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ABSTRACT. The set of all model-intersection problems (MI problems) constitutes a very
large class of logical problems. Formalization of logical problems as MI problems and
computation by equivalent transformation (ET) are of fundamental importance for estab-
lishing a general solution method for solving deductive problems on first-order formulas,
overcoming the limitations of the conventional methods that are based on inference within
the first-order formula space. In this paper, we extend the space of clauses by introducing
attachment of constraints to function variables and invent three ET rules for simplifying
problem descriptions by using interaction between clauses and constraints. This exten-
ston provides a general solution for a larger class of MI problems.

Keywords: Model-intersection problem, Equivalent transformation rule, Logical prob-
lem solving framework, Function variable, Constraint for function variable

1. Introduction.

1.1. Reconstruction of the structure of logic. Logical structure is of fundamental
and central importance for human intelligence. The conventional theory of logic is proof-
centered and inference-based one on the first-order formula space [1, 2, 3, 4, 5]. Tt is,
however, unsatisfactory for solvability of logical problems. The class of problems solved
by conventional inference-based methods is not large enough, i.e., the problem solvability
based on SLD resolution (selective linear definite clause resolution) [3] is rather low. Many
logical problems cannot be solved by conventional methods correctly. SLD resolution is
incomplete, both for the class of all proof problems and for the class of all QA problems
that are defined by using first-order formulas [6]. The conventional computation theory
based on SLD resolution has such theoretical limitations.

The theory of logic should be reconstructed extensively, seeking appropriate structure
to capture human intelligence and to maximize representational and computational power.
To break the representational and computational limitations of first-order formulas, LPSF
(logical problem solving framework) was invented [7]. LPSF is an axiomatic logic and
can be applied to conventional logics. Using LPSF, we can also generate a new logic by
extending problem classes, computation methods, and the underlying formula space. In
place of proof problems, we use model-intersection problems (MI problems), which are a
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superclass of proof problems, and also include the class of query-answering (QA) problems.
Computation in LPSF is successive application of an unlimited number of equivalent
transformation (ET) rules. Computation by ET rules truly extends the solvability of
logical problems. We solve MI problems by using ET rules on some formula space.

Let FOL be the set of all first-order formulas without built-in constraints. Let CLS
be the set of all (usual) clauses without built-in constraints, corresponding to FOL. A
typical formula space is FOL or CLS. We take a general approach to dealing with MI
problems, which is based on the ET solution method, i.e., a given MI problem is trans-
formed equivalently into simpler forms until its answer set can be readily obtained. The
correctness of this new solution method is guaranteed based on the ET principle.

1.2. Correct and efficient computation based on space extension. Built-in con-
straint atoms play a crucial role in practical knowledge representation [8]. We need to
consider first-order formulas that possibly contain built-in constraint atoms. The set of
all such formulas is denoted by FOL,. For practical applications, we need space extension
from FOL to FOL.. Formulas in FOL, are transformed using Skolemization into clausal
forms in CLS., where an element of CLS, is a clause possibly with built-in constraint
atoms.

However, some formula in FOL, cannot be transformed into a set of clauses in CLS,
preserving models. For transformation of QA problems on FOL,. into equivalent clausal
forms, we have developed meaning-preserving Skolemization [9] together with a new ex-
tended space, called the ECLSy space. This extended space includes function variables,
which are variables ranging over function constants. The underlying clause space exten-
sion is illustrated as follows: CLS ¢ CLS, ¢ ECLSy.

The set of all MI problems on extended clauses in ECLSg constitutes a very large
class of problems and is of great importance [6]. The class of MI problems on ECLSg
enables structural embedding of the full class of proof problems on FOL. and the full
class of QA problems on FOL,. All proof problems and all QA problems on FOL, can be
mapped, preserving their answers, into MI problems on ECLSg. By solving MI problems
on ECLSg, we can solve proof problems and QA problems on FOL..

1.3. A new space and new ET rules. Seeking efficient computation, we wish to apply
less-splitting E'T rules at each computation state. When we reach a computation state
to which no small-splitting ET rule is applied, extension of the underlying formula space
and application of a new ET rule in the new space may be useful.

One example is the Agatha puzzle (the “Dreadsbury Mansion Mystery” problem), which
will be introduced in Section 2. Assume that we are in the space of ECLSg, and compu-
tation by ET starting from the initial Agatha problem terminates unsuccessfully without
plausible further reduction by any ET rule developed so far. Then we try to proceed
towards a final goal by

e introduction of the concept of constraint attached to a function variable, which

results in a new clause space called ECLSp¢ (Section 4), and

e invention of new ET rules (for positive function-variable restriction, negative func-

tion-variable restriction, and func-atom evaluation) for dealing with func-atoms and
constraints (Section 5).

The underlying space extension explained so far is shown as follows:
CLS c CLS, ¢ ECLSy ¢ ECLSgc.

The extended space ECLSg¢ together with addition of the ET rules mentioned above
makes it possible to solve a larger class of MI (and thus proof and QA) problems.
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1.4. Organization. The rest of the paper is organized as follows. Section 2 formalizes the
Agatha puzzle, and shows unsuccessfully terminated computation for the puzzle. Section 3
gives successful computation for the Agatha puzzle, and states the main objective of
the paper. Section 4 introduces an extended clause space, where body atoms of each
clause may contain function variables with possibly non-empty constraints being attached
to them. Section 5 introduces three ET rules for computation in the extended clause
space, and proves the correctness of the rules. Section 6 gives experiments for Agatha
proof problems and Agatha QA problems, and compares them to the unsuccessful results
produced by the conventional method based on Skolemization and resolution. Section 7
provides conclusions.

2. An Introductory Example. We formalize the Agatha puzzle, convert it to a clausal
form, and illustrate an initial part of an ET computation sequence for the puzzle.

2.1. Dreadsbury Mansion mystery. Consider the “Dreadsbury Mansion Mystery”
problem (the Agatha puzzle), which is described as follows: Someone who lives in Dreads-
bury Mansion killed Aunt Agatha. Agatha, the butler, and Charles live in Dreadsbury
Mansion, and are the only people who live therein. A killer always hates his victim, and is
never richer than his victim. Charles hates no one that Aunt Agatha hates. Agatha hates
everyone except the butler. The butler hates everyone not richer than Aunt Agatha. The
butler hates everyone Agatha hates. No one hates everyone. The problem is to find who
is the killer.

Assume that eq and neq are predefined binary constraint predicates and for any ground
usual terms t; and to, (i) eq(t1,t2) is true iff ¢; = to, and (ii) neq(ty, t2) is true iff ¢; # to.
The background knowledge of this mystery is formalized as the conjunction of the first-
order formulas in Figure 1, where (i) the constants A, B, C, and D denote “Agatha”,
“the butler”, “Charles”, and “Dreadsbury Mansion”, respectively, and (ii) for any terms
t1 and ty, the atoms live(ty, ta), kill(ty,t2), hate(ty,t2), and richer(ty,ts) are intended to
mean “t; lives in 5”7, “t; killed £5”, “t; hates ¢35, and “t; is richer than t5”, respectively.

Jz : (live(x, D) A kill(x, A))

Vo : (live(z, D) <> (eq(z, A) V eq(z, B) V eq(z,C)))
VaVy @ (kill(z,y) — hate(z,y))

VaVy @ (kill(z,y) — —richer(z,y))

—(3z : (hate(C,x) A hate(A, x) A live(z, D)))

Va : ((neq(z, B) A live(x, D)) — hate(A, x))

Vi ((—richer(z, A) A live(z, D)) — hate(B, x))

Vo : ((hate(A, z) A live(x, D)) — hate(B, x))

—(3z : (live(x, D) A (Vy : (live(y, D) — hate(x,y)))))
Vo o (kill(z, A) — killer(x))

Ficure 1. Background knowledge represented by first-order formulas

The sentence “No one hates everyone” in the Agatha puzzle can be translated into the
sentence “There is no one who hates everyone”, which is represented by the first-order
formula —(3z : (Vy : hate(x,y))). When “No one” is interpreted as “No one who lives in
Dreadsbury Mansion”, the subexpression “live(x, D)A” is added before (Vy : hate(z,y)).
Similarly, when “everyone” is interpreted as “everyone who lives in Dreadsbury Mansion”,
the subexpression “live(y, D) —” is added before hate(x,y). Since the sentence “No one
hates everyone” is translated in the context of this puzzle into the sentence “There is
no one who lives in Dreadsbury Mansion and hates everyone who lives in Dreadsbury
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Mansion”, Figure 1 contains the first-order formula =(3z : (live(z, D)A(Vy : (live(y, D) —
hate(z,y))))).

2.2. Formalization of the puzzle. We understand the Agatha puzzle (“who killed aunt
Agatha?”) as finding all persons who killed Agatha. Formalizing this puzzle is to specify
the answer (the set of all killers) in terms of the background knowledge of the puzzle.
Let K be the conjunction of the first-order formulas in Figure 1 and let ¢ = killer(x).
The Agatha puzzle is formalized as a QA problem (K, ¢). The answer to this QA problem,
denoted by answer(K, q), is the set of all ground instances of ¢ that follows logically from
K. K is converted into the set Cs consisting of the fifteen extended clauses C1-Ci5 in
Figure 2 by applying meaning-preserving Skolemization [9]. Let G, be the set of all ground
user-defined atoms. The QA problem (K, ¢) is then reformulated as a model-intersection
(MI) problem (Cs, ), where ¢ is a mapping from the power set of G, to the power set of
{A, B,C}, defined by ¢(G) = {t|killer(t) € G} for any G C G,. In other words, we have

answer(K,q) = ¢ (ﬂ Models(Cs)) ,

where Models(Cs) denotes the set of all models of Cs. Our plan for solving the Agatha

puzzle is to simplify ¢([) Models(Cs)) mainly by transforming Cs preserving Models( C's)
or () Models(Cs).

Cy: live(z, D) < func(fo, )

Cy: kill(z, A) < func(fo, )

Cs: < live(z, D), neq(z, A),neq(x, B),neq(z, C')
Cy: live(A, D) «

Cs:  live(B,D) <+

Cs: live(C, D) +

C7: hate(z,y) < kill(z,y)

Cs: < kill(z,y), richer(z,y)

Cy: < hate(A, x), hate(C, x), live(zx, D)
Cho: hate(A, z) < neq(z, B), live(x, D)
Ch1: richer(x, A), hate(B, x) < live(z, D)
Cia: hate(B,x) < hate(A, x), live(x, D)
Cis: <« hate(z,y), func(fi,z,y), live(z, D)
Cha: live(y, D) < live(z, D), func(fi,z,y)
Cis: killer(x) < kill(z, A)

FIGURE 2. The initial state with extended clauses

2.3. Computation for solving the Agatha puzzle. In order to simplify the set of
the clauses in Figure 2, we use many ET rules, including unfolding, definite-clause re-
moval, and side-change transformation, given in our previous papers [8, 10, 11, 12]. The
transformation process is shown below together with important final steps in Section 3.2.

1) By unfolding using the definition of kill (Cy), all body atoms with the predicate kill
are removed. By definite-clause removal, the definition of kill (Cy) is removed. By
unfolding, three body atoms with the patterns hate(A, x) or hate(C, ) are removed.

2) By side-change transformation for richer, the richer-atoms in some clauses are
removed and not_richer-atoms are added to the other sides of these clauses.

3) By unfolding, not_richer-atoms and hate-atoms in clause bodies are removed. The
definitions of not_richer and hate are removed.
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4) Unfolding with respect to live-atoms has been suspended since one of the definite
clauses defining live introduces a new live-atom with a pure variable as its first
argument. To remedy the situation, the atom live(x, D) in the body of a clause is
specialized into three clauses, enabling further application of unfolding.

5) By unfolding live-atoms and definite-clause removal, all live-atoms are removed and
the clauses in Figure 3 are obtained.

At this stage, unfolding and definite-clause removal were applied 17 times. Other rules
that were also applied and their application counts are given as follows: elimination
of subsumed clauses 22 times, elimination of true body atoms 10 times, elimination of
duplicate atoms 5 times, constraint solving for neq 4 times, side-change transformation 1
time, and atom specialization 1 time. Fifteen clauses (C;-Ci5) consisting of 35 atoms are
reduced to twelve clauses (Cyy-Cjs) with 23 atoms.

for { '}
fu A}
Cu: < neq(z, B), func(fi, B, )

Cus: < func(fi, B, A)

Cue: func(fl, B, C)

Cyr: < func(fo, C)

Cyus:  killer(z) < func(fo, )

Cho: < func(fr, B, ), func(fo, x)

Cso: < func(fr,z, A), func(fo, x)

Cs1: < neq(x, A),neq(x, B),neq(x, C), func(fo, )
Cso: < neq(x, A),neq(x, B),neq(x,C), func(fi,C, x)
Css: < func(fi, A, A)

Csq: < func(f1, A, C)

Cror < meq(r, B). func(fr, A, )

Ficure 3. Clauses without further reduction by the unfolding-based rules

3. Extension by a New Space and New ET Rules. Further transformation of the
clauses in Figure 3 by unfolding-based rules is impossible. We overcome the difficulty by
inventing a method of reduction of func-atoms, by which we obtain a solution for the
Agatha puzzle.

3.1. The main objective of the paper. Except for the killer-atom in Cyg, the clauses
in Figure 3 contain only two kinds of atoms, i.e., neg-atoms and func-atoms. We cannot
apply unfolding to the clauses in Figure 3 since there is no killer-atom in the bodies of
these clauses. We cannot apply the definite-clause-removal rule to remove the definition
of killer (Cyg) since the answer to the problem is concerned with killer-atoms. We cannot
transform these clauses further by the ET rules that have been developed so far.

The main objective of this paper is to extend the existing theory by

1) introduction of constraints attached to function variables, and
2) invention of new ET rules for dealing with func-atoms and constraints.

This extension makes it possible to solve a larger class of problems, including the Agatha
puzzle.

3.2. Transformation with function variables and constraints. We will introduce
constraints attached to function variables in Section 4 and invent three ET rules (called
CFV rules), i.e., (i) positive function-variable restriction, (ii) negative function-variable
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restriction, and (iii) func-atom evaluation. After the completion of this theory extension,
we can devise a complete solution to the Agatha puzzle.

The function variables occurring in Figure 3 can be freely instantiated without any
constraint, which is represented explicitly in the first two lines of the figure (i.e., fo: {}
and fi: {}). Further transformation is done with the interaction between clauses and
constraints as follows.

1) Refer to Figure 3. By positive function-variable restriction, Cs; changes fy to fo:
{{],{A, B,C})}, which means f, € {A, B,C}. By positive function-variable re-
striction, f; is changed sequentially as follows:

o fi: {{([A],{B})} by Css,

o fi {{[A].{B}),([B],{B})} by Cus, and

b f1: {([A]v {B}>7 <[B]7 {B}>v <[C]7 {A’ B7 C}>} by 052-
The constraint on f; in the last line above means f1(A) € {B} and fi(B) € {B}
and f1(C) € {A, B,C}. The clauses Cyy, Cs1, Csq, and Cs; are then removed. The
clauses in Figure 4 are obtained.

for {([], {A, B,C})}

fi {B1,{B}), {[C1.{A, B,C}), (A {B}) }
Cse: < func(fr, B, A)

Cs7: < funce(f1, B,C)

Css: « func(fo,C)

Cso:  killer(z) < func(fo, )

Ceo: < func(fi, B, x), func(fo, x)

Cer: < func(fr,x, A), func(fo, )

Cea: < func(fr, A, A)

Ces: <« func(fr,A,C)

FIGURE 4. Clauses obtained by positive-function-variable restriction

2) Cs6, Cs7, Cga, and Cpz are removed by func-atom evaluation.

3) The clause Csg changes fy into fo: {([],{A, B})} by negative function-variable re-
striction, and it is removed. At this stage, the remaining clauses are Csg, Cyo, and
Ce1.

4) Since func(fi, B, B) is true, the clause Cyg is transformed into

064: — func(fo, B)

5) The clause Cgy changes fy further into fo: {{[],{A})} by negative function-variable
restriction, and the clause is removed.

6) Since func(fo, A) is true and func(fi, A, A) is false, Cq; is removed by func-atom
evaluation.

7) Since func(fo, A) is true, Csg is transformed into

Cos: killer(A) +
The only remaining clause is Cgs, from which the answer can be readily obtained, i.e.,
Agatha is the only killer.

4. Constraints Attached to Function Variables. In order to provide a theoretical
foundation for representation and computation based on constraints attached to func-
tion variables and the CFV rules, we introduce an extended clause space with function
variables, each of which may have non-empty constraints.
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4.1. User-defined atoms, built-in atoms, and func-atoms. We consider an ex-
tended formula space that contains three kinds of atoms, i.e., user-defined atoms, built-in

constraint atoms, and func-atoms. A user-defined atom takes the form p(t4,...,t,), where
p is a user-defined predicate and the t; are usual terms. A built-in constraint atom, also
simply called a built-in atom or a constraint atom, takes the form c(ti,...,t,), where ¢

is a predefined constraint predicate and the ¢; are usual terms. Let A, be the set of all
user-defined atoms and A, the set of all built-in atoms.

A func-atom [9] is an expression of the form func(f,t1,...,t,,t,s1), where f is either
an n-ary function constant or an n-ary function variable, and the ¢; are usual terms. It is
a ground func-atom if f is a function constant and the ¢; are ground usual terms.

4.2. Constraints attached to function variables. To enrich the expressive power of
clauses and support more flexible transformation, we introduce attachment of constraints
to function variables.

Let F'Var be the set of all function variables and F'Con the set of all function constants.
Let G; denote the set of all ground usual terms. Each n-ary function constant is associated
with a mapping from G to G;. There are two types of variables: usual variables and
function variables. A function variable can be instantiated into any function constant,
but not into a usual term.

A constraint set is a set of pairs each of which takes the form (seq, G), where seq is a
sequence of terms in G; and G is a non-empty set of terms in G;. A constraint set S is
attached to each occurrence of a function variable f € FVar and such an occurrence is
denoted by the pair (f,S). When the attached constraint set S is empty, f is called a pure
function variable and is often denoted simply by f itself. The set S in (f,S) specifies con-
straints for instantiation of f, requiring that if ([t1,...,¢,], G) € S and o is a substitution
for function variables such that fo is a function constant f., then f.(t1,...,t,) € G.

4.3. Extended clauses. An extended clause C' on A, U A, is a formula of the form

A1, ...y Qpy < bl,...,bn,fl,...,fp,
where each of a,...,am,b1,...,b, is a user-defined atom in A, or a built-in atom in
A, and fy,... £, are func-atoms. All usual variables occurring in C' are implicitly uni-

versally quantified and their scope is restricted to the extended clause C' itself. The sets
{a1,...,an} and {b1,...,b,,f1,... £} are called the left-hand side and the right-hand
side, respectively, of the extended clause C, and are denoted by lhs(C) and rhs(C),
respectively. C' is said to be pure iff each function variable occurring in C' is pure.

Let ECLSgc be the set of all extended clauses, possibly containing function variables
with constraints. Recall that ECLSg is the set of all extended clauses with only pure
function variables. Then ECLSgc¢ is a superset of ECLSE, i.e.,

ECLSpc D ECLSE.

Let Cs C ECLSgc. Cs is said to be pure iff all clauses in Cs are pure. Cs is said to be
normal iff for any function variable f € FVar, if (f,S1) and (f,Ss) are occurrences of f
in Cs, then S; = 55.

5. ET Rules for Processing func-atoms. We define three CFV rules, i.e., ET rules
for dealing with func-atoms in the space with constraints being attached to function
variables, and prove the correctness of these rules.

5.1. Meanings of constraints attached to function variables. Assume that Cs
is a set of clauses in ECLSg¢. All function variables in Cs are existentially quantified
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at the top of Cs. Suppose that there is a ground func-atom func(f,sy,...,Sm,t) in the
right-hand side of a clause C' in Cs, where sq,...,s,, and t are ground terms in G;, and
the constraint set S attached to f contains a pair ([sy,..., Sn], G). The set G imposes a
constraint on possible values of f(si,...,Sny), i.e., there is a substitution ¢ for function
variables such that (fo)(s1,...,sm) € G.

If G is the empty set, the condition Jo: (fo)(s1,...,sm) € G gives a contradiction. It
follows that Cs has no model. Hence an MI problem (Cs, @) can be equivalently trans-
formed into ({«<}, ), where {<} is a singleton set of the empty clause (+—), which is
false.

5.2. Positive function-variable restriction. Let (Cs, ) be an MI problem on EC-
LSgc. Assume that Csis normal and contains an extended clause C' such that

C = (eq(z,t1),...,eq(z,t,) < func(f,s1,...,8m,)),
where x is a usual variable, t{,...,t,,s1,...,S, are ground terms, and f is an m-ary
function variable. The clause C' means that if f(sy,...,s,,) = =, then zisone of t1, ..., t,.
Hence, C' gives a positive restriction for f. More precisely, (Cs,¢) can be equivalently

transformed into (C¢', ¢), where C5 is obtained from Cs as follows: Assume that S is the
constraint set attached to f.

1) If there is no pair of the form ([sy, ..., $;], G) in S, then change S into

SU{([s1,--,Sm), {t1, -, ta )},
and let Cs' = Cs— {C'}.
2) If ([s1,...,8m),G) € S and GN {t1,...,t,} # 0, then change S into

(S - {<[817 ) 3m]> G)}) U {<[Sla s 75m], Gn {tla s >tn}>}>
and let Cs = Cs — {C}.
3) If ([s1,. .., 8m],G) € S and GN{ty,...,t,} =0, then let O = {«+}.
The correctness of this transformation is shown as follows: The constraint imposed by
the clause C' means that f(sy,...,sn) € {t1,...,t,}. Hence, in Case 1, non-existence of
([s1,---,Sm], G) means that f(s1,...,S,) may take any arbitrary value. Therefore, the
pair ([s1,...,Sm), {t1,...,t,}) should be added to S. In Case 2, elements outside {t,
..., t,} are removed from G. In Case 3, the constraint for f is inconsistent. From the
explanation in Section 5.1, Cs can thus be {+}.

5.3. Negative function-variable restriction. Let (Cs, @) be an MI problem on EC-
LSrc. Assume that Csis normal and contains an extended clause C' such that

C = (« func(f,s1,..,5m,5)),

where s1, ..., s, and s are ground terms and f is a function variable to which a constraint
set containing ([sy,. .., sn], G), for some G C Gy, is attached. The clause C' means that
f(s1,...,8m) # s. Hence, C gives a negative restriction for f. More precisely, (Cs, )
can be equivalently transformed into (Cs, ), where Cs' is obtained from Cs as follows:
Assume that S is the constraint set attached to f.

1) If ([s1,---,5m),G) € S and G = {s}, then let Cs = {+}.

2) If ([s1,...,8m),G) € S and G # {s}, then change S into

(S - {<[317 Tt SM]7G>}) U {<[517 cee Sm]’ G — {8}>}7
and let Cs' = Cs— {C'}.
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The correctness of this transformation is shown as follows: Assume that ([sq,..., s,
G) € S. The negative clause C imposes a constraint f(si,...,8,,) # s. If G = {s}, the
constraint means that func(f,si,...,sns) = s is true, which contradicts the meaning of

the clause C. Hence, there is no model of Cs, which results in Cs = {«}. If G # {s},
the possibility of s is denied by C. Hence, G becomes G — {s} and Cs = Cs— {C'}.

5.4. func-atom evaluation. Let (Cs, ) be an MI problem on ECLSpc. Assume that
Cs is normal and contains an extended clause C' such that C' contains a func-atom
func(f,s1,...,8m,t) in its right-hand side. Assume that S is the constraint set attached
to f. When we know the logical value of func(f,si,...,Sm,t) from the constraint at-
tached to f, we apply func-atom evaluation rules, which produce the following equivalent
transformation:

1) If ¢ is a ground term and the constraint set S contains ([s1, ..., sp], {t}), then func(f,
S1y -+, 8m,t) can be removed from C.

2) If t is a usual variable v and the constraint set S contains ([sq, ..., sm],{s}), then C
can be specialized by instantiating v into s and the true func-atom func(f,si,..., Sm,
s) in the resulting clause can be removed.

3) If ¢ is a ground term and the constraint set S contains ([s1,...,sn,], G) such that

t ¢ G, then C can be removed from Cs.

The correctness of this transformation is shown as follows: Assume that the constraint
set S attached to f contains ([s1,...,sn,],G). The above transformation is correct since
func(f,s1,...,8m,t) is true in the first two cases, and it is false in the third case.

6. Experiments and Comparison. We make experiments to solve Agatha proof prob-
lems and Agatha QA problems, and compare them to the results obtained by resolution
with conventional Skolemization-based decomposition (CSD) [13].

6.1. Experiments. We have constructed an experimental MI-problem solver by direct-
ly implementing the theory, and have tried to apply it to solving many proof and QA
problems, many of which are not large but impossible to be solved correctly if we use ex-
isting theories and techniques developed in the logic programming and the semantic-web
communities.

The Agatha puzzle, which is formalized as a QA problem (cf. Section 2.2), was solved
by 102 applications of ET rules, consisting of unfolding and definite-clause removal, con-
straint solving for neq, the ET rules developed in Section 5, and other ET rules devised
so far in our previous works [8, 10, 11, 12].

The following three Agatha proof problems were also successfully solved by our MI-
problem solver: (i) “did Agatha kill herself?”, (ii) “didn’t the butler kill Agatha?”, and
(iii) “didn’t Charles kill Agatha?” These three proof problems are represented as the con-
junctions of the first-order formulas in Figure 1 and —killer(A), killer(B), and killer(C),
respectively. The empty clause () was produced from each of them, thereby proving
that Agatha is the killer, not the other ones.

These solutions are summarized as

FOL. — ECLSFp — ECLSp¢ — (correct solution),

where the first-order formula representing a problem in FOL. is transformed by the

meaning-preserving decomposition (MPD) algorithm [13] into a set of extended clauses
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6.2. Comparison to the resolution-based methods. The conventional resolution-
based proof method is constructed in the spaces FOL and CLS, where a first-order formula
K in FOL is transformed by the CSD algorithm [13] into a set of clauses in CLS, which
is subsequently transformed by resolution for finding a solution, as outlined by

FOL — CLS — (solution).

Basically, we need the spaces FOL. and CLS. for solving the Agatha puzzle, which is
represented by using the built-in predicates eq and neq. The conventional solution method
may be used for solving the Agatha proof problem, which is outlined by

FOL. — CLS. — (solution),

where the CSD algorithm and resolution are applied. However, the Agatha puzzle is
incorrectly transformed by the CSD algorithm, and therefore further application of the
resolution rule becomes useless from the viewpoint of correctness.

We explain the above incompleteness of the conventional logic by using the Agatha
puzzle. When we transform the background knowledge K represented as the conjunction
of the first-order formulas in Figure 1 by using CSD, we obtain the clause set O =
{C1,C4,Cs, ..., Ch2,Cl5,Cy, Cis}, where C5-Co and Cy5 are given in Figure 2 and C7,

5, Cls, and C], are given in Figure 5. This clause set is inconsistent while the original
background knowledge K is consistent. Since each of K A —killer(A), K A killer(B), and
K A killer(C) includes K, we also have similar contradictions from each of them. It
follows that the application of the CSD algorithm to the Agatha puzzle does not preserve
satisfiability. Hence, none of the three Agatha proof problems mentioned above can be
solved correctly by the conventional methods.

C1: live(fy, D) < 130 < hate(z, fi(z)), live(x, D)
Ch: Kill(fo, A) + Chy: live(fi(x), D) « live(x, D)

FiGurE 5. Clauses obtained by CSD

The difficulty was avoided by using ECLSg and MPD in place of CLS. and CSD:
FOL. — ECLSyp — ECLSpc — (correct solution).

The Agatha puzzle was successfully solved in the ET-based theory as shown in this paper
using the spaces ECLSy and ECLSg¢, where the ET rules dealing with func-atoms and
constraints attached to function variables play important roles in place of resolution and
normal clauses.

7. Conclusions. MI problems constitute one of the largest classes of logical problems
and are of fundamental importance. We solve MI problems by using ET rules on some
formula space. A typical formula space is the set of all first-order formulas, as well as
that of all usual clauses. Under the LPSF theory, we can increase the solvability of MI
problems by extending the formula space and devising additional ET rules.

The CSD algorithm gives a method of formula transformation from FOL. into CLS,,
with no extension of the underlying computation space. The employment of CSD, how-
ever, is a major hindrance to development of a general solution for proof/QA problems
on FOL, since it does not generally preserve satisfiability nor logical meanings of logical
formulas, and thus does not preserve the answers to proof/QA problems. To overcome
the limitation, the CLS, space is extended into the ECLSg space and each formula in
FOL. is equivalently converted using the MPD algorithm into a clause set in ECLSg.

This paper has further extended the representation and computation power of MI prob-
lems by introduction of constraints attached to function variables. A new space extension
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is from ECLSg to ECLSgc. This extension has strengthened the power of solving a large
class of MI (and thus proof and QA) problems. For dealing with constraints attached to
function variables, the following new ET rules have been invented:

e positive function-variable restriction,
e negative function-variable restriction, and
e func-atom evaluation.

So far, even in the ECLSy space, the Agatha puzzle could not be solved correctly from the
full first-order formalization. The space extension approach in this paper has successfully
solved the Agatha puzzle fully for the first time. This is one of the most important
methods towards strengthening the power of representation and computation in the logical
computation theory that has been developed based on the E'T approach.
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