steamroller puzzle as a proof
problem based on the conventional theory is given in Section 4.6. Since proof problems
can be transformed into MI problems according to our theory, we also give a formulation
of the Steamroller puzzle as an MI problem in Section 4.6.

4.2. Formalization. The problem description of the Steamroller puzzle is as follows:
Wolves, foxes, birds, caterpillars, and snails are animals, and there are some of each of
them. Also there are some grains, and grains are plants. Every animal either likes to eat
all plants or all animals much smaller than itself that like to eat some plants. Caterpillars
and snails are much smaller than birds, which are much smaller than foxes, which in turn
are much smaller than wolves. Wolves do not like to eat foxes or grains, while birds like to
eat caterpillars but not snails. Caterpillars and snails like to eat some plants. Therefore,
there is an animal that likes to eat a grain-eating animal.
The following predicates will be used for formalization of the Steamroller puzzle.

A(z) — x is an animal Wi(z) —zisa wolf
F(z) —wzisafox B(z)  —azisabird
C(z)  — xis a caterpillar S(x) — z is a snail
G(r)  —xisagrain P(x)  —zisaplant

M (z,y) — z is much smaller than y  FE(z,y) — z likes to eat y

Figure 1 shows the first-order formulas representing this problem [10]. All sentences except
the last one form the background knowledge and are represented by Fj-F5 in Figure 1.
The third sentence of the problem description (“Every animal either likes to eat all plants
or all animals much smaller than itself that like to eat some plants”) is represented by
the first-order formula Fj3 in Figure 1. The last sentence of the problem description
(“Therefore there is an animal that likes to eat a grain-eating animal”) is regarded as a
conclusion to be proved and is represented by the first-order formula F53 in Figure 1.

4.3. Clause space CLSg. Let A, be the set of all user-defined atoms. Let G, be the
set of all ground user-defined atoms. Let A. be the set of all built-in constraint atoms.
Let G. be the set of all ground built-in constraint atoms.

A clause C' on A, U A, is a formula of the form

al,...,am<—b1,...,bn,

where each of aq,...,a,,,b1,...,b, is a user-defined atom in A, or a constraint atom in
A.. All variables occurring in C' are implicitly universally quantified and their scope is
restricted to the clause C itself. Let lhs(C') and rhs(C') denote the set of all atoms in the
left-hand side of C' and the set of all those in the right-hand side of C, respectively. When
there is only one user-defined atom in lhs(C'), C' is called a definite clause. A clause is



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.19, NO.5, 2023 1523

Fi: Jx:W(x)
Fy: 3z F(x)
F3: Jx: B(x)
Fy: Fz:C(x)
F5: 3z :S(x)
Fg: Va: (W(x) — A(x))
Fr: Nx: (F(x) — A(x))
Fs: Va: (B(x) = A(z))
Fy: Vax:(C(x) = A(x))
Fio: Vx: (S(z) — A(x))
Fii: 3z G(x)
Fiy: Vo : (G(x) — P(x))
[Vy : (Aly) A M(y,x) A 3z : (E(y, z) A P(2))) = E(z,y))]]]
Fiy: Yoo (C(z) = (Yy : (By) = M(z,y))))
Fis: Vo : (S(x) = (Yy: (Bly) = M(z,y))))
Fig: Vo : (B(z) —» (Vy : (F(y) = M(z,y))))
Fip: Vo : (F(x) = (Yy: (W(y) = M(z,y)))
Fig: Yo : (W(z) = (Yy: ((F(y) vV G(y)) — ~E(z,9))))
Fig: Yo : (B(x) = (Vy: (Cy) = E(z,y))))
Fyy: Va: (B(z) — (Yy: (S(y) = —E(z,y))))
Fog: Fw - [A(z) A[By : (Aly) A [Bz 2 (G(2) A E(y, 2))] A E(z,y))]]

FiGURE 1. First-order formulas representing the Steamroller puzzle

ground if all atoms in the clause are ground. The set of all clauses is denoted by CLSg.
The problem clause space is the powerset of CLSg. Next, we will give general concepts
related to a set of clauses in CLSg, such as interpretations, models, canonical logical
structures, and MI problems.

4.4. Interpretations and models. An interpretation is defined as a subset of G,. A
ground user-defined atom g is true under an interpretation I iff g belongs to I. Unlike
ground user-defined atoms, the truth values of ground constraint atoms are predetermined
independently of interpretations. Let TCON denote the set of all true ground constraint
atoms, i.e., a ground constraint atom g is true iff g € TCON.

A ground clause C' = (ay, ...,y < by, ..., b,) € CLSg is true under an interpretation
I (in other words, I satisfies C) iff at least one of the following conditions is satisfied:

1) There exists i € {1,...,m} such that a; € I UTCON;
2) There exists i € {1,...,n} such that b; ¢ I U TCON.

An interpretation [ is a model of a clause set C's C CLSg iff for any clause C' € Cs and
any substitution # for usual variables, if C'f is a ground clause, then C is true under I.

4.5. A canonical logical structure and MI problems on it. To apply the LPSF
theory to solving the Steamroller puzzle, we introduce a canonical logical structure £ =

(K,Z,v) as follows:

e Let K = pow(CLSR).
o Let Z = pow(G.,).
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e Let v: K — Map(Z, {true, false}) be defined by: for any Cs C CLSg, v(Cs) is a
mapping from Z to {true, false} such that for each G € Z, v(Cs)(G) = true if G is a
model of Cs, and v(Cs)(G) = false if G is not a model of Cs.

An MI problem on CLSg is a pair (Cs,¢), where Cs C CLSg and ¢ is an extrac-
tion mapping from pow(G,) to some set W. The answer to this problem, denoted by
ansyi( Cs, @), is defined by ansyi(Cs, ¢) = ¢([) Models(Cs)).

4.6. Formalization of the puzzle as an MI problem. Referring to F-Fb53 in Figure 1,
let F'= FiAFyA---AFy. The Steamroller puzzle is first formalized as Models(F A—Fy3) =
(), which corresponds to the formalization as a proof problem F |= Fy3 in the conventional
theory. By using the conventional Skolemization, F' A =Fb3 is converted into a clause set
Cs; consisting of the clauses in Figure 2, where w, f, b, ¢, s, and g are Skolem constants,
and f; and f; are Skolem functions. Since Models(F N —Fy3) = () ift Models(Cs;) = (), we
have a new formalization Models(Cs;) = 0.

Cli W(w) —

CQZ F(f) —

032 B(b) —

041 C(C) —

052 S(S) <

CGZ G(g) —

Cr: Ax) « W(x)

Cs: A(z) « F(z)

Cy:  A(zx) < B(x)

Cio: A(z) « C(x)

Ch: A(z) <« S(z)

Cia: P(z) « G(x)

Cis: E(z,y), E(z,2) < A(x), P(y), A(2), M(z,x), P(u), E(z,u)
Cu: M(z,y) < C(x), B(y)
Cist M(z,y) < S(z), B(y)
Cie: M(z,y) < B(z), F(y)
Chr: M(z,y) < F(x), W(y)
Cis: < W(%),F(y),E(Z‘,y)
C’19 A W(Q?),G(y),E(I,y)
Co: E(z,y) « B(z),C(y)
Can %B(I)WS(Q)?E(@’??J)
Cor P(i(1)) + Cla)

023 E((L’, fl(l‘)) — C(l’)
Cou: P(fa(x)) = S(x)

025 E(Jf, 2(.23)) — S(x)
Cror + A(r), Aly), (=), E(y, 2), E(zy)

FIGURE 2. Clausal form

For any Cs C CLSg, Models(Cs) = 0 iff [} Models(Cs) = G,. As a result, the formal-
ization Models(Cs;) = ) is equivalent to [ Models(Cs;) = G, which is also equivalent to
©1([ Models(Csy)) = yes, where ¢ is a mapping from pow(G,) to {yes, no} such that for
any G C G, ¢1(G) = “yes” if G = G,, otherwise ¢1(G) = “no”. Hence we have an MI
problem (Cs;, 1) such that

ansyi(Cs1, 1) = 1 (ﬂ Models(051)> .
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To solve this MI problem, Cs; is transformed equivalently. While only the resolution and
factoring inference rules are used in the conventional proof theory, an LPSF-based solver
uses all possible ET rules, including unfolding and the ET rules described in Section 5.

5. ET Rules by Examples. We explain the ET rules used in this paper by examples.
Their strict definitions and correctness proofs can be found elsewhere [13, 14].

5.1. Resolution. Resolution is a transformation rule for producing a new clause, called
a resolvent, from two clauses. For instance, suppose that Cs contains the two clauses:
C1: p(l’) — Q(x), T(.I‘, 4)7 S(SL’)
Cor 71(Ly),ty, 2) < u(y),v(2)
By applying the resolution rule to C'; and C, a new clause

C’3: p(l), t<47 Z) — Q<1)a 8<1)7 ’LL<4), U(Z)
is added to Cs as the resolvent.

5.2. Factoring. Two atoms in the same side of a clause are unified to give a new clause.
For instance, suppose that Cs contains the clause:

Ci: p(z) < q(x),r(x,4),7(3,y)
Then a new clause
Co: p(3) < q(3),7(3,4)
is added to Cs. Suppose that Cs contains the clause:
C’3: p(x)a 7"(1‘, 4)7 T<37 y) —
A new clause
Cy: p(3),7(3,4) +
is added.

5.3. Erasing independent satisfiable atoms. Let C' be a clause and B a set of atoms.
Let C'© B be defined as the clause obtained from C' by removing all atoms in B from
its right-hand side. That is, C' © B is defined by lhs(C' © B) = lhs(C) and rhs(C © B) =
rhs(C) — B. This rule, referred to as (erase) in Section 6, changes C' into C' © B if i) B
and (lhs(C) U rhs(C')) — B have no common variable and ii) B can be instantiated to be
true under the condition of Cs — {C'}. For instance, suppose that Cs contains the two
clauses:

Ci: p(f(2,6)) «
Ca: r(y) < p(f(2,6)),q(y)
Then p(f(x,6)) can be removed from Cs.

5.4. Elimination of subsumed clauses. This rule, referred to as (subsumed) in Sec-
tion 6, removes a clause C' from a clause set Cs if C' is subsumed by some clause in Cs.
For instance, suppose that Cs contains the two clauses:

Cli hl, hg — bl,bQ

CQI hl — bz
Then C can be removed from Cs.

5.5. Elimination of an atom in a clause’s left-hand side. This rule, called the
forwarding transformation rule, erases an atom a in the left-hand side of a clause by using
a negative clause («— b), where b is an atom, such that a is an instance of b. For instance,
suppose that Cs contains the two clauses:
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Ci: p(X,3),h + q(X)
Cy: «—p(Y,2)
Then C) can be changed into a new clause (h < ¢(X)).

6. Priority-Based Control with Specialized ET Rules. For more flexible and more
efficient computation, we use priority-based control with specialized ET Rules.

6.1. Resource minimization by prioritized ET rules. An MI solver in this theory
receives a problem description and a sequence of ET rules as input, produces an ET se-
quence, and obtains the final answer when the computation reaches the domain of a given
answer mapping [4]. In practical problem solving, resource for computation is limited. For
each state S = (Cs, ¢), the number of clauses as well as that of all atoms in Cs should
not exceed a certain limit. Finding good computation control is essential for the success
of solving problems in practical time. Prioritization of resource-restricted specialized ET
rules is useful for resource minimization control. We try to minimize memory and time
by adjusting prioritized ET rules. Based on the fact that a smaller amount of space con-
sumption tends to decrease total execution time, we will design a set of ET rules and
their priority basically so as to minimize space consumption at each state.

6.2. Restricted resolution and restricted factoring. Resolution adds a resolvent of
two clauses and always increases the number of clauses by one. Let (res i) be defined
as an ET rule for making a resolution step with a resolvent containing not more than ¢
atoms. Since a smaller number of atoms are better for saving space and for finding simpler
clauses, (res i) should have higher priority than (res j) when i < j.

Factoring also adds a clause; it always increases the number of clauses by one. Let (fac
i) be defined as a factoring rule with a new clause containing not more than i atoms.
Again, for finding simpler clauses and saving space, (fac i) should have higher priority
than (fac j) when ¢ < j.

6.3. Restricted unfolding. Unfolding decreases the number of clauses by one when the
number of resolvents is zero, does not change the number of clauses when it produces only
one resolvent, and increases the number of clauses otherwise.

Assume that Cs is a clause set. Unfolding of Cs with not more than i resolvents is a
transformation rule that satisfies the following conditions.

1) Letting D C Cs be a set of definite clauses used for unfolding, this rule is applicable
to a body atom b in Cs when

{C' | (C € D) & (b and head(C') are unifiable)}| < i.

2) The result of the transformation is the same as that of usual unfolding.

Let (udi 7) be defined as a transformation rule that applies unfolding to an atom in the
right-hand side of a clause if it results in not more than ¢ resolvents. According to the
principle of giving higher priorities to lower-splitting rules, (udi ¢) should have higher
priority than (udi j) when i < j.

6.4. A solution to the steamroller problem. Let (erase) be an ET rule for erasing

independent satisfiable atoms (see Section 5.3), (subsumed) an ET rule for elimination of

subsumed clauses (see Section 5.4), and (fwd) the forwarding transformation rule, which

erases an atom in the left-hand side of a clause by using a negative clause (see Section 5.5).
When we take the rule priority

(udi 1) > (erase) > (subsumed) > (fwd) > (udi 2) > (udi 3) > (udi 5),
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the Steamroller puzzle is solved by 211 rule applications, where (udi 1) is applied 116
times, (erase) 15 times, (subsumed) 38 times, (fwd) 17 times, (udi 2) 8 times, (udi 3)
4 times, and (udi 5) 13 times. Clause splitting by (udi i) gives less than or equal to i
clauses. If i > 1, the number of clauses may increase. Each of (erase) and (fwd) does not
change the number of clauses. The rule (subsumed) decreases the number of clauses by
one. As a result, we have the changes of the number of clauses as shown in Figure 3. As
depicted in Figure 4, the number of all atoms in the clauses in each computation state
also changes similarly.
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6.5. Comparison. By deleting (udi 2) and (udi 3) from the above priority, we have
(udi 1) > (erase) > (subsumed) > (fwd) > (udi 5),

which gives only 90 steps to obtain the same solution. However, when we remove the rule
(udi 1), i.e., when we take

(erase) > (subsumed) > (fwd) > (udi 5),

we need 269 steps to reach the final singleton of the empty clause, showing that prioritized
application of (udi 1) is important for efficient computation.

So far we have introduced three priority controls, which are referred to as “Cont01”,
“Cont02”, and “Cont03”. Changes of the number of clauses resulting from these priority
controls when solving the Steamroller puzzle are shown in Figure 5.
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Since resolution and factoring are ET rules, the conventional resolution proof method
is covered by our framework. For example, we can take prioritized ET rules (res 99) >
(fac 99) to solve proof problems by the resolution and factoring ET rules.

Figure 6 compares ET computation using the priority control “Cont01” with compu-
tation by resolution and factoring. Since each resolution step adds one resolvent of two
clauses, each step increases the number of clauses by one. In the proof with resolution and
factoring, computation goes on the upward straight line in Figure 6, which may exceed
the space limitation before the computation terminates.
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7. Conclusions. The conventional first-order logic has both representational limitation
and computational limitation. LPSF is an axiomatic logic that overcomes these limitations
by enabling the employment of various forms of extended logical formulas and various ET
rules. Computation in the ET framework is successive application of an unlimited number
of ET rules. Computation by ET rules extends the solvability of logical problems.

We have proposed a prioritized set of ET rules, which can be regarded as a sequence of
ET rules. It gives a simple control mechanism, where the first applicable rule in the rule
sequence is selected and applied to a problem. We can search for successful ET sequences
with smaller cost by adjusting priorities of ET rules.

Since we have various ET rules, control with prioritized ET rules is very useful for
better computation performance. With the principle of generating specialized ET rules
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and assigning higher priorities to lower-splitting rules, resource minimization control of
clauses can be realized. Resource minimization control is useful for finding an ET sequence
that reaches a final problem description in finite steps, avoiding an infinite sequence
without giving any answer to an originally given problem.

Control with prioritized ET rules is mainly intended to be used for unfolding-based
top-down computation. Priority control with specialized ET rules extends the successful
range of unfolding-based top-down search. One future research is to develop a new control
by a mixture of top-down and bottom-up search in LPSF-based computation.

Control with prioritized ET rules can also be applied to the conventional proof theory.
Each resolution/factoring step adds one clause in the conventional proof method. The
number of clauses grows monotonically, which may exceed the space limitation before
the computation reaches a given goal. By using non-splitting E'T rules other than the
resolution and factoring rules, we can suppress explosion of problem size and may avoid
infinite computation without producing an answer. Resource minimization control using
various ET rules is indispensable for overcoming the computational limitation of the
conventional proof theory.
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