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ABSTRACT. In the “Equivalent Transformation model” (ET model), computation is re-
garded as Equivalent Transformation (ET) of declarative descriptions, and a program
consists of correct rewriting rules (i.e., ET rules) and a control description. An ET rule
can be generated by meta computation, i.e., repeated transformation of meta clauses by
meta rules. If we use correct meta rules, the obtained rewriting rules are correct. Input of
the generation of meta rules in this paper is a logical equivalence, which is an extension of
an if-and-only-if formula. We propose three theorems that explain how to generate meta
rules based on logical equivalences. Various correct meta rules including both single-head
and multi-head rules, and both splitting and non-splitting rules can be generated by these
methods.

Keywords: Equivalent transformation rule, Meta rule, If-and-only-if formula, Logical
equivalence, Rule generation, Meta computation

1. Introduction. Proof problems on first-order formulas historically constitute the most
important problem class in logical problem solving [1, 2, 3]. Resolution provides us with a
refutation proof procedure for logical formulas [4]. By adjusting rule application control,
many logical solution methods have been invented [5, 6, 7, 8]. However, the conventional
resolution-based theories have failed to estabilish a correct proof method for full first-order
formulas [9]. A Query-Answering (QA) problem is an “all-answers finding” problem to
satisfy a given logical consequence relation [10, 11, 12, 13]. The definition of completeness
of SLD resolution is too weak for ensuring the correctness of solutions for all QA problems
on definite clauses. The conventional resolution-based theories have failed to estabilish a
correct QA solution method for full first-order formulas [14]. To overcome these failures in
computational logic, a Logical Problem Solving Framework (LPSF) was developed [15].
Among others, LPSF introduced Equivalent Transformation (ET) rules for procedures.
This is fundamentally different from considering logical formulas as programs in logic
programming. For proof and QA problems, an extended logic, together with many newly
invented ET rules, was shown to improve solvability, compared to conventional solvers on
definite clauses with basic ET rules such as resolution and unfolding [16, 17, 18, 19].
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At the core of the LPSF theory, we have the concept of logical structure, which de-
termines the relation between formulas and models. A formula F' is associated with the
set of all models of F'; denoted by Models(F'). A model is a set of ground user-defined
atoms, and the intersection of all models of a formula F' can be considered and is denoted
by (| Models(F'). Formalization of proof/QA problems as Model-Intersection (MI) prob-
lems is of fundamental importance for establishing a general solution method for solving
all deductive problems on first-order formulas [20]. To solve an MI problem, ET rules
are used. The ET-based theory has been successfully applied to proof problems and QA
problems [18, 21, 22, 23, 24]. In the ET model, computation is regarded as equivalent
transformation of declarative descriptions, and a program consists of ET rules and a
control description.

Rule generation is fundamental for solving problems since it produces programs from
a given problem. SLD resolution for QA problems can be regarded as a solver that uses
only general unfolding rules. By generating various less general and more efficient rules
other than the general unfolding rules, we can solve more problems in shorter time. Rule
generation increases solvability even if a small problem is considered [25]. Greater increase
of solvability is expected for larger and practical problems. A typical program synthesis
method, called the squeeze method [26], has been developed.

We extend the previous rule generation theory by changing the underlying logic and
generalize concepts around meta descriptions and meta rules. A meta rule is a rule for
transforming one meta description into another meta description. A meta computation
consists of repeated application of meta rules to a meta description, by which we obtain
a sequence of meta descriptions. The first and the last meta descriptions of the obtained
sequence give a pair of meta descriptions, which determines a partial mapping to transform
one description into another description. A rewriting rule is obtained as a partial mapping
for description transformation.

A theory of meta computation was proposed on ET-based computation of QA problems
127, 28, 29, 30, 31, 32, 33|, which were formalized by sets of definite clauses. The minimal
model semantics and the closed-world assumption were used. This is in sharp contrast
to first-order formulas and usual clauses, which usually take all-model semantics without
the closed-world assumption.

Instead of the definite-clause formalization, we take full-clause formalization in order to
establish a logical computation theory that can deal with all first-order formulas and all
clauses with all-model semantics [34]. We take problem formalization using if-and-only-if
formulas (iff-formulas). Our starting point for meta-rule generation is a set of logical
equivalences that are correct with respect to given problem formalization. We introduce
three theorems that explain how to generate meta rules based on logical equivalences that
are implied by the given formalization. We prove the correctness of the three theorems.

Section 2 introduces the concepts of if-and-only-if formula (iff-formula) and logical
equivalence, each of which determines a class of first-order formulas. Section 3 explains
a task of rule generation by formalizing a proof problem and by showing a set of ET
rules for solving the problem. Section 4 describes the syntax of meta rules, and introduces
meta rules to be used for rule generation. Section 5 gives three theorems that explain
how to generate meta rules based on iff-formulas and logical equivalences, and proves
their correctness. Section 6 gives examples of rule generation by meta computation using
generated meta rules. Section 7 concludes the paper.

2. If-and-Only-If Formulas and Logical Equivalences. We introduce if-and-only-if
formulas and logical equivalences, which determine two classes of first-order formulas.
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2.1. If-and-only-if formulas (iff-formulas). An atom is a user-defined atom or a
built-in constraint atom. Given an atom a, let var(a) denote the set of all variables
occurring in a. Assume that A is a set of atoms. Let var(A) = (J{var(a)la € A}. The
conjunction of all elements in A is denoted by the set A itself for simplicity. If a conjunction
conj is denoted by a set A, let var(conj) denote the set of all variables occurring in A, i.e.,
var(conj) = var(A). The conjunction of all elements in A is simply called a conjunction
of atoms, if it is not necessary to refer to A. Let A, be the set of all user-defined atoms
and G, the set of all ground user-defined atoms. Let A, be the set of all built-in constraint
atoms and G, the set of all ground built-in constraint atoms. An if-and-only-if formula
(for short, iff-formula) I on A, U A, is a formula of the form

a <> (conjy V conjs V -+ -V conjy,),

where n > 1, a is an atom in A,, and each of the conj; is a conjunction of atoms in a
finite subset of A, U.A.. The atom a is called the head of the iff-formula I. It is a ground
iff -formula iff a and conji, conjs, . .., conj, are all ground. When emphasis is given to its
head, an iff-formula whose head is an atom a is often referred to as iff(a).

For any conjunction conj’ of atoms and any atom o', let FOL(conj’, a’) be an existen-
tially quantified atom conjunction defined by

FoL(conj’,a’) =y, Fys - - - i /\ {blb € conj'},

where {y1,v2,...,yx} = var(conj’) — var(a’). Then, for each i € {1,2,...,n}, conj; cor-
responds to FOL(conj;, a), which may contain variables in var(a) as free variables. The
iff -formula I corresponds to the universally quantified formula

V(a <> (FoL(conji,a) V FOoL(conja,a) V - - - V FOL(conjn, a))),

which is denoted by FoL(I). Variables in var(a) are quantified universally at the top of
the formula. The first-order formula FOL([/) is also called an iff-formula if no confusion
occurs.

2.2. Logical equivalences. Let F and F; (i = 1,2,...) be conjunctions of atoms. Let
Vand V; (i =1,2,...) be sets of usual variables. A logical equivalence LE is a formula of
the form

V(va e (3V1F1 V HVQ.FQ VeV vafm)),
where m > 1. For example, 3pypal(x) <+ Iprev(z, x) and gyinit(z, y) < Ipnyapp(z, m,y)
are logical equivalences. Since F as well as F; can be a conjunction of atoms,
Ya, Vb, Ve, Vd -
(3m = (app(a,b,m) A app(m, c,d)) <> 3n : (app(b, ¢, n) A app(a, n, d)))
is a logical equivalence. Moreover, since the part 3y, F; V Iy, Fo V- - -V Iy, F,, can be a
disjunction of more than one conjunction,
Vo, Yy :rev(z,y) <>
((eq(z,[]) Neqly, (1) vV Fa, 3w, 3u: (eq(z, [alw]) Arev(w, u) A app(u, [a],y)))
is a logical equivalence.
For any conjunction F’ of atoms and any set V' of variables, let FOL(F',V’) be an
existentially quantified atom conjunction defined by

FOL(F, V') = 3y 3ya - e« \ {blb € F'},

where {y1,99,...,yx} = V’. Then, for each i € {1,2,...,m}, 3y F; corresponds to
FoL(F;,V;), which may contain variables in var(F;) — V; as free variables. The logical
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equivalence LE corresponds to the universally quantified formula
V(FoL(F,V) «» (FoL(Fi, V1) VFOL(Fa, Vo) V - - - V FOL(F,n, Vin))),

which is denoted by FOL(LE). Variables in (var(F) — V) U (var(Fy) — Vi) U (var(F3)
—Va) U - U (var(F,,) — Vi) are quantified universally at the top of the formula. The
first-order formula FOL(LE) is also called a logical equivalence if no confusion occurs.

2.3. Correct logical equivalences. If a first-order formula F' can be represented by an
iff -formula, then F' can also be represented by a logical equivalence, i.e.,

{FoL(I)|I is an iff-formula} C {FOL(LE)|LE is a logical equivalence}.

In this sense, an iff-formula is regarded as a logical equivalence.
A logical equivalence is defined to be correct with respect to a first-order formula F' iff
F = LE. For instance, the logical equivalence
Ya, Vb, Ve, Vd -
(Im : (app(a,b,m) A app(m,c,d)) < In : (app(b,c,n) A app(a,n,d)))
is a logical consequence of, and is thus correct with respect to, the first-order formula (an

iff -formula)
Vo, Yy, Vz :app(z,y,2z) <
((eq(z, []) Aeqly,z)) VvV Fa,Fw,Ju: (eq(z, [alw]) A eq(z, [alu]) A app(w, y,u))).

Given a first-order formula F' that serves as background knowledge of a first-order formal-
ization, we generate meta rules from logical equivalences that are correct with respect to
F. A logical equivalence is defined to be correct with respect to a formalization if there is
background knowledge F' of the formalization such that the logical equivalence is correct
with respect to F'.

2.4. More general problem formalization. In our ET-based computation theory, MI
problems are solved by employment of ET rules that are generated by meta computation
using meta rules. The previous theories for rule generation were constructed based on
solutions for QA problems on definite clauses, and the minimal model semantics of definite
clauses was taken. Background knowledge in a definite-clause formalization is a set of
definite clauses. The core structure of our previous theory of rule generation is as follows:

definite clauses — logical equivalences — meta rules — ET rules

If we use a set D of definite clauses as background knowledge, we cannot obtain enough
logical equivalences LE by implication of D, i.e., D = LE. For instance, the logical equiv-
alence illustrated in Section 2.3 is not a logical consequence of the background knowledge
Dy of the definite-clause formalization shown in Section 3.3.

To solve all MI problems on first-order formulas, we take the LPSF theory and for-
malization by using normal clauses together with iff-formulas, in place of definite-clause
formalization [34]. We develop a new method of rule generation with the following core
structure:

iff-formulas — logical equivalences — meta rules — ET rules

MI problems are solved by ET rules that are generated by meta computation using meta
rules. Meta rules are generated from logical equivalences that are logical consequences
of the iff-formulas contained in the formalization of a given MI problem. A method for
transformation of iff-formulas into logical equivalences will be developed in Section 5.
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3. Problem Formalization and Rule Generation. We introduce a proof problem
and two types of its formalization and show a set of ET rules for solving the problem,
which forms a task of rule generation.

3.1. The pal-pal proof problem and unsatisfiability-based formalization. As-
sume as background knowledge a set consisting of the three iff-formulas below, where
pal, rev, eq, and app stand for “palindrome”, “reverse”, “equal”, and “append”, respec-
tively.
(1) Vz : pal(z) <> rev(x,x).
(2) Va,Vy : rev(z,y) <
((eq(z,[]) Neq(y, 1)) Vv Fa,Fw,3u: (eq(, [ajw]) Arev(w, u) A app(u, [a],y))).
(3) Va,Yy,Vz s app(x,y,2)
((eq(z, []) Aeqly,z)) VvV Fa,Fw,3u: (eq(z, [alw]) A eq(z, [alu]) A app(w, y, u))).
Consider the problem “prove that there are no ground terms s and ¢ such that two lists
[1, s|t] and [2, s|t] are palindromes”, which is called the pal-pal proof problem [9].
Let F{y be the conjunction of the above three iff-formulas, and Ej the following formula:
34,3X : (pal([1, A|X)) A pal([2, A|X))).

The pal-pal proof problem to prove Fy = —Ey can be formalized as Models(—(Fy —
—Ep)) = 0, which is equivalent to Models(Fy A Ey) = (). This is called unsatisfiability-
based formalization [9].

3.2. Existence-finding formalization. We refer to Fy and FEy in Section 3.1. Since
the pal-pal proof problem negates existence of terms by saying that “prove that there are
no ground terms s and ¢ such that [1, s|t] and [2, s|t] are palindromes”, we introduce a
formula E; = (Ey — “exists”) and consider [ Models(Fy A Ey). Then the answer of the
pal-pal problem is formalized as

ANSWET paipal = P1 (ﬂ Models(Fy A E1)> ,
where ¢, is a mapping defined as follows.

Definition 3.1. ¢ is a mapping from pow(G,) to { “yes”, “no” } such that for each G C G,,,
e v1(G) = “yes” if G — () Models(Fy) = 0, and
e v1(G) = “no” if G — () Models(Fy) = { “exists” }.

We take this formalization, which is called ezistence-finding formalization [9].

3.3. Definite clauses and ¢ff-formulas. Let Dy be a set consisting of the following
definite clauses:
(1) pal(X) « rev(X, X)
2) rev([],[]) «
3) rev([A[X],Y) <= rev(X, R), app(R, [A],Y)
)

4) app([], X, X)

5) app([AlX] ,[AlZ]) = app(X,Y, Z)

Dq can be used for formalizing the pal-pal proof problem. This formalization is usually
used in the logic programming approach with SLD resolution being the basic computation
method. However, our formalization is based on iff-formulas, as introduced in Section 3.1.
In this paper, ET rules are generated based on iff-formulas.

(
(
(
(

3.4. ET rule generation. A solution by using a set of ET rules can be found in [9].
The following ET rules can also be used to solve the pal-pal proof problem.
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Tpat:  pal(X) = rev(X, X).

Treuv, - T’€U([A|X],Y) = rev(X, V)aapp(v7 [ALY)

Trevy: TeV(X,Y),rev(X,Z) = {=(Y,2)},rev(X,Y).

(X, Y, [A]Z]) = {=(X,[]), =V, [A]Z])};
= {=(X, [AV])}, app(V, Y, Z).

(X, [AlY]) = {=(X, [UIV])}, rev(V, W), app(W, [U], [A]Y]).
Tt 0pP(X, [AL[B, CIY]) = {=(X, [BIV])}, app(V, [A], [C]Y]).

Tapps - app(X 7[B]) ${2<X7[])7:("47B>}'

Trevs: Tev([], X) = {=(X,[])}.
Among the ET rules used for solving the pal-pal proof problem, the multi-head rule 7,¢,,
shown above is indispensable. Compared to other ET rules that can be generated based
on unfolding, it is more difficult to generate this multi-head rule. It was shown in [9] that
the pal-pal proof problem cannot be solved by SLD resolution, the reason for which is
that SLD resolution cannot deal with two atoms in the body of a clause at the same time
and therefore cannot realize transformation that is done by the rule r,¢,,. Such a multi-

head rule can be obtained from a meta rule that is generated from a logical equivalence.
Theorem 5.3 plays a central role in generation of multi-head rules.

=

T(lppl : app

Trevs: TEU

4. Meta Rules. We explain the syntax of meta rules, and introduce important meta
rules to be used for rule generation in subsequent sections.

4.1. Syntax of meta rules. Meta rules consist of meta-meta atoms that may contain
x-variables and %-variables. A meta rule is an expression of the form

a, {cond}

= {exec, }, bi;
= {execy}, Po;

= {exec,}, Bn,
where n > 1, each of cond and exec; is an optional sequence of built-in meta-meta atoms,
and each of «, 51, fBs, ..., B, is a sequence of meta-meta atoms. Basically, when this meta
rule is applied to a target meta clause, the target meta clause is replaced with n meta

clauses, which are modified by the execution of cond and exec;. For a detailed explanation,
the reader is referred to [33].

4.2. Simple meta rules. We will explain meta rules by using the following simple ex-
amples:
(a) final(xA,*B) = app(%X,*A, *B).
(b) rev(xX, xY)
= eq(xX,[]), eq(+Y, []);
= eq(xX, [NA|%V]), rev(%V, %M), app(%M, [%A], *Y).
(c) app(NX,*A,xB) = final(xA,xB).
(d) eq(xZ,%V) = {bind(%V,+Z)}.
Given a target meta clause, each of the above meta rules works as follows.

e By the meta rule (a), a target meta atom that final(*A, *B) matches is rewritten
into a new meta atom of the form app(%X,*A,*B). The values of *A and *B are
determined uniquely by the matching. A new #-variable, which does not appear in
the target meta clause, is introduced and substituted for %X.
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e By the meta rule (b), a target meta atom that rev(*X,*Y) matches is rewritten,
and the target meta clause is replaced with two meta clauses. To construct the first
meta clause, the target meta atom is changed into a sequence of eq(*X,[]) and
eq(xY,[]). Since the values of *X and *Y are determined uniquely by the matching,
the first meta clause is determined uniquely. To construct the second meta clause,
the target meta atom is changed into three meta atoms of the form eq(x X, [%A|%V]),
rev(%V, % M), and app(% M, [%A], *Y"). Three new #-variables, which do not appear
in the target meta clause, are introduced and substituted for %A, %V, and %M.

e By the meta rule (c), a meta atom that app(%X, %A, *B) matches is rewritten into
a meta atom of the form final(xA,«B). If the #-variable that is matched by %X
has an occurrence in some other part of the target meta clause, the matching fails
and the rule cannot be applied.

e By the meta rule (d), a meta atom that eq(*Z, %V') matches is removed and the
resulting meta clause is specialized by {%V/xZ}. For example, the target meta
clause h < eq(5, #X), p(#X) is transformed by this meta rule into h < p(5).

4.3. Correctness of meta rules and meta computation. The correctness of a rewrit-
ing rule and that of a meta rule are next defined. A computation consists of repeated
application of rewriting rules to a description, by which we obtain a sequence of descrip-
tions.

Definition 4.1. A rewriting rule r is correct with respect to a first-order formula F iff

for any clause C' and any clause set CS', if r transforms {C'} into CS, then for any clause
set Cs such that Cs = F, (| Models(Cs U {C}) = (| Models(CsU C¥).

A meta rule is a rule for transforming one meta description into another meta de-
scription. A meta computation consists of repeated application of meta rules to a meta
description, by which we obtain a sequence of meta descriptions [33]. A meta description
is a set of meta clauses. Meta descriptions are instantiated into descriptions. The opera-
tion for obtaining a declarative description from a meta description is called instantiation.
A meta rule is correct if all rewriting steps that are obtained by instantiation of the trans-
formation determined by the meta rule preserve model intersection. More precisely, the
correctness of a meta rule is defined based on the instantiation structure as follows.

Definition 4.2. A meta rule mr is correct with respect to a first-order formula F iff
the following condition is satisfied: If a meta description d,, is transformed by mr into a
meta description d,,, 0 is a specialization for meta descriptions, Cs is a set of clauses such
that Cs |= F, d,, is instantiated by 0 into a clause set Cs\U{C}, and d., is instantiated
by 0 into a clause set Cs U C5, where C is a clause and CS is a set of clauses, then

N Models(CsU {C}) = (| Models(Cs U C¥).
A correct meta rule makes an equivalent transformation step as follows.

Theorem 4.1. Assume that a meta rule mr is correct with respect to a first-order formula
F. Assume that a meta description d,,, is transformed by mr into a meta description d.,,.
If d,, is instantiated by a specialization 0 into a clause set Cs\U{C'}, d,, is instantiated
by 0 into a clause set CsU O, and Cs = F, where Cs is a set of clauses, C 1is a clause,

and C§ 1is a set of clauses, then (| Models(CsU {C}) = (| Models(CsU C¥').
Proof: The result directly follows from Definition 4.2. O]

4.4. Correctness of meta rules for equality. We also use meta rules for equality
atoms (eq atoms).
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(Ea)  eq([«A|xX], [*B|xY]) = eq(xA, xB), eq(x X, *Y").

(Eb)  eq(xX,xX) = .
(Ec)  eq([], [+X[+Y]) = {false}.
eq([(+X[xY], []) = {false}.

(Ed)  eq(%V,xZ) = {bind(%V,xZ)}.

eq(xZ,%V) = {bind(%V,xZ)}.

The correctness of these meta rules can be justified as follows: By the meta rule (Ea), a
target equality meta atom is replaced with two equality meta atoms. The corresponding
transformation in the level of usual clauses is decomposition of lists, which is obviously
correct transformation. The correctness of the meta rules (Eb) and (Ec) can be similarly
justified.

By the meta rule (Ed), equality is solved. Since the meta-meta variable %V in (Ed)
matches a #-variable that does not appear in any other part of a target meta clause, the
equality meta atom in (Ed) is instantiated to an equality atom with variables that do not
appear in any other part of a target clause. Hence, the variables can be bound without

affecting any other part of the target clause, and the variable binding obviously yields
correct transformation.

D

5. Making Meta Rules from Logical Equivalences. Systematic and correct gen-
eration of procedural knowledge from declarative knowledge is a central concern in the
logical computation theory. Logical equivalences are formulas representing declarative
knowledge, while rewriting rules constitute a procedure representing procedural knowl-
edge. Meta rules are procedural rules used for producing rewriting rules. We give three
theorems that explain how to generate meta rules from logical equivalences, and prove
their correctness.

5.1. A mapping to obtain meta rules. Now we consider a relation between a logical
equivalence and a meta rule. The correctness of the meta rule

rev(*X, [*B| * Y]) = eq(xX, [N A|%W]), rev(%W, %U), app(%U, [%A], [*B| * Y])

will be shown from the ¢ff-formula
YV, Vy, Vb : rev(z, [bly]) <
Ja, Jw, Ju : (eq(z, [a|w]) A rev(w,u) A app(u, [a], [bly])),
which is obtained by specializing the iff-formula (2) in Section 3.1, and is represented by
the following logical equivalence:

¥ (3 (rev(z, [bly]) < Iawu(eq(z, [alw]) Arev(w,u) Aapp(u, [a], [b]y]))))-
In the above example, the atom rev(zx, [b|y]) in the logical equivalence corresponds to the
meta atom rev(xX, [*B|*Y]) in the head of the meta rule. Similarly, the atom conjunction
eq(x, [a|w]) Arev(w, u) Aapp(u, [a], [bly]) in the logical equivalence corresponds to the meta-
atom conjunction eq(xX, [N A|%W]), rev(%W, %U), app(%U, [%A], [*B|*Y]) in the body
of the meta rule. The variables a, w and u are mapped into the %-variables %A, %W
and %U, respectively. Other variables occurring in the logical equivalence are mapped
into *-variables.
Consider a general form of a logical equivalence

V(3vcong < (Fv,congy V Iy,conga V -+ -V Iy congy)).

Let Vieg = [V, V4, V2, ..., V,,]. Comparing the meta rule and the logical equivalence above,
we can observe that
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e there is a mapping, say mm, such that mm(Vi,, ) = *X, mm (Ve b) = *B,
mm(Vseq, y) = *Y, mm(Vieq, a) = %A, mm(Vieq, w) = %W, and mm(Vieq, u) = %U,
where we notice that x, b and y are universally quantified variables and are mapped
into *-variables, and a, w and u are existentially quantified variables and are mapped
into %-variables.

We extend the mapping mm into a mapping for associating a meta atom conjunc-
tion with each conjunction of atoms. For instance, mm(Vi.,, (eq(z,[]) A eq(y, [a]z]))) =
(eq(xX,[]) N eq(xY, [«A| x Z])). We also extend the mapping mm into a mapping for
associating a logical equivalence with a meta rule.

Formally, we define mm as follows.

e Let LE be a logical equivalence V(3 conj <> (v, conji V Iy,conja V- - -V Iy congy)),
and Vi, = [V, V1, Vo, ..., V3.
o mm(Viey, LE) is defined as a meta rule of the form (o = f1;= f2;- -+ ;= (,) that
satisfies the following conditions.
— « is the same conjunction as conj except for variables occurring in them.
— B (i =1,2,...,n) is the same conjunction as conj; except for variables occurring
in them.
— Existentially quantified variables, i.e., variables in the disjoint union V & V; &
VoW --- WV, are mapped into mutually different %-variables.
— Universally quantified variables, i.e., variables in LFE except for existentially
quantified variables, are mapped into mutually different x-variables.

5.2. Making reverse meta-rules from logical equivalences. From the logical equiv-
alence V(rev(la|z],y) <> Iy (rev(x, u) A app(u, [a],y))), we have a meta rule

rev([*A| * X|,xY) = rev(xX, %U), app(%U, [xA], *Y).
Moreover, we have a reverse meta rule
rev(*X, %U), app(%U, [xA], xY) = rev([xA| * X], *Y").

Let LE be a logical equivalence Y(a(z) <> Jy : conj(x,y)). Consider a meta rule
mr = mm(Vseq, LE) = (a(xX) = conj(xX,%Y)), where Vi, = [{ },{y}]. Let ms’ be
the reverse of mr, i.e., mr’ = (conj(xX,%Y) = a(*X)). By replacement of a(z) with
Jy : conj(z,y), (a) Va: (h(x) < a(z)) is transformed into (b) Va: (h(z) < Jy : conj(z,y))
equivalently. Since (b) is equivalent to (c¢) Vz, Vy: (h(z) < conj(z,y)), the transformation
from (a) to (c) preserves models in the presence of LE. Let 6, be an instantiation for mr
such that mrf, = (a(&X) = conj(&X,#Y')). Then mro, rewrites (a) into (c). Similarly,
mr'f, rewrites (c) into (a). The equivalence of (a) and (c) has been already obtained
above. More generally, we have the following theorem.

Theorem 5.1. Assume that a is a user-defined atom and conj is a conjunction of atoms.
Let LE be a logical equivalence ¥ (EI{}a Elvconj). Let mr be a meta rule a = 3 that s
defined by mr = mm(Vseq, LE), where Vi, = [{ },V]. Then mr and its reverse f = «
are meta rules that are correct with respect to LE.

Proof: Let 6, be an arbitrary instantiation for the meta rule mr. Let o/ = af, and
5 = p,. By 6,, we have a rewriting rule o/ = ('. We prove that this rewriting rule
is correct with respect to LE by showing that any instantiation of it produces model-
preserving transformation in the context of LE.

Let 6, be an arbitrary instantiation for the rewriting rule o/ = . Given a clause C,
we have a replacement of o/ with 5”7 in the body of C', where o’ = a#,0;, and 3" = [360,0,.
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Since 6, is a renaming instantiation that changes x-variables into &-variables, and %-
variables into #-variables, there are renaming instantiations p on var(a)U (var(conj)—V)
and p’ on V such that (i) o” = ap and (ii) 5" = conj(p U p').

Consider the transformation of the clause C into a clause C” by replacing o in the body
of C' with 8”. This transformation is obtained from (i) the replacement transformation by
the logical equivalence LE using p together with (ii) removal of 3y using p’. Since these
two types of transformation preserve models in the presence of LE, we have Models(CsU
{C}) = Models(CsU{C"}) for any clause set Cs. Therefore, the rewriting rule o/ = ' is
correct with respect to LE, and the meta rule @ = [ is correct with respect to LE.

Let m7r’ be the meta rule 5 = «. Assume that we obtain a rewriting rule 5’ = o' by
instantiation of mr’. Since the reverse transformation of o/ = (3 also preserves models in
the presence of LE, mr’ is also correct with respect to LE. O

5.3. Making single-head meta rules from a logical equivalence. From the logical
equivalence

V(rev(z,y) <> I (eq(z, []) Aeq(y. 1)V Fawuy © (eq(z, [alw]) Arev(w, u) Aapp(u, [a],y))),
we have a meta rule
rev(*X, xY) = eq(xX, []), eq(xY, []);
= eq(x X, [DA|%W]), rev(%W, %U), app(%U, [%A], *Y').

Let LE be a logical equivalence V(a(x) <> Jy; : conji(x,y1) V Jyz : conja(x,ys) V
-V Jy, : conjn(z,yn)). Consider a meta rule mr = mm(Viy, LE) = (a(xX) =
CO?’le(*X7 %}/1)7 = COan(*X’ %1/2)7 = COTLjn(*X, %Yn))7 where Vjseq = [{ }7 {yl}>
{ya}, ..., {yn}]. By replacement of a(x) with Jy; : conji(z,y1) V Jya : conja(x,ys) V
<oV Ty congn(x,y,), () Vo @ (h(x) < a(zx)) is transformed into (b) Vx : (h(x) < Jy; :
conji(x,y1) V Jys : conja(x,y2) V -+ -V Iy, : conj,(x,y,)) equivalently. Since (b) is equiv-
alent to (¢) Va,Yyi, Yya, ..., Yy, : (h(x) < conji(z,y1) V conja(x,y2) V - - - V congn(z, yn)),
the transformation from (a) to (c¢) preserves models in the presence of LE. Let 6, be an in-
stantiation for mr such that mr, = (a(&X) = conji (&X, #Y1); = conja (& X, #Y3); - - ;
= conj,(&X,#Y,)). Then mré, rewrites (a) into (c¢). The equivalence of (a) and (c) has
been already obtained above. More generally, we have the following theorem.

Theorem 5.2. Assume that a is a user-defined atom and conji,conjs,...,conj, are
conjunctions of atoms. Let LE be a logical equivalence ‘V’(EI{}CL < (Fyycongy V Iy, congs
VeV Elvnconjn)). Let mr be a meta rule (« = P1;= [o;+ -+ ;= Bn) that is defined by
mr = mm(Vseq, LE), where Vieq = [{ }, V1, Va,...,V,|. Then the meta rule mr is correct
with respect to LE.

Proof: Let 6, be an arbitrary instantiation for the meta rule mr. Let o/ = af, and
Bl =00, (t=1,2,...,n). By, wehave arewriting rule r = (¢/ = B1;= 05+ ;= ).
We prove that the rewriting rule r is correct with respect to LE by showing that any
instantiation of r produces model-preserving transformation.

Let 6, be an arbitrary instantiation for the rewriting rule r. Given a clause C, the
replacement of o with 8! (i = 1,2,...,n) in the body of C produces C; (i = 1,2,...,n),
where o’ = ab,0, and B = (6,0, (i = 1,2,...,n). Since 6, is a renaming instanti-
ation that changes x-variables into &-variables, and %-variables into #-variables, there
are renaming instantiations p on var(a) U (var(cong,) — Vi) U (var(congs) — Vo) U -+~ U
(var(conj,) — V,) and pi on V; (i = 1,2,...,n) such that (i) o’ = ap and (i) 5/ =
conji(pUpl) (i=1,2,...,n).

Consider the transformation of the clause C' into clauses C7,CY, ..., C! by replacing
a” in the body of C' with g (i = 1,2,...,n). This transformation is obtained from (i)
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the replacement transformation by the logical equivalence LE using p together with (ii)
removal of 3y, using p; (i = 1,2,...,n). Since these two types of transformation preserve
models in the presence of LE, we have Models(Cs U {C}) = Models(Cs U {C7,C5, ...,
C!'}) for any clause set Cs. Therefore, the rewriting rule r is correct with respect to LE,
and the meta rule mr is correct with respect to LE. O]

5.4. Making multi-head meta rules from a logical equivalence. From the logical
equivalence

v (a{m} (app(a'7 ba m) A a'pp(ma C, d)) A El{n}(app(b7 ¢, n) A app(a'7 n, d))) )
we have a meta rule
app(xA, xB, % M), app(% M, xC, xD) = app(xB, *C, %N ), app(xA, %N, D).

The correctness of such meta-rule generation is proved by the following theorem.

Theorem 5.3. Assume that conj, conji,conjs, . ..,conj, are conjunctions of atoms. Let
LE be a logical equivalence ¥(Iyconj <> (Jy,conjy V Iy,conjs V -+ -V Iy, conjy)). Let mr
be a meta rule (8 = B1;= Pa;--- ;= B,) that is defined by mr = mm(Vyeq, LE), where
Vieq = Vo V1, Va, ..., Vi, ]. Then the meta rule mr is correct with respect to LE.

Proof: Let Var = (var(conj) — V') U (var(conjy) — Vi) U (var(conjs) — Vo) U -+ U
(var(conj,) — V,,). Assume that Var = {z1,z9,...,2,}. Let a be a user-defined atom
p(z1, 29, ..., 2,), where p is a new predicate that does not appear elsewhere. Let LE; =
V(a <> Jyconj), and LEy = Y(a <> (Jy,congy V y,conja V- - -V Iy, congy,)). By Theorems
5.1 and 5.2, we have two meta rules (6 = «) and (o = ;= [2;--+ ;= [,), which are
correct with respect to LE' A LEy; A LE>. By making the composition of these two meta
rules, we have the meta rule mr = (5 = [1;= [a;--- ;= B,), which is also correct with
respect to LE'A LFEy N\ LE,. Hence, mr is correct with respect to LE. O]

5.5. Making meta rules from a logical equivalence. Let var(LE) denote the set
of all variables that appear in a logical equivalence LE. Theorem 5.2 is more general
than Theorem 5.1. Theorem 5.3 is more general than Theorem 5.1 and Theorem 5.2. By
Theorem 5.3, meta rules can be generated from logical equivalences as follows.

1) Input a logical equivalence LE of the form
V(Jvcong <> (Fy,congy V Jy,conga V -+ -V Iy congy)).

2) Make a sequence of variables Vi, = [V, Vi, V2, ..., V,].

3) Rename the existentially quantified variables in the disjoint union Ve Vi WVo- - -V,
to mutually different %-variables. Let 65 be the renaming substitution used for this
purpose.

4) Rename the universally quantified variables in var(LE) - (V UV, UV U---UV,) to
x-variables. Let 6y be the renaming substitution used for this purpose.

5) Make « by renaming conj using 6y and 0.

6) Make §; by renaming conj; using 6y and 65 for i = 1,2,...,n.

7) Make a meta rule of the form (a = f1;= 525+ ;= Bn).

6. Rule Generation by Meta Computation. We provide examples of rule generation
by meta computation.

6.1. Definite clauses and iff-formulas. We define two predicates initial and app by
three definite clauses:
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initial(X, Z) < app(X,Y, Z).
app([], Y, Y) .
app([A|V], Y, [A|Z]) < app(V,Y, Z).
Behind these definite clauses, there are two iff-formulas as follows:
V,Vz : (initial(z, z) <> Jy : append(z,y, 2)).
Vo, Yy, Vz : app(x,y, z) <

((eq(z,[]) Aeqly,2)) Vv
Ja, Jw, Ju : (eq(x, [a|w]) A eq(z, [a|u]) A app(w, y,u))).

6.2. Meta rules and rewriting rules. The next three rules are simple meta rules.
(a) initial(xA,*B) = app(xA, NY, *B).
(b) app(+X, *Y, xZ)
= eq(xX, []), eq(+Y, +Z);
= eq(xX, [NA|%V]), eq(xZ, [N A| %W ), app(%V, *Y, %W).
(c) app(xX, %Y, *Z) = initial(x X, *Z).
The meta rules (a), (b), and (c) are obtained from the two iff-formulas in Section 6.1
using Theorem 5.1, Theorem 5.2, and Theorem 5.1, respectively. We will generate the
following three rewriting rules in the next three subsections:
initial([], &Z) =
initial ([&A|&V], &Z) = eq(&Z, [&A|#W]), initial (&V, #W).
initial ((&A|&V], [&A|&Z]) = initial(&V, & 7).
Each of them is obtained by meta computation using meta rules (a), (b) and (c) above
and the meta rules for equality atoms in Section 4.4.

6.3. Generation of the first rule by meta computation. We start meta computation
from the following meta clause:

h < initial([], &Z).
By application of the meta rule (a), we have the following meta clause:
h < app([], #Y, &Z).
This is split into the following two meta clauses by the meta rule (b):
b eq([],[]), e #Y. &2).
h < eq([], [#AI#V]), eq(&Z, [#A|#W]), app(# V. #Y, #W).
The second meta clause is removed by the meta rule (Ec). Only one meta clause is left,
ie.,
h<eq([],]]), eq(#Y, &Z).
The first body atom eq([],[]) is removed by the meta rule (Eb), resulting in
h < eq(#Y,&7).
The meta atom eq(#Y,&Z) is then removed by the meta rule (Ed). We thus have the
following rewriting rule, which is guaranteed to be a correct ET rule:
initial([],&Z) =.

6.4. Generation of the second rule by meta computation. We start meta compu-
tation from the following meta clause:

h < initial ([&A|&V ], &Z).

By application of the meta rule (a), we have the following meta clause:
h < app([&A|&V], #Y,&2Z).

This is split into the following two meta clauses by the meta rule (b):



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.19, NO.6, 2023 1903

h  eq([&A|&V] []), eq(#Y, &Z).
h < eq([&A[&V], [#A[#V]), eq(&Z, [#AIH#W]), app(#V, #Y, #W).
The first meta clause is removed by the meta rule (Ec). Only one meta clause remains,
ie.,
h = eq([&A|&V], [#A[#V]), eq(&Z, [#AI#W]), app(#V, #Y, #W).
The meta rule (Ea) is then applied, resulting in
h < eq(&A, #A), eq(&V, #V), eq(&Z, [#AlF#W]), app(#V, #Y, #W).
The meta rule (Ed) is then applied twice, resulting in
h = eq(&Z, [CA[HFW]), app(&V, #Y, #W).
It is transformed by the meta rule (c) into
h < eq(&Z, [&A|#W)]), initial (&V, #W).
Hence, we have the following rewriting rule, which is guaranteed to be a correct ET rule:
initial ((&A|&V ], &Z) = eq(&Z, [&A|#W]), initial (&V, #W).

6.5. Generation of the third rule by meta computation. We start meta computa-
tion from the following meta clause:

h < initial ([&A|&V], [&A|&Z]).

By application of the meta rule (a), we have the following meta clause:

h < app([&A|&V], #Y, [&A|&Z)).

This is split into the following two meta clauses by the meta rule (b):

h < eq([&A[&V] []), eq(#Y, [&A[&Z]).

h < eq([&A[&V], [#A|#V]), eq([&A[&Z], [#AI#W]), app(#V, #Y, #W).
The first meta clause is removed by the meta rule (Ec). Only one meta clause remains,
ie.,

h < eq([&A[&V] [#A|#V]), eq([&A[&Z], [#AI#W]), app(#V, #Y, #W).
The meta rules (Ea) and (Ed) are then applied, resulting in

h <= eq(&V, #V), eq([&A|&Z], [CA[#W]), app(#V, #Y, #W).

The meta rule (Ed) is next applied, yielding the meta clause

h < eq([&A|&Z), [&A[#W]), app(&V, #Y, #W).

The meta rules (Ea) and (Eb) are then applied, resulting in

h < eq(&Z, #W), app(&V, #Y, #W).

The meta rule (Ed) is next applied, yielding the meta clause

h < app(&V, #Y, & 7).

It is transformed by the meta rule (c) into

h < initial(&V, & 7).

Hence, we have the following rewriting rule, which is guaranteed to be a correct ET rule:

initial ([&A|&V], [&A|&Z]) = initial (&V, & 7).

7. Concluding Remarks. To solve a QA problem, we first formalize it as an MI problem
on first-order formulas. Many QA problems can be formulated on a class of first-order
formulas that may contain iff -formulas. Newly generated ET rules by meta computation
improve solvability of proof problems and QA problems. First-order formalization enables
us to develop a general theory of rule generation that can be applied to both proof
problems and QA problems.

We discussed a method of generating ET rules from logical equivalences that are cor-
rect with respect to first-order formalizations for proof problems and QA problems. This
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paper introduced three theorems that explain how to generate meta rules based on log-
ical equivalences. The correctness of these theorems was proved. A meta computation
consists of repeated application of meta rules to a meta description, by which we obtain
a sequence of meta descriptions. The first and the last meta descriptions of the obtained
sequence give a pair of meta descriptions, which determines an ET rule.

The proposed method of rule generation consists of the following four steps: To obtain
ET rules for solving a given proof/QA problem, we 1) take a first-order formalization
that may include iff-formulas, 2) derive logical equivalences that are correct with respect
to the first-order formalization, 3) generate meta rules from the logical equivalences,
and 4) obtain ET rules by meta computation using the meta rules. This theory can be
applied to QA problems that have been formalized by using definite clauses. To solve
this class of QA problems, SLD resolution has been applied. However, SLD resolution is
incomplete for this problem class due to lack of multi-head ET rules. Generation of meta
rules from logical equivalences based on iff -formula formalization overcomes the difficulty,
where useful multi-head ET rules can be sought and generated by meta computation. The
method of generation of meta rules from logical equivalences can also be applied to proof
problems that are formalized by using clauses and iff-formulas. Future research includes
development of methods for deriving correct logical equivalences from a given first-order
formalization.
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