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ABSTRACT. This paper proposes a framework for automatically proving logical equiva-
lences belonging to the equivalent simple class. A logical equivalence is a mathematical
formula that describes the equivalence of the declarative meaning between two sets of
atomic formulas, and is used to generate programs based on equivalent transformation.
In the equivalent simple class, atomic formulas use universally quantified variables and
existentially quantified variables in addition to constants. The proposed framework us-
es a confluence search to determine the correct logical equivalence. A confluence search
proves an equivalence relation between two definite clauses to determine the correct logical
equivalence. Two definite clauses are generated from a logical equivalence. Although con-
fluence search is useful for proving the correctness of logical equivalences, no method or
principle for automation has been proposed. To automate the proof of logical equivalences,
the proposed framework incorporates a method called slicing into the confluence search. A
slicing is an original method for generating subproblems from the original problem given
to the confluence search. Experimental results indicate that the proposed framework can
reduce the computation time required to prove one logical equivalence from minutes to
seconds and even milliseconds. For example, using the proposed framework, each logical
equivalence given in the experiment is proven in eleven seconds on average.
Keywords: Equivalent transformation, Logical equivalence, Confluence search, Slicing,
Automatic proof

1. Introduction. A logical equivalence (LE) [1, 2] is a mathematical formula that de-
scribes the equivalence of the declarative meaning between two sets of atomic formulas
(atoms), and is used to generate programs that solve problems efficiently. Different classes
of LEs, such as C2LE, Speq, and False, have been proposed in previous studies [3, 4, 5],
which are useful for generating efficient programs. The full forms of C2LE and Speq are
omitted because these classes are outside the scope of this paper. In this paper, we use
LEs belonging to the equivalent simple (ES) class. In the ES class, atoms use universally
quantified variables and existentially quantified variables in addition to constants. LEs
belonging to the C2LE, Speq, and False classes are special formulas of the ES class. Miura
et al. [2] showed that using correct LEs can generate correct programs; therefore, LEs are
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very important in suggesting methods to generate correct programs. The correctness of
LEs is defined in Section 2.2. We believe that generating several correct LEs will lead to
the generation of a wide variety of correct programs.

Previous studies [3, 4, 6] have proposed different methods for proving the correctness
of LEs. These extant methods prove LEs based on the theoretical basis of correct LEs
provided in [2]. The method proposed in [3] proves the equality of two different variables
based on constraints determined from given atoms, and is mainly used for LEs belonging
to the Speq class. Next, the method proposed in [4] proves the unsatisfiability of atoms
appearing in the targeted LE, and is mainly used for LEs belonging to the False class.
Finally, the method proposed in [6] proves the equivalence of the declarative meaning be-
tween two definite clauses. Previous studies have focused on manual proofs, so automation
of these extant methods has not been discussed. In this paper, we use the proof method
[6] as a basis for proposing a framework for automatically proving LEs belonging to the
ES class.

A confluence search is an original method to guarantee the correctness of LEs by proving
the equivalence of the declarative meaning between two definite clauses. In this paper, a
confluence search is used to determine the correct LE. If two definite clauses are equivalent,
the same set of clauses is obtained from them. These two definite clauses are generated
from an LE to be proven. A confluence search performs clause replacement to determine
whether both definite clauses produce the same set of clauses. The initial state of clause
replacement is a singleton comprising each of the two definite clauses. Given a correct
LE, we obtain the same set of clauses. However, the correctness of the given LE is not
guaranteed if the same set of clauses cannot be obtained; that is, it is unknown whether
the given LE is correct. Therefore, an efficient method is required to find the same set of
clauses.

In the confluence search, it is not easy to find the same set of clauses, because dif-
ferent sets of clauses are obtained depending on the order in which the procedures are
applied. Therefore, although confluence search is useful for proving the correctness of LEs,
no method or principle for automation has been proposed. Currently, the correctness of
LEs is proven manually, so if the number of LEs to be proven is large, the computa-
tion time becomes impractical. For example, the LE generator proposed in [5] generated
approximately twelve thousand five hundred LEs. To automate the proof of LEs, this
paper proposes a framework that incorporates a method called slicing into the conflu-
ence search. A slicing is an original method for generating multiple relations between two
definite clauses from the original problem given to the confluence search, and is used to
simplify the original problem. Thus, the multiple relations generated by the slicing are
subproblems of the original problem. A set of subproblems is used to prove the LE using
induction. To determine a set of subproblems, the proposed framework uses a problem
structure vector (PSV) that specifies the parameters and settings required for induction.
Multiple PSVs are determined, because there are many different sets of subproblems for
the original problem. The proposed framework repeatedly selects PSV candidates until
an appropriate PSV is found.

Given an LE, the proposed framework performs the following tasks to prove the LE:
(a) generate two definite clauses from the LE; (b) determine an equivalence relation be-
tween two definite clauses; (c) generate a set of subproblems based on a PSV from the
equivalence relation, where a PSV is randomly selected; (d) prove that all subproblems
specify equivalence relations and return true if all proofs hold. If the result is true, the
LE is correct. Otherwise, repeat from task (c) with the other PSV. The slicing adds tasks
(c) and (d) to the original process of the confluence search. If the proposed framework
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does not contain the slicing, we directly prove that the equivalence relation determined
in task (b) holds.

To enable automatic proofs of LEs, we need to implement a solver program that runs the
automation framework proposed in this paper. Thus, we implement a solver program for
automatic proofs of LEs and use the solver program to evaluate the proposed framework.
The proposed framework includes procedures that describe complex controls to correctly
check the status of definite clauses while preserving the declarative meaning of the original
problem given to the confluence search. For example, there are controls for determining
whether a given definite clause represents a recursive state and whether clause replacement
continues. Therefore, it is important to select an appropriate framework for program
synthesis. An equivalent transformation (ET) [7, 8,9, 10] is a program synthesis framework
that can generate completely correct programs that solve problems. The ET framework
is used to develop various solver programs for query-answering problems; for example,
Miura et al. [11, 12] developed a cloud services brokerage (CSB) system [13, 14, 15].
Programming based on the ET framework allows programmers to run imperfect programs
and find imperfections that exist within programs, thus developing more efficient and
stable solvers. Therefore, the ET framework helps develop larger and more complex solver
programs. In the ET framework, a problem is specified using definite clauses, and a
program is a set of rewriting rules called ET rules, each of which replaces one of the definite
clauses, called a goal clause, with one or more clauses while preserving the declarative
meaning of the union of the original clause and problem clauses. In this study, solver
programs are generated using ET rules. Programmers add new ET rules and improve
existing ET rules to complete solver programs. For example, the CSB system developed
in [11, 12] comprises approximately four hundred and sixty ET rules.

This paper evaluates the effectiveness and efficiency of the proposed framework based
on two perspectives. One perspective is whether the proposed framework can select an
appropriate PSV to prove the LE, and the other perspective is whether the proposed
framework can find several correct LEs within working time. Many useful LEs are gen-
erated from goal clauses. LEs used in the experiment are generated from goal clauses
that appear in the actual computation of problem solving. Furthermore, we show that the
proposed framework is useful for automatically generating ET rules from LEs.

The remainder of this paper is organized as follows. Section 2 defines the LE class
used in this paper and presents examples of LEs that belong to that class. This section
also defines the correctness of LEs. Section 3 explains the process of using the confluence
search to prove LEs. Section 4 explains the process of using the slicing to generate a set of
subproblems from the original problem given to the confluence search. Section 5 describes
automatic proofs of LEs using a new framework that incorporates the slicing into the
confluence search. This section also describes specifications and programs based on ET-
based program synthesis. Section 6 discusses the effectiveness and efficiency of using the
proposed framework based on experimental evaluations. Section 7 presents concluding
remarks.

2. Logical Equivalence.

2.1. Definition of LEs. An LE [2] describes the equivalence of the declarative mean-
ing between two sets of atoms according to first-order predicate logic [16, 17]. An atom
comprises one predicate and zero or more terms. For example, given a predicate p and
two terms ¢; and ty, an atom with two terms is written as p(t1,t2). The LE is similar to
constraint handling rules [18, 19] in that it focuses on the equivalence of atoms. Different
LE classes can be determined by changing the constraints of an atom set. Various classes
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of LEs such as C2LE, Speq, and False have been proposed in [3, 4, 5]. The LE class used
in this paper is called the ES class. LEs belonging to the C2LE, Speq, and False classes
are special formulas of the ES class. In the ES class, atoms use universally quantified
variables and existentially quantified variables in addition to constants. The ES class has
the following syntax:

where & and &, are atom sets, U, is a set of variables that only appear in &, 7., is a set
of variables that only appear in &, and v, is a set of variables that appear in both £ and

&s.

2.2. Correctness of LEs. For any LE class, the correctness of LEs depends on the
declarative meaning of predicates. All predicates are defined by definite clauses. Let D
be a set of definite clauses. Given D, M(D) is the declarative meaning of D and is defined
as a minimal model of D [20]. An LE is correct with respect to D iff M(D) is a model of
the LE.

2.3. LE examples. LE examples are written using the list, eq, app, and rev predicates.
The meaning of each predicate is defined as follows. The list predicate specifies that the
value type is a list. The eq predicate specifies that two terms are equal. The app predicate
specifies the concatenation of two lists. The rev predicate specifies the reverse order of
elements in a list. Furthermore, in this paper, variables appearing in atoms are written
with a single capital letter. In the LE examples in this section, A, B, C', D, E, and F are
variables. The following LEs are examples of LEs belonging to the ES class.

ler: Viay (Fgpy{rev(A, B)} <> {list(A)})
lea: Via,poy({rev(A, B),rev(A, C)} < {eq(B,C),rev(A, B)})

l@g: v{A,B,D,E’} (H{C}{app(Aa Ba 0)7 app(07 [D]7 E)} s H{F}{app(Ba [D]a F)u app(Av F7 E)})

In ley, {list(A)} is the same as Iy }{list(A)}, and le; omits Iy 4. ley also omits Iy y. A
correct LE specifies that the truth values of 35-& and J5_& are equal for all ground
instances for variables on ©,. These examples le;, les, and les are correct LEs. For
example, leg specifies that the truth values of Jyey{app(A, B,C),app(C,[D],E)} and
diry{app(B, (D], F),app(A, F, E)} are equal for all ground instances of A, B, D, and E.

3. Confluence Search.

3.1. Outline of confluence search. A confluence search guarantees the correctness of
LEs by proving the equivalence of the declarative meaning between two definite clauses.
Let le be an LE belonging to the ES class defined in Formula (1). Given le, the confluence
search performs the following tasks to prove the correctness of le: (a) generate two definite
clauses C; and C, from le; (b) determine an equivalence relation R between C; and Cs; (c)
prove the equivalence specified by R. If R holds, the correctness of le is guaranteed; that
is, le specifies that the truth values of 35-& and 35, are equal for all ground instances
for variables on v,.

3.1.1. Generation of two definite clauses C; and Cy. Two definite clauses C; and Cy are
generated from [e by simple formula transformation. A definite clause C; is defined as
follows:

H+ X1,..., X,,

where H is ans(vy, ..., v;), U, is {vy, ..., v}, and & is {X4,..., X,,}. An ans atom is a
special atom that represents the answer. The body part of C; comprises all atoms in &;.
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For example, if £; has three atoms, the body part of C; has three atoms. A definite clause
Cy is defined as follows:

H+<Y,....Y,,

where H is ans(vy, ..., v;), U, is {vy, ..., v}, and & is {Y1,...,Y,,}. H appearing in Co
is the same as that in C;. The body part of C; comprises all atoms in &s.

3.1.2. Determination of an equivalence relation R. An equivalence relation R specifies
that C; is equivalent to Cy with respect to the declarative meaning determined by the
definition of predicates. Here, we assume that le is generated using predicates on D.

Formula (2) represents an equivalence relation R with respect to the declarative meaning
of D.

ME{H + Xy,..., X,}UD) = M({H < Y;,...,Y,,} UD) (2)

If Formula (2) holds, le is correct with respect to D, because both C; and Cy produce the
same set of ground ans atoms. Therefore, the confluence search proves that Formula (2)
holds.

3.1.3. Proof of equivalence specified by R. The proof computation determines whether
the same set K of clauses is obtained from both {C;} and {Cs} by performing clause
replacement. A singleton {C;} appears on the left-hand side of Formula (2), whereas a
singleton {C»} appears on the right-hand side of Formula (2). Let seg. be a sequence of
clause sets obtained by clause replacement when {cl} is given as the initial state, where
cl is a definite clause. If both seqe, and seqc, have the same set K, Formula (2) holds,
because {C;} and {Cy} are equivalent with respect to the declarative meaning of D. The
same set JC does not necessarily occur at the same position in seqe, and seqe,. Therefore,
seqe, and seqe, often have different lengths.

3.2. Example of LE proof using confluence search. This section specifies LEs using
the predicates app, rev, and eq. The predicates app, rev, and eq have the same meaning
as given in Section 2.3. Definite clauses that define app and rev are as follows:

cla: app([], X, X)
clp: app([A | X],Y, [A] Z]) < app(X,Y, Z)
cle: rev([ ][ ]) <=
clp: rev([A | X],Z) < app(Y, [A], Z),rev(X,Y)
As explained in Section 2.3, variables are written with a single capital letter, so A, X,
Y, and Z appearing in these definite clauses are variables. In this example, these definite
clauses are contained in ID. This section uses the following LEs le4 and leg to illustrate
the computational flow of a confluence search. le, is a special formula of leg, obtained
by applying [a, b, c] to A in leg. In [a,b,c], a, b, and ¢ are symbols. Whereas, leg is the
same as ley given in Section 2.3. Therefore, we omit the explanation of these LEs.
lea: Yiamy({rev(la,b,cl, A), rev((a,b,d, B)} < {eq(A, B, rev([a, b, ], A)})
lep: Yiapoy({rev(A, B),rev(A, C)} < {eq(B,C),rev(A, B)})

3.2.1. Proof of correctness of les. Given len, two definite clauses C; and Cy generated
from le4 are written as follows:

Ci: ans(A, B) < rev([a,b,c|, A),rev([a, b, |, B)
Co: ans(A, B) < eq(A, B),rev([a,b, ], A)
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In ley, T, is {A, B}, so an ans atom is ans(A, B). & is {rev([a,b, c], A),rev(|a, b, c], B)}
and & is {eq(A, B),rev([a,b,c|, A)}, so the bodies of C; and Cy are written as above.
Subsequently, an equivalence relation R is determined according to Formula (2). In this
example, R is written as follows:

M({ans(A, B) < rev(la, b, c], A),rev([a, b, c], B)} UD)
— M({ans(A, B) +- eq(A, B), rev([a,b,d], A)} UD)
If this R holds, the correctness of ley with respect to D is guaranteed. This example
performs clause replacement according to unfolding operations [8] determined by cla,
clp, cle, and clp. As a result of performing clause replacement with {C;} as the initial
state, the following clause set appears in seqe,. This section omits the process of clause
replacement.

{ans([c,b,al,[c,b,a]) <}

If this clause set appears in seqc,, R is guaranteed to hold because the same set K exists.
As a result of performing clause replacement with {Cy}, this clause set appears in seqc, .
Consequently, le4 is correct with respect to ID because R holds.

3.2.2. Proof of correctness of leg. Given lep, two definite clauses C; and C, generated
from lep are written as follows:

Ci: ans(A, B,C) « rev(A, B),rev(A, C)
Cy: ans(A, B,C) < eq(B,C),rev(A, B)

In leg, T, is {A, B,C}, so an ans atom is ans(A, B,C). & is {rev(A, B),rev(A,C)} and
& is {eq(B,C),rev(A, B)}, so the bodies of C; and Cy are written as above. In this
example, an equivalence relation R is written as follows:

M({ans(A, B,C) + rev(A, B),rev(A,C)} UD)
= M({ans(A, B,C) + eq(B,C),rev(A,B)} UD)
If this R holds, the correctness of leg with respect to D is guaranteed. This example also
uses unfolding operations determined by cl4, clg, clc, and clp. From the definition of
predicates, variables A, B, and C' are specialized to lists. The next task is to generate
seqe, and seqe, by clause replacement; however, it is very difficult to find the same set
KC that appears in both seqe, and seqe,. This is because it is not easy to find a definite
clause specifying that B and C are always equal for all lists that apply to A. For example,
as a result of performing clause replacement with {C;}, the following set C's; of clauses
appears in seqe, .
Csy: {ans([],[]) <
ans([A], [A]) <
ans([A|B], [C|D]) <= rev(E, [A|F]), rev(E, [C|G]), app(F, [H], B), app(G, [H], D)}
Whereas, the following set C'sy of clauses appears in seqc, .
Csy: {ans([],[]) «
ans([A], [A]) <+
ans([A|B], [A|B]) < rev(C, [A|D]), app(D, [E], B)}
The first and second clauses appearing in C's; and Csy are the same, respectively. Thus,
we need to generate the same state from the third clause of each of C's; and C'sy. However,

generating the same state is very difficult; therefore, the framework proposed in this paper
incorporates the slicing into the confluence search.
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4. Slicing.

4.1. Outline of slicing. A slicing generates a set of subproblems from an equivalence
relation R defined in Formula (2). A set of subproblems is a set of multiple relations
between two definite clauses, and is used to prove the LE using induction. Given R, the
slicing performs the following tasks to generate a set of subproblems: (a) select one or
more variables from an ans atom, and then determine a set V of variables; (b) specify
the number of induction steps, and then determine a set A of substitutions to specialize
variables in V; (c) generate a set R of subproblems determined from R and A. The
proposed framework proves that all subproblems appearing in R hold. If all subproblems
hold, R is guaranteed to hold.

4.1.1. Determination of a set V of variables. Given an atom A, let var(A) be a set of
all variables that appear in A. Since T, (= {v1,...,v;}) is a set of universally quantified
variables that can be specialized to any ground instance, the proposed framework specifies
variables on v, as inductive variables. Therefore, a set V comprises variables that appear
in an ans atom; that is, V C var(ans(vy,...,v;)). One or more variables are random-
ly selected from var(ans(vy,...,v;)). This is because we cannot reveal the appropriate
variables until the targeted LE is proven.

4.1.2. Determination of a set A of substitutions. Let K be a set of assigned values. Given
K and V| let sub(KK, V) be a set of all substitutions determined from K and V. For example,
a substitution {V/K} specifies that K (€ K) applies to V(€ V). Given any set F, let
size(E) be the number of elements appearing in E. The proposed framework specifies the
base case and inductive step of induction by specializing variables in V. A set A is used
to specialize variables in V and is {d1,...,d;}, where §; is a set of substitutions satisfying
the following conditions:

1) 6; = {Wi/Kq}, - {5/ K,

2) {Vi/K;} € sub(K, V),

3) For any V; in §;, V; occurs uniquely within §;,

4) For any K in ¢;, variables appearing in K; are not used in other assigned values in ¢;,
5) size(d;) = size(V).

If V(€ V) applies to lists, the proposed framework specializes V' using finite and infinite
lists as assigned values. A finite list has a fixed length, whereas an infinite list does not.
However, infinite lists have a specified minimum length. For example, [X|Y]| means that
a list has one or more elements. Variable X represents the first element and variable Y
represents a list comprising the remaining elements. For one-step induction on variables
that can be specialized to any list, [ ] and [x;|x2™~"| are used as assigned values in this paper.
Furthermore, for two-step induction, [ ], [x1], and [x1, X2|x3™"®] are used as assigned values.
X1, Xg, and xg represent any variables that are different from each other. [ | represents an
empty list with no elements. In this paper, variables with a tag rs, such as X~ represent
recursive states.

4.1.3. Generation of a set R of subproblems. A set R contains relations determined by
applying A to R. A subproblem R;(€ R) is defined as follows:

where 9; € A. All elements in A are used to generate R. For example, if A has four
elements, four subproblems are generated, that is, R = {R;, Ry, R3, R;}. By using all
elements in A, the ground instances covered by R are equal to R.
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4.2. Example of subproblem generation using slicing. This section applies the
slicing to the equivalence relation R described in Section 3.2.2. The R is as follows:

M({ans(A, B,C) < rev(A, B),rev(A,C)} UD)
= M({ans(A, B,C) + eq(B,C),rev(A,B)} UD) (4)

Furthermore, we determine the following cases as a set V and generate a set R of sub-
problems. A set V is a subset of var(ans(A, B, C)).

Case 1: V={A}

Case 2: V={B,(}
From the definition of predicates, variables A, B, and C are specialized to lists. Therefore,
this example uses finite and infinite lists as assigned values.

4.2.1. Generation of set R in Case 1. In task (b) of the slicing, if one-step induction
is specified as the number of induction steps, sub({[ |, [X|Y"~"]},{A}) is a set of two
substitutions {A/[ |} and {A/[X|Y™"|}; thus, A is determined as follows:

A= {{A/[ ]},
{A/IXIY ™3]}
Therefore, the subproblems generated by task (c) are as follows:
RSt M({ans([], B,C) « rev(] ], B), rev(] ], C)} UD)
= M({ans([], B,C) <= eq(B,C),rev([ ], B)} UD)
RS M({ans([X|Y"™"], B, C) < rev([X|Y"™"], B), rev([X|Y~"],C)} UD)
— M({ans([X[Y™"), B,C) « eq(B, C), rev([X[Y™"], B)} UD)
As aresult, we obtain R = { R{*®, R§!°}. Label clo in R$™* is used to distinguish from oth-
ers. Labels are optional. If two-step induction is specified, sub({[ |, [X], [X, Y|Z~"]}, {A})
is a set of three substitutions {A/[ |}, {A/[X]}, and {A/[X,Y|Z~"]}; thus, A is deter-

mined as follows:
A ={[{A4/[]}],
{A/[XT],
{A/[X,Y|Z7]}}
Therefore, the subproblems are as follows:
RS M({ans([], B,C) « rev([ ], B),rev([],C)} UD)
= M({ans([ ]|, B,C) + eq(B,C),rev(] ], B)} UD)
RS M({ans([X], B,C) « rev([X], B),rev([X],C)} UD)
= M({ans([X], B,C) + eq(B,C),rev([X], B)} UD)
R$": M({ans([X,Y|Z™"],B,C) + rev([X,Y|Z2™™], B),rev([X,Y|Z™"],C)} UD)
= M{ans([X,Y|Z2™"], B,C) + eq(B,C),rev([X,Y|Z~"], B)} UD)
As a result, we obtain R = {R{™, R§", R§™}. Increasing the number of induction steps

divides the area of ground instances specified by the infinite list.

4.2.2. Generation of set R in Case 2. In task (b) of the slicing, if one-step induction is
specified as the number of induction steps, sub({[ |, [X|Y™"], [V|W™~"|},{B,C}) is a set
of six substitutions {B/[ ]}, {C/[ |}, {B/[X|Y"~"]}, {C/[X|Y~"]}, {B/[V|W™"]}, and
{C/[V|W™"]}; thus, A is determined as follows:
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A={{B/[1}.{C/[1}];
{B/L 1} AC/IVIW™]],
{B/IX[Y™"]},{C/[1}],
{B/IX[Y™=]} A{C/[VIW™]}]}
Substitutions {B/[X|Y ™|} and {B/[V|W™~"|} have the same result, so {B/[X|Y"™"]}
is used in this example. Furthermore, the reason for using {C/[V|W™~"]} is the same.
Therefore, the subproblems generated by task (c) are as follows:

RE°: M({ans(A, [ ],[]) < rev(A, [ ]),rev(A,[])} UD)
= M({ans(A,[],[]) < eq([].[]),rev(A,[])} UD)
RS$°: M({ans(A,[], [VIW™S]) < rev(A,[]),rev(A, [VIW™])} uD)
= M({ans(A, [ ], [VIW™"]) < eq([ ], [VIW™"]),rev(A, [ ])} UD)
R$?°: M({ans(A, [X|Y™"],[]) + rev(A, [X|Y™™]),rev(A,[])} UD)
= M({ans(A, [X[Y™] [ ]) < eq([X[Y™"], []),rev(A, [X[Y™"])} UD)
R$°: M({ans(A, [X|Y™"], [VIW™")) « rev(A, [X|Y™™]), rev(A, [VIW™])} UD)
= M({ans(A, [X[Y™%], [VIW™5]) < eq([X[Y ™, [VIW™5]), rev(A, [X[Y™"])} UD)

As a result, we obtain R = {R’i‘2°, RS>, RS, Rf°}. If two-step induction is specified, R
is a set of nine subproblems. In this paper, we omit the set R generated in the case of
two-step induction.

5. Automatic Proof of LEs Using the Confluence Search Incorporating the
Slicing.

5.1. ET-based program synthesis. In this paper, we use the ET framework [7, 8, 9, 10]
to generate solver programs for proving LEs. The ET framework is used to develop vari-
ous software systems such as CSB systems and learning management systems. Previous
studies [2, 21] have proposed methods to generate correct solver programs with respect
to given specifications.

In the ET framework, a specification is denoted as (D, Q), where Q is a set of queries
and a query is a set of definite clauses. The definition of D is given in Section 2.2. In this
paper, D is called background knowledge. Various predicates, called user-defined predicates,
can be defined in D, and various queries can be made by combining multiple predicates
on D. We assume that for any definite clause ¢ appearing in Q, any predicate appearing
in the head part of ¢ exists neither in D nor in the body part of q.

In the ET framework, a program is a set of ET rules, using which we obtain a goal
sequence [G1,Gs,...,G,]|, where G; = Q(€ Q). For any i in {1,2,...,n — 1}, G;41 is
obtained from G; using an ET rule. Any definite clause appearing in a goal sequence is
called a goal clause. For any query @) in Q, a set A of answers with respect to ¢ and D is
obtained from G,,, and is correct if Formula (5) holds. A set A obtained using ET rules
is a set of correct answers.

A=MDUQ)-M(D) ()
An ET rule applies to a goal clause g(€ G;) and replaces g with a set C's of one or more
clauses while preserving M (D U G;), that is, Formula (6) holds.
M(D U {g}) = M(DUCs) (6)
Therefore, if G;;; is obtained from G; using an ET rule, G;;; is the union of (G; — {g})
and C's.
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5.2. Outline of automatic proof of LEs. In the proposed framework, the input is a set
Si" of unchecked LEs belonging to the ES class, whereas the output is a set S°“ of correct
LEs. All LEs in S are proven using the confluence search incorporating the slicing, and
consequently correct LEs appearing in S™ are added to S°*. The proposed framework
automatically determines the problem structure, such as a set R of subproblems and the
number of clause replacements, according to a three-tuple comprising ivar, step, and repl.
Here, we refer to the three-tuples as PSVs, and the description of PSVs is given in Section
5.2.1.

As shown in Figure 1, the flowchart for generating S°'* comprises two phases: 1) gen-
erating an equivalence relation R and 2) proving that R holds. Furthermore, Phase 1
comprises two tasks (a) and (b), whereas Phase 2 comprises five tasks (c), (d), (e), (f), and
(g). These tasks are executed sequentially. Given S, the proposed framework generates
Seut according to the following order: (a) select le from S™; (b) determine an equivalence
relation R between C; and Cy, where C; and Cy are generated from le; (c) select one
(= (ivar, step, repl)) of multiple PSV candidates determined from R; (d) determine a set
A of substitutions from ivar and step; (e) generate a set R of subproblems determined
from R and A; (f) prove that the same set ; is obtained for R;(€ R), where the number
of clause replacements is specified by repl; (g) add le to S°* if IC; occurs for any R;. If
there exists R; in which IC; does not appear, go back to task (c) and select the other PSV.
The flow of these tasks is repeated until all LEs in S™ get execution results.

(SetSi“ of unchecked logical equivalences)
Input data

Phase 1: Generate an equivalence relation R

(a)Selectle from S™™.
le: V- (35;;€1 © F5;3E2)

(b) Determine an equivalence relation R between C, and C, generated from le.
R: M({C;}UuD) =M ({C,}uD)
Ci:H e Xy, X,
C, HeYy, .., Y,

Phase 2: Prove that R holds

(c)Selectone (= (ivar, step, repl)) of multiple PSV candidates.

(d) Determinea set A of substitutions from ivar and step.
(e)Generatea set R of subproblems determined from R and A.
(f) Prove that the same set 3¢, is obtained for R; (€ R).

(g)Add le to SO if 7¢; occurs forany R;.

Output data

( SetS°U" of correct logical equivalences )

FIGURE 1. Process to generate a set S°“* of correct LEs using the proposed framework
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5.2.1. Problem structure vector. A PSV is a three-tuple (ivar, step, repl), where ivar is a
subset of var(ans(vy,...,v;)), and step and repl are non-negative integers. ivar specifies a
set V of variables and step specifies the number of induction steps. If step is 1, it requires
performing one-step induction; if step is 2, it requires performing two-step induction. In
the proposed framework, step is incremented by one, so step is an integer appearing in
{1,2,...,n,n+1}. repl specifies the number of clause replacements to find IC; for R;(€ R).
As shown in Section 3.1.3, K; appears in both seqe,s, and seqe,s,. {C10;} appears on the
left-hand side of R;, whereas {C20;} appears on the right-hand side of R;. If repl is 10, it
means to perform clause replacement ten times. The length of each of seqe, 5, and seqc,s,
depends on the number of clause replacements. Based on procedures for manual LE proofs,
the proposed framework performs clause replacement at least ten times. Furthermore, in
the proposed framework, repl is incremented by twenty, so repl is an integer appearing in
{10,30,...,m,m+ 20}.

Next, we present PSV examples. In this example, we use ans(A, B, C') as ans(vy, . .., v;).
For ivar C {A, B,C}, step € {1,2,...,n,n+ 1}, and repl € {10,30,...,m,m + 20}, the
following PSV is generated.

({A},1,10)
({B,C},2,30)

({A}, 1,10) specifies to (1) determine {A} as V, (2) perform one-step induction, and (3)
perform clause replacement ten times. ({B,C},2,30) specifies to (1) determine {B,C'}
as V, (2) perform two-step induction, and (3) perform clause replacement thirty times.

5.2.2. Four classes of ET rules. The proposed framework uses four classes of ET rules:
unfolding class, equality class, user-defined class, and induction class. In task (f), KC; for
R;(€ R) is found by clause replacement using ET rules belonging to these classes. If there
is more than one ET rule applicable to a goal clause, one ET rule is selected according
to the following priority order: induction class > equality class > user-defined class >
unfolding class. The ET framework guarantees the correctness of the calculation of clause
replacements regardless of the order in which ET rules are applied. ET rules belonging
to unfolding, equality, or user-defined classes are used in clause replacement to generate
seqc,s;, and seqe,s,. These classes are used multiple times to replace goal clauses. By
contrast, ET rules belonging to the induction class are only used in clause replacement to
generate seqc,s,. This class is used once to replace a goal clause that represents a recursive
state.

ET rules belonging to the unfolding class are generated from definite clauses on D. For
example, cl4 and clg, described in Section 3.2, generate ET rules that apply to atoms
of the app predicate, whereas clc and clp generate ET rules that apply to atoms of
the rev predicate. ET rules belonging to the equality class are given as built-in rules to
solver programs that prove LEs. The equality class is used to unify two terms. ET rules
belonging to the user-defined class are generated from correct LEs. When generating this
class, we use extant methods such as the LE-based method [2]. ET rules belonging to
the induction class are special rules, each of which is generated from le(€ S"). Given
le (: Vor (3@51 “ 3@52)), the induction class is generated according to the following
tasks: (a) attach a tag rs to all variables in T, specified by ivar; (b) determine the head
and body parts from & and &; (c) generate an isol atom from each variable in 7g;; (d)
generate an ET rule using the parts obtained in tasks (b) and (¢). An isol atom means
that the specified variable appearing in a goal clause only appears in atoms that match
the head part of an ET rule. If le does not contain 7, task (c) does not generate an isol
atom.
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Next, we present an ET rule belonging to the induction class. In this example, we use
leg shown in Section 2.3. Furthermore, we use {A} as ivar. The les is as follows:

v{A,B,D,E} (H{C}{app(Av B7 C)7 app(C', [D]7 E)} < EI{F}{app(B7 [D]7 F)7 app(A, F? E)})

First, determine A~ in task (a). Next, in task (b), determine app(A~"™, B,C) and
app(C, [D], E) as head atoms and app(B, [D], F') and app(A™~", F, E) as body atoms. Sub-
sequently, isol(C') is generated in task (c). Finally, the following ET rule is generated in
task (d).
app(A~"™, B, C),app(C, [D], E),{isol(C)} = app(B,[D], F), app(A~", F, E).
5.3. Example of LE proof using the proposed framework. This section describes
the usage of the proposed framework to prove that les shown in Section 2.3 is correct.
Given [es, the following equivalence relation R is determined.
M({ans(A, B, D, E) < app(A, B,C), app(C, [D], E)} UD)
= M({CLTLS(A,B,D,E) — app(Bv [D],F),(lpp(A, F7 E)} UD)

In this example, we use ({ A}, 1,10) as the PSV. From the definition of the app predicate,
variables are specialized to lists, so a set A determined from this PSV is as follows:

A ={[{A/[ ]},
{A/[X[Y~=]}]}
Thus, from R and A above, subproblems R and R$* are generated. That is, R = {R‘i’x,
Rg).
R M({ans([ ], B, D, E) « app([ ], B, C), app(C, [D], E)} UD)
= M({ans([ ], B, D, E) < app(B, [D], "), app([ ], F, E)} UD)
RS M({ans((X|Y™"], B, D, E) < app([X|Y™"], B,C), app(C, [D], E)} UD)
= M({ans([X|Y™], B, D, E) < app(B, [D], F'), app([X[Y™™|, F, E)} UD)
Subsequently, clause replacement is performed for R{* and R$* to obtain the same sets

i and Ky from R and RS, respectively. ET rules used in clause replacement are as
follows:

etry: app(| |, A, B) = eq(B, A).

etry: app([A|B], C, D) = eq(D, [A|E]), app(B, C, E).

etrs: eq(A, B), {pvar(A),pvar(B)} = {A = B}.

etry: eq(A, [B|C)), {pvar(A), notoccur(A, [B|C])} = {A = [B|C]}.

etry: app(A~"*, B, C),app(C, D], E),{isol(C)} = app(B,[D], F), app(A~", F, E).

ET rules etr; and etry belong to the unfolding class, each of which specifies a particular
procedure in the general unfolding operations of the app predicate. ET rules etrs and
etry belong to the equality class and are used to unify two terms. The pvar predicate
specifies that a given variable is untagged, that is, a pure variable without rs. The notoccur
predicate specifies that a given variable does not appear in a given list. ET rule etr; belongs
to the induction class, and is generated from les.

Table 1 shows clause replacements to find ;. Gflél represents {C1d;} appearing to the
left-hand side of R{*, and Gf”sl represents {Cod1 } appearing to the right-hand side of Rf*.
Table 2 shows clause replacements to find Ks. Gf“;? represents {C102} appearing to the
left-hand side of R, and G$2* represents {Cy0,} appearing to the right-hand side of RS,
In these tables, the underlined atoms represent atoms that apply to the ET rule.
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TABLE 1. Two sequences seqe,5, and seqe,s, to find Ky from RY*

(a) Sequence seqc,s,, and ET rules applied

Clause set appearing in seqe, s,

G9%: {ans([ ], B, D, E) « app([], B, C), app(C, [D}, E)}
| Replace using etr;
G5 {ans([], B, D, E) < eq(B, C), app(C, [D], E)}

U Replace using etrs
G5 {ans([ ], B, D, E) < app(B, D], E)}

(b) Sequence seqc,s,, and ET rules applied

Clause set appearing in seqe,s,

G {ans([ ], B, D, E) < app(B,[D], F),app([ ], F, E)}
| Replace using etry
GS': {ans([ ], B, D, E) + app(B, D], F),eq(F, E)}

U Replace using etrs
GS2%: {ans([], B, D, E) < app(B, [D], E)}

*C1071 in G(fl‘sl and C2d7 in G?‘Sl are written for distinction.

TABLE 2. Two sequences seqe,s5, and seqc,s, to find Ko from RS

(a) Sequence seqc,s,, and ET rules applied

Clause set appearing in seqc,s,

Gf“h:
Gg”;?:
G§152:
ij‘52:

C1d2.
G,

{ans([X[Y™"], B, D, E) = app([X|Y"™"], B, C), app(C, [D], E)}
|l Replace using etrs

{ans([X[Y™"], B, D, E) < eq(C, [X|Z]), app(Y™"™, B, Z), app(C, [D], E)}
|l Replace using etry

{ans([X|Y~"], B, D, E) = app(Y"", B, Z), app([X|Z], [D], E) }
|l Replace using etry

{ans([X[Y~"], B, D, E) < app(Y™", B, Z), app(Z, [D], V), eq(E. [X|V])}
|l Replace using etrs

{ans([X|Y"~"™], B, D, E) < app(B, [D], F),app(Y~", F,V),eq(E, [X|V])}

(b) Sequence seqc,s,, and ET rules applied

Clause set appearing in seqc,s,

Co02 .
G202,

C262.
G20

{ans([X|Y™"], B, D, E) < app(B, [D], F), app([X|Y™"], F, E) }
|l Replace using etry
{ans([X|Y™"], B, D, E) < app(B, [D], F'),app(Y~", F, V), eq(E, [X|V])}

*C109 in Gfl‘b and Cqdo In G‘fﬂsz are written for distinction.

1839

First, we explain clause replacement until & is obtained. For G{** in Table 1(a), etry
applies to app([ ], B, C), and replaces the atom with eq(B,C). The result is G5**. For
G§151, B and C' are pure variables, so etrs applies to eq(B, C') and unifies B and C. The
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result is G$°'. This state is the same as G52 in seqe,s,. Therefore, Ky is G$*** and G2
The replacement procedures for G2 and GS2°' are the same as for GS*°' and G5,
respectively.

Next, we explain clause replacement until & is obtained. For G$*° in Table 2(a), etr,
applies to app([X|Y"~"], B, C), and replaces the atom with eq(C, [X|Z]) and app(Y™", B,
Z). The result is G5'%2. For G$'*2, C'is a pure variable that does not appear in [X|Z], so
etry applies to eq(C, [X|Z]) and unifies C' and [X|Z]. The result is G$'%2. The replacement
procedure for Gg152 is the same as for Gfl‘b. The result of applying etry is Gil52, which
represents a recursive state. For G$*2, Z does not appear in ans([X|Y™"*], B, D, E) and
eq(E, [ X|V]), so etrs applies to a set of app(Y~", B, Z) and app(Z, [D],V'). These atoms
are replaced with two atoms app(B, [D], F) and app(Y™", F, V). The result is G**2. This
state is the same as GS2* in seqe,s,. Therefore, Ky is GgléQ and G$?2. The replacement
procedure for GS2% is the same as for G§**2.

Since Ky and ICy exist, RY* and R$* hold. Consequently, the R determined from les is
guaranteed to hold. The correctness of les is guaranteed, so les is added to S°Ut.

6. Experimental Evaluation.

6.1. Problem settings. For experimental evaluation, we developed a proof system based
on the proposed framework. In this section, we show that the proof system automati-
cally proves several LEs during working time. LEs are often generated from goal clauses;
thus, this experiment uses LEs generated from goal clauses that appear in the actual
computation of problem solving. The actual goal clauses are as follows:

ga: ans([D|F|,G, E) < app(A, B,C),app(C, D], E),rev(F, B),rev(G, A)
gp: ans([C|A], D, E) < rev(A, B),app(B, [C], D),rev(D, E),neq([C|A], E)

The neq predicate appearing in gp specifies that two terms are not equal. g4 and gp are
goal clauses that appear when proving ley and ley, respectively.

lex: Yia,B,0y(3iey{app(A, B, C),rev(C, D)}
< g py{rev(A, E),rev(B, F), app(F, E,D)})

ley: Via,pcy({rev(A, B),rev(B,C)} <+ {eq(A, C),rev(A, B)})

The experiments use two hundred and sixteen LEs generated from g4 and six hundred and
twelve LEs generated from gp. Furthermore, let S' be a set of LEs generated from g4, and
S8 be aset of LEs generated from gp. An LE in S specifies {app(A, B, C), app(C, [D], E)}
as &, whereas an LE in S} specifies {app(B,[C], D),rev(D, E)} as &. The generator
proposed in [5] is used to generate LEs from these goal clauses.

Ranges for step and repl are specified in this experiment. As shown in Section 5.2.1,
step and repl are elements of the PSV. By predetermining the range of step and repl, the
number of PSV candidates is finite. In this experiment, step and repl are determined from
{1} and {10, 30}, respectively. Since there is only one candidate for step, this experiment
performs one-step induction on all proofs. Furthermore, ivar is selected from singletons
that appear in var(ans(vy, . .., v;)) to reduce the number of PSV candidates. For example,
given var(ans(A, B,C)), ivar is selected from {{A},{B},{C}}.

6.2. Experimental result. In Table 3, the values in the Size column are the numbers
of LEs appearing in the input. The values in the Proven column are the numbers of LEs
proven by the proposed framework. By contrast, the values in the Unproven column are
the numbers of LEs for which proof has not been completed. The values in the Time
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TABLE 3. Execution result of proving LEs appearing in S and S'%

Number of LE proofs completed

Input Size Time (msec)

Proven Unproven
Sn 216 4 212 2,467,45845,390
St 612 36 576 6,752,132+18,711

column are the average times when executing the proposed framework on the input five
times. Plus/minus values are standard variations.

In this experiment, all proofs of LEs use the unfolding, equality, and induction classes.
ET rules belonging to the unfolding class specify procedures determined by the definitions
of the app and rev predicates. ET rules belonging to the user-defined class are used to
prove LEs appearing in S', and are as follows:

app(A, [ ], B) = eq(A, B),list(A).
app(A, B,C), app(C, [D], E),{isol(C)} = app(B, D], F), app(A, F, E).
rev(A, B),list(B) = rev(A, B).

These ET rules are generated from LEs belonging to the ES class by simple formula
transformation. For example, the second ET rule is generated from le3 shown in Section
2.3.

Given S as input, the proof system finished the computation in 2,467,458 milliseconds
and generated a set S3** comprising 4 correct LEs from S}, whereas the proof of 212 LEs
could not be completed. However, even with the use of all PSV candidates, these LEs
cannot be proven. This is because we know that these LEs are incorrect. Therefore, the
proof system was able to find all correct LEs. Next, we show that the proof system can
select an appropriate one from multiple PSV candidates. Since les described in Section
2.3 appears in S, we will use les for explanation. Given les, the following equivalence

relation R is determined.
M({ans(A, B, D, E) + app(A, B,C),app(C,[D], E)} UD)
= M({ans(A, B, D, E) < app(B, [D], F),app(A, F,E)} UD)
In this example, elements of (ivar, step, repl) are as follows:

var € {{A}, {B}, {D},{E}}
step € {1}
repl € {10,30}
Thus, there are eight PSV candidates. Using ({A}, 1, 10), ({A}, 1,30), or ({E}, 1,30), the

slicing can generate an appropriate set R of subproblems. In running the proof system,
({A},1,10) was selected and the following subproblems were generated.

M({ans([], B, D, E) < app([ ], B,C), app(C, [D], E)} UD)
= M({ans([ |, B, D, E) < app(B, [D], F),app([ |, F, E)} UD)
M({ans([X|Y™"], B, D, E) « app([X|Y"™"], B, C), app(C, [D), E)} UD)
= M({ans([X[Y™], B, D, E) <= app(B, [D], F), app([X[Y™"], F, E)} UD)
As a result, the above R is guaranteed to hold, thus proving the correctness of les.

Given S as input, the proof system finished the computation in 6,752,132 milliseconds
and generated a set S4"* comprising 36 correct LEs from S, whereas the proof of 576 LEs
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could not be completed. We know that these LEs are incorrect. Next, we show that the
proof system can select an appropriate PSV. Since ley appears in S5, we will use ley for
explanation. This LE is a special formula of lex.

lez: Vip,c,py(3gpy{app(B, [C], D), rev(D, E)}
< pay{rev(B, F),rev([C],G), app(G, F, E)})
Given lez, the following equivalence relation R is determined.
M({ans(B,C, E) < app(B,[C], D), rev(D, E)} UD)
= M({ans(B,C, E) < rev(B, F),rev([C],G),app(G, F, E)} UD)
In this example, elements of (ivar, step, repl) are as follows:
ivar € {{B},{C},{FE}}
step € {1}
repl € {10,30}
Thus, there are six PSV candidates. Using ({ B}, 1, 30), the slicing can generate an appro-
priate set R of subproblems. When using ({ B}, 1, 10), the number of clause replacements
is not sufficient. In running the proof system, the following subproblems were generated
using ({ B}, 1, 30).
M({ans([],C, E) <= app([ ], [C], D), rev(D, E)} UD)
= M{ans([]|,C, E) < rev([ ], F),rev([C], G),app(G, F, E)} UD)
M({ans([X|Y ™", C, E) + app([X|Y"~"],[C], D), rev(D, E)} UD)
= M{ans([X|Y""],C, E) < rev([X|Y"™"], F),rev([C], G),app(G, F, E)} UD)

From these subproblems, we obtain the following clause sets K4 and Kpg. K4 is obtained
from the first subproblem, whereas Kpg is obtained from the second subproblem.

Ka: {CLTLS([ ]v 07 [CD <_}
Kp: {ans([X|Y™"™], C,[C|F]) < rev(Y™", Z),app(Z, [ X], F)}

As a result, the above R is guaranteed to hold, thus proving the correctness of ley.
This means that the proof system can select an appropriate PSV to prove that R holds.
Consequently, the proposed framework can be used for automatic proofs of LEs.

I

6.3. Effectiveness and efficiency of using the proposed framework. One of the
contributions is to reduce the computation time required to prove the correctness of the
LE. Previously, given an LE, its correctness was manually proven using the confluence
search. It requires ten to twenty minutes to manually prove an LE. This is because sev-
eral steps are performed manually, such as generating R, replacing clauses by ET rules,
and finding KC; for R;(€ R). For example, manually proving the following LE required
nine minutes and forty-five seconds to complete, even though the appropriate PSV was
prespecified. This LE appears in S'f.

V{A,B,D,E}(El{C}{app(A7 Bv O)a app(ca [D]’ E>} A H{F}{app(B, [D]7 F)> app(A, F’ E)})

As another example, manually proving the following LE required thirteen minutes and
two seconds to complete the proof. This LE appears in S}. The appropriate PSV was
also used in this proof.

ViB,c,ey(Fpy{app(B, [C], D), rev(D, E)} < Ipey{rev(B, F), rev([C],G), app(G, F, E)})

By contrast, the proposed framework can prove one LE in seconds or milliseconds, as
most of the steps are performed automatically. For example, the first LE was proven in
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2,033 milliseconds and the second LE was proven in 13,228 milliseconds. However, the
computation time depends on the number of PSV candidates. In the experimental results
shown in Table 3, the average computation time for LE proofs is 11,134 milliseconds.
Therefore, the proposed framework helps reduce the computation time for LE proofs.
Moreover, using the proposed framework does not require advanced techniques or complex
configuration.

Another contribution is to help expand methods for automatically generating ET rules
from specifications. Miura et al. [2] proposed a method for generating ET rules via LEs.
The method generates ET rules according to the following process: (i) generate a set of
LEs from a goal clause; (ii) determine a set of correct LEs by removing incorrect LEs
based on proof; (iii) generate an ET rule from a correct LE. Part of the LE belonging
to the ES class can be automatically generated using extant frameworks [3, 4, 5] related
to step (i). Furthermore, ET rules can be generated from LEs belonging to the ES class
by simple formula transformation. Given le (: Vo (3@51 > 3@52)), the syntax for ET
rules generated from [e is as follows:

X1, Xy, {isol(wy), ... isol(wy)} = Yi,..., Y,

where U, is {wy, ..., w;}, & s { X1, ..., X, }, and & is {Y1, ..., Y., }. The proposed frame-
work automates step (ii); therefore, all processes can be executed automatically. LEs
belonging to the ES class are useful to generate ET rules needed for solver programs
for LE proofs. Therefore, the proposed framework is important to expand the automatic
generation of ET rules.

7. Conclusions. This paper proposed a framework for automatically proving LEs be-
longing to the ES class. To automate LE proofs, the proposed framework incorporates
the slicing into the confluence search. The novelty of our approach can be summarized
as follows: 1) using the confluence search to replace the proof problem of LEs with the
equivalence problem of clause sets; 2) using the slicing to generate subproblems from the
original problem given to the confluence search. Furthermore, we provided a PSV that
automatically determines the problem structure such as subproblems and the number of
clause replacements.

In experimental evaluation, we used LEs generated from goal clauses that appear in the
actual computation of problem solving. Experimental results showed that the proposed
framework reduces the computation time and work efficiency required for LE proofs and
helps automatically generate ET rules from LEs.

As future work, we will expand the proposed framework to find correct LEs more
efficiently. For example, we plan to incorporate a filtering function to remove incorrect
LEs. Furthermore, we aim to formulate another class of LEs to help generate ET rules
that are useful for efficient computation. For example, we plan to propose an LE class
that contains the guard part for equivalence of £ and &s.
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