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ABSTRACT. This paper shows a model for T-shaped cross-sectional beams with straight
haunches under uniformly distributed load that considers bending and shear deformations
to find the fized-end moments, carry-over and stiffness factors, which is the main contri-
bution of this investigation. The methodology is developed by the conjugate beam method
to find the rotations in the supports and by the superposition method this type of problems
1s solved. The traditional model takes account of only the bending deformations, and oth-
er authors consider bending and shear deformations, but the proportions shown in the
tables are restricted. A numerical example has been developed to observe the application
of the proposed model, and a comparison between the proposed approaches that considers
bending and shear deformations against the traditional model that takes account of only
the bending deformations presented in the tables and graphics. A significant advantage of
the model proposed in this paper on any other document is that the fived-end moments,
carry-over, and stiffness factors can be obtained for any T-shaped beams with straight
haunches.

Keywords: T-shaped beams, Fixed-end moments factors, Carry-over factors, Stiffness
factors, Uniformly distributed load, Bending and shear deformations

1. Introduction. The beams of reinforced concrete with haunches in its ends are differed
from prismatic beams because the beam height has a gradual variation in all or in part
of its length. The main application is in buildings of medium height, and highway and
railway bridges.

The main problems in the analysis of structures with moment of inertia variable along
of its length are to obtain the fixed-end moments, carry-over and stiffness factors.

In the last century, Guldan published several aids for the design of non-prismatic beams
[1], and the tables presented by the PCA (Portland Cement Association) that presents
the stiffness factors and the fixed-end moments for the nonprismatic beams [2]. In these
tables the bending deformations are considered only and the shear deformations are ne-
glected, and also the length-height relationship of the beam is not considered in definition
of the various stiffness factors, simplifications that can lead to significant errors in the
determination of the stiffness factors.

There are important contributions in the non-prismatic beams analysis that are based
on the theory of Euler-Bernoulli beams [3-6].
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The new design aids are found in Appendix B of the book of “Analysis of Structures
with Matrix Methods” that replace the old PCA tables, and these tables provide the fixed-
end moments, carry-over, and stiffness factors for beams of sections in shape of “I” and
“T” [7]. However, these are restricted to some relations, and the height of the haunches
is the same in the two ends.

The topic of non-prismatic beams in the last 15 years has aroused great interest among
researchers, and the main contributions are the following. Yuksel investigated the mod-
eling, analysis and behavior of the non-prismatic beams under temperature changes [8].
Yuksel presented the behavior of the NBSPH (Non-prismatic Beams with Symmetrical
Parabolic Haunches) that has a constant haunch length relationship of 0.5 by means of
FEA (Finite Element Analyses) due to vertical loads to obtain the stiffness coefficients
and the carry-over factors [9]. Other researchers have presented mathematical models for
beams of variable rectangular section of linear or parabolic and symmetric shape, and
under uniformly distributed load and/or concentrated load, but shear deformations are
not considered [10-13]. Luévanos Rojas presented a model for the I-shaped beams under
a uniformly distributed load with straight haunches considering the bending and shear
deformations to obtain the fixed-end moments, carry-over and stiffness factors, and the
methodology is presented by the method of consistent deformation and the rotations are
obtained by the conjugate beam method [14]. Several researchers have developed mathe-
matical models for beams of rectangular cross section with straight and parabolic haunches
under uniformly distributed load and concentrated load, these models take account of the
bending and shear deformations to obtain the fixed-end moments, carry-over and stiffness
factors, this methodology is presented by the method of consistent deformation and the
rotations are obtained by the conjugate beam method [15-18]. Balduzzi et al. analyzed
the simple compatibility, equilibrium, and constitutive equations for a non-prismatic pla-
nar beam [19]. Luévanos Soto and Luévanos Rojas proposed a model for the I-shaped
beams under a concentrated load localized anywhere of the beam with straight haunches
considering the bending and shear deformations to obtain the fixed-end moments factors,
and the methodology is presented using the equations of compatibility and equilibrium,
and the rotations are obtained by the principle of virtual work [20]. Balduzzi et al. pre-
sented the combination of the effective beam theory with a simple and accurate numerical
technique opening the door to the prediction of the structural behavior of planar beams
characterized by a continuous variation of the cross-section geometry that in general
deeply influences the stress distribution and, therefore, leads to non-trivial constitutive
relations [21]. Balduzzi et al. investigated a Timoshenko-like model for planar multilay-
er (i.e., non-homogeneous) non-prismatic beams, and the main peculiarity of multilayer
non-prismatic beams is a non-trivial stress distribution within the cross-section [22].

Also, several design aids have been published for beams subject to uniformly distributed
loading or a concentrated load of rectangular cross section with straight haunches [23,24]
and with parabolic haunches [25,26] to obtain the fixed-end moments, carry-over and
stiffness factors.

The bibliographic review shows that the closest studies for the T-shaped beams with
straight haunches are the tables provided the fixed-end moments, carry-over and stiffness
factors for beams of sections in shape of “I” and “T” [7]. These tables for the T-shaped
beams consider the flange width “bs” is equal to the web thickness “b,,” more 16 times
flange thickness “¢;”, the relationship between the beam length and the effective depth
is equal to 10, the relationship between the flange thickness “¢;” and the effective depth
is equal to 1/4, the relationship between the web thickness “b,,” and the effective depth
is equal to 3/4, and the height of the straight haunches is the same in the two ends.
Therefore, there are no papers on the subject with the level of current knowledge that
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provide a way to obtain the fixed-end moments, carry-over and stiffness factors for T-
shaped beams with straight haunches for the general case.

This paper shows a mathematical model for T-shaped cross-sectional beams with
straight haunches under uniformly distributed load that includes the shear and bend-
ing deformations to find the fixed-end moments, carry-over and stiffness factors. The
conjugate beam method is used to obtain the rotations in the supports and by the su-
perposition method this type of problem is solved. The traditional model only considers
the bending deformations, and other authors consider bending and shear deformations for
proportions restricted that are shown in tables. A numerical example has been developed
to observe the application of the proposed model, and a comparison between the pro-
posed approaches that considers bending and shear deformations against the traditional
model that considers bending deformations only are presented in the tables and graphics
to observe differences.

The remainder of the paper is organized as follows. Section 2 shows the formulation of
the mathematical model. Section 2.1 shows the formulation of the equations for fixed-end
moments factors. Section 2.2 presents the formulation of the equations for carry-over
factors and stiffness factors. Section 3 describes the application of the proposed model.
Section 4 is dedicated to the results through the comparison of the two models, the
proposed model (PM), and the traditional model (TM). Section 5 presents the conclusions.

2. Formulation of the Mathematical Model. Figure 1 presents in detail the asym-
metric T-shaped beam under uniformly distributed load where the flange width “b;”,
flange thickness “t¢”, web thickness “b,” are constant, GC'is center of gravity of the
cross section, Ly and Lo are the lengths of the haunches, and the web height “d,” that
varies with the linear shape at the ends, and the beam in the center has a constant section.

T I

FiGure 1. T-shaped beam with straight haunches under uniformly dis-
tributed load

The geometrical properties of T-shaped cross-sectional beams in general are
bt} + bydy(dy 4 2ty)

Y97 "0 (bsts + budy) (1)
;o bt + 3bsts(2yy — t)? 4 buds + 3bydy(dy + 2ty — 2y,)? @
o 12

Ay = by(dy +ty) (3)

where y, is the center of gravity of the cross section, I, is the moment of inertia at a

[{Pe}] [{Pe]

distance “z” in function of “d,”, and A, is the shear area at a distance “z” in function
Of L(d ”
L
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The geometrical properties for the first cross section of the beam are

. dLl + dl(Ll — I)

= 4
d:cl L1 ( )
. bft?L? + bw[dLl — dl(I — Ll)]3
v 1213
bwatf[d[/l — dl (l’ — Ll)][thl + dL1 — dl (l’ — Ll)]2 (5)
4L3{bst Ly + by|dLy — dy(xz — Ly)]}
bwltrLy +dLy —di(x — L
Ay = [ 1 2 1( 1)] (6)
1
The geometrical properties for the second cross section of the beam are
dyy = d (7)
= 12(bst s + byd) ®)
Ast == bw<d + tf) (9)

The geometrical properties for the third cross section of the beam are

dL3 + dQ(SC — L + L2)

= 1
d:r:?) Ll ( O)
v 12L3
AL2{bst ;Lo + byldLs — dy(L — Ly — 2)]}
L Ly —di(L— Ly —
A,y = lirlavdly lel( 2~ 7) (12)

2.1. Formulation for fixed-end moments. Figure 2(a) shows a beam with fixed ends
under a uniformly distributed load. The fixed-end moments are obtained by the principle
of superposition (sum of the individual rotations in each support “A” and “B”). The in-
dividual rotations are “54,” and “Sp;” due to the load applied with the simply supported
beam, “F42” and “Bps” due to a moment “M,p” applied in the support “A”, and “Bx3”
and “Bp3” due to a moment “Mp,” applied in support “B”. The moments are positive
in counterclockwise direction, and negative in clockwise direction. Figure 2(b) presents
the same simply supported beam in its two supports under the same load applied to ob-
taining the rotations “B41” and “Bp,”. Figure 2(c) shows the moment “M 45" applied in
the support “A” that generates the rotations “S42” and “Bpy”. Figure 2(d) presents the
moment “Mp,” applied in the support “B” that generates the rotations “$43” and “fp3”
[27-32].

Now, by the principle of superposition and using the beam compatibility equations for
the rotations in each support obtain the following equations:

Bar — Baz+ Baz =0 (13)
Bp1 — B2 + Bz =0 (14)

Figure 2 is analyzed to obtain the rotations (841 and Bp1, Saz and Bpa, Sa3 and fBps)
and the flexural and shear deformations are taken into account due to the loads applied
on beam.

1
1
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FIGURE 2. T-shaped beam with fixed supports

The rotations in non-prismatic members (54; and ;) for general case are obtained in
the following way [7]:

1 [F v 1 (* M«
== dr + = d 15
P L/O ca T ) EL ™ (15)
L
M,
Ba ; Elec Be (16)

where ¢ = 1 (Due to the uniformly distributed load), 2 (Due to the moment “M,p”
applied in the support “A”), 3 (Due to the moment “Mp,” applied in the support “B”),
V. is the shear force at a distance x, GG is the shear modulus, M, is the moment at a
distance x and F is the modulus of elasticity. G = E/[2(1 + v)], and v is Poisson’s ratio.
The shear forces and moments located in anywhere on the beam according to Figure
2(b) are
L—2
v, = w2 (17)
I —
M, = W) (18)
2
Substituting Equations (17) and (18) into Equations (15) and (16), the rotations “54;”
and “Bp,” are obtained:

Ly 2 L-Ls 2 L 2
w (L —z)*x (L —z)°x / (L —z)*x
=— —d ——d ——d
L Uo 2y /L TP A TP
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w b —22) L=le (1 — 20) L —2x)
- [ | S [ S e | T dx} (19)

1

w bi(L — x)a? L=l ([ — 2)a? L (L - x)2?
———Fd ——F—d ——Fd
m =g { / oL, /L T /L_L2 2 x]

1
Ly L—Ls L
w (L —2x) (L —2x) / (L —2x)
— —d —d —d 20
- GL |:/ 2Asa:l v /Ll 2Asr2 v L—Lo 2Asr3 ! ( )
The shear forces and moments located in anywhere on the beam according to Figure
2(c) are
Map
L
MAB(L — ZL’)
M,=———"—7"7—-
L

Substituting Equations (21) and (22) into Equations (15) and (16), the rotations “845”
and “Bpy” are obtained:

Myg [ (¥ (L — 2)? L=la ([ — )2 L(L—x)?
— =g ——d ——d
BAZ EL? |:/0 ]xl v /L ]002 o /L—L2 ng !

1

‘/x:

(21)

(22)

Myp { /Ll 1 /L—L2 1 /L 1 }

+ dx + dx + dx 23
GL? | )y Asn I Aseo L1, Asa3 (23)

Mg Li(L — ) /L_L2 (L—2)x /L (L—2z)x

= ~— 7 d —d ——d
P2 EL? |:/0 I v Ly Lo " L—Lo Loy )

Mp { /Ll 1 /LL2 1 /L 1 ]

- dx + dxr + dx 24
GL? 0 Asml I As:c2 L—1Lo Asa:3 ( )

The shear forces and moments located in anywhere on the beam according to Figure

2(d) are

Mpa
Ve = 25
. (25)
MBAiL'
M, = 2
=2 (26)

Substituting Equations (25) and (26) into Equations (15) and (16), the rotations “Sa3”
and “fp3” are obtained:

Mpa L1 (L—2)x /L_L2 (L—2z)x /L (L—2z)x
Bas B2 [ /0 . x + : I x + o L Z

MBA |:/L1 1 /LL2 1 /L :|
— dx + dz + 27
GL? 0 Aszl Iy Asx2 L Lz ( )

MBA |:/L1 1'2 /L—Lz x2 :|
= — —dz + —dx + —da:
e = e | )y I b Lo 11y L3

Mgy [ /Ll 1 /L—L2 1 / }
+ dz + dzr + dz 28
GL2 0 Asml Ly ASZ‘Q L—Lo AS$3 ( )

Now, Equations (19), (23) and (27) that correspond to support “A” are substituted
into Equation (13), and Equations (20), (24) and (28) that correspond to support “B”
are substituted into Equation (14). Subsequently, the two generated equations are solved
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to obtain the values of “M,p” and “Mp,”. The equations for moments are presented as
follows:

wL?

Map = (29)
map
wL?

Mgy = (30)
mpa

where m 45 and mpa are the fixed-end moment factors.

The equations for fixed-end moments “M,p” and “Mp,”

are shown in Appendix A.

2.2. Formulation for the carry-over factors and stiffness factors. The principle
of superposition and the beam compatibility equations are used to obtain the carry-over
and stiffness factors. The procedure is the following: when the moment “M,p” is applied
clockwise at support “A” of a simply supported straight member of non-constant cross-
section at one end (support “A”) and fixed at the other end (support “B”) to obtain
the rotation “$4;” in the support “A” and the fixed-end moment “Mp,” in the support
“B” (see Figure 3(a)). Rotations “S4;” and “fp1 = 0” in the supports are caused by the
moments “Map” and “Mpa”, respectively. Figure 3(b) shows that the rotations “B45”
and “Bpe” are caused by “M 45", and Figure 3(c) presents the rotations “S43” and “Sps”
caused by “Mps”.

"‘\\
=~
Mg G —= _\\\B Mp.4 (@)
L B4l e [~
ﬁ‘u- ____________ A
Vy L Vs
v
E = Constant
I =variable

(®)

F1GURE 3. A simply supported beam at one end and fixed at the other

Now, by the principle of superposition and using the beam compatibility equations for
the rotations in each support obtain the following equations:

Bar = Bas — Bas (31)
0= fBp2 — Bps (32)

The beam is analyzed to obtain “B42” and “Spy” in the function of “M 45" (see Figure
3(b)); these appear in Equations (23) and (24). The beam is analyzed to obtain “Ss3”
and “Sps” in the function of “Mp,” (see Figure 3(c)); these appear in Equations (27) and
(28).

Now, substituting Equations (24) and (28) into Equation (32), “Mp4” is obtained in the
function of “M4p”. Therefore, the carry-over factor of “A” to “B” (Cy4p) is the percentage
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of the moment produced in the support “B” due to a moment applied in the support “A”;
the procedure to find the carry-over factor of “B” to “A” (Cpa) is the same used above.
Therefore, equations are shown as follows:

Mpy = CyapMyp (33)
Myp = CpaMpa (34)

The equations for carry-over factors “Cyp” and “Cp,” are shown in Appendix B.

Now, substituting Equations (23) and (27) into Equation (31) is presented in the func-
tion of “Myp”, “Mps” and “S4;”, and subsequently Equation (33) is substituted in this
same equation to find “M,p” in function of “B4;”. Therefore, the stiffness “K 5" (Ab-
solute stiffness from point A to B) is the moment applied in the support “A” to produce
a rotation of 1 radian in the support “A”; the procedure to find the stiffness “Kpy”
(Absolute stiffness from point B to A) is the same used above. Therefore, equations are
presented as follows:

kagFEl,

Map = KapBar = %@u (35)
kpaEL,

MBA — KBAﬁBl — BA#BBI (36)

The equations for stiffness factors “kap” (Stiffness factor from point A to B) and “kp”
(Stiffness factor from point B to A) are shown in Appendix C.

3. Numerical Example of the Proposed Model. A non-prismatic reinforced concrete
T-shaped beam with straight haunches supported on four supports is analyzed (see Figure
4). The first beam (A-B) has a length of 16.00 m, and does not have straight haunch
in support A, only in support B. The second beam (B-C) has a length of 16.00 m, and
has two straight haunches, and the haunches are perfectly symmetrical. The third beam
(C-D) has a length of 16.00 m, and does not have straight haunch in support D, only in
support C. Figure 5 shows the three beams separately and their fixed moments (Fixed-
end moments) in each support. Constant data over all the cross section are v = 0.20 for
concrete, w (Uniformly distributed load) = 10 kN/m, by = 1.50 m, ¢ = 0.30 m, b,, = 0.50
m. The final moments are obtained using the proposed model by the matrix methods.

D T RN

FIGURE 4. Non-prismatic reinforced concrete T-shaped beam

The data for beam A-B are L; = 0.00 m; Ly = 4.00 m; d = 1.00 m; d; = 0.00 m;
dy = 1.00 m; L = 16.00 m. The load w = 10 kN/m. The fixed-end moments are Mpsp =
175.2594 kN-m and Mpggs = 300.9206 kN-m. The carry-over factors are Cyp = 0.6857
and Cga = 0.4596. The stiffiness factors are k4p = 4.3789 and kg4 = 6.5337. The absolute
stiffnesses are Kap = 4.3789F,5/L and Kps = 6.5337FE 5/ L.



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.20, NO.1, 2024

T I LI LTI
l\lrg// ' //JDI\[FB-\
7 : : -
: 12.00 m 4.00 m
16.00 m ‘ .

7 W ,
MFBB_/;LHH}HHHHH.\LHH ;Dmm
| 1'6.00m | E

g %

T T I LT
l\lrcg// T /DMFDC

4.00 m 12.00 m

16.00 m

FIGURE 5. Three separate beams

131

The data for beam B-C are Ly = 4.00 m; Ly, = 4.00 m; d = 1.00 m; d; = 1.00 m;
dy = 1.00 m; L = 16.00 m. The load w = 10 kN/m. The fixed-end moments are Mppc =
253.1357 kN-m and Mpcp = 253.1357 kN-m. The carry-over factors are Cge = 0.6407
and Ccg = 0.6407. The stiffness factors are kg = 7.6580 and k- = 7.6580. The absolute
stiffnesses are Kpo = 7.6580E1,2/L and K¢p = 7.6580F1,5/L.

The data for beam C-D are L; = 4.00 m; Ly = 0.00 m; d = 1.00 m; d; = 1.00 m;
dy = 0.00 m; L = 16.00 m. The load w = 10 kN/m. The fixed-end moments are Mpcp =
300.9206 kN-m and Mppc = 175.2594 kN-m. The carry-over factors are C'cp = 0.4596
and C'pc = 0.6857. The stiffness factors are kop = 6.5337 and kpc = 4.3789. The absolute
stiffnesses are K¢p = 6.5337EL,s/L and Kpc = 4.3789F1,5/ L.

The stiffness matrix of the beam “A-B” is

P kAP RSP ] [ 4.3789 3.0026 | Ely
AB — kAP k4P | | 3.0026 6.5337 L
Kap; k3 = Kpa; k{s? = CapKap; k3i® = CpaKpa; kiy? = k3P,
The stiffness matrix of the beam “B-C” is
P kGO kY] [ 7.6580 4.9065 | Bl
BC = EBC kDO | | 4.9065 7.6580 L
where kB¢ = Kpe; kB° = Kop; kB = CpoKpe; k8¢ = CopKep; kBC = k5C.

The stiffness matrix of the beam “C-D” is

ESP kGP ] _ [6.5337 3.0026 } Bl

kSP kSP 3.0026 4.3789

KCD:|: 7

CD __ . .CD _ . .CD _ . .CD _ . .CD _ 1.CD



132 C. RODRIGUEZ-REYES, A. LUEVANOS-ROJAS AND C. MARTINEZ-AGUILAR

General stiffness matrix “Kg” of the continuous beam is

[ kiP ki 0 0
. kAB kAP 4 kBC kBC 0
G:
0 kBC EBC + kCP kP
0 0 k&P kSP
[ 4.3789  3.0026 0 0
| 3.0026 14.1917 4.9065 0 El,,
- 0 4.9065 14.1917 3.0026 I
|0 0 3.0026 4.3789

Fixed-end moments of the beams (phase 1) are

Map ]| [ 41752504 [ Mpe ] [ 42531357 ] [ Mep ] [ +300.9206
Mps | ~ | =300.9206 |* | Mop |~ | —253.1357 |7 | Mpe | | —175.2504

The vector of effective moments that act on the continuous beam is

My —175.2594 —175.2594
Mg | | +300.9206 — 253.1357 | | +47.7849
Mo | T | 42531357 —300.9206 | ~ | —47.7849
M, £175.2594 +175.2594

Force-displacement relationship is
[P] = [K][d]

where [P] is the vector of effective moments that acts on the continuous beam, [K] is the
general stiffness matrix, and [d] is the vector of displacements.

—175.2594 4.3789  3.0026 0 0 Ba
+47.7849 | | 3.0026 14.1917 4.9065 0 El, | BB
—47.7849 | 0 4.9065 14.1917 3.0026 L Bc
+175.2594 0 0 3.0026  4.3789 Bp
The solution of the system is
RZ —55.9611

Bp | | +23.2428 | L

Be | | —23.2428 | EI,,

Bp +55.9611

The mechanical elements associated to the analysis moments (phase 2) are
Mg [k RS T Ba ] [ 43789 3.0026 | Eln [ —55.9611 ] L
kAP kAP || Bs | [ 3.0026 6.5337 +23.2428 | E1,,

L
[ —175.2594

~ | —16.1676
Mpc [ KEC KBS 7T B ] [ 7.6580 4.9065 | El [ +23.2428 1 L
| KBC kBC || Be | | 49065 7.6580 —23.2428 | EI,,

L
[ +63.9525
~ | —63.9525
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{MCD} B [kﬁD kP

{ Be ] B { 6.5337 3.0026 ] EI,, { —23.2428} L
Bp |

Mpe kGP kSP 3.0026 4.3789 | L | +55.9611 | EI,,
[ +16.1676
T | +175.2594
The final moments are (sum of phases 1 and 2)

[ Map | | +175.2594 ] N [ —175.2594 | 0
| Mpa | | —300.9206 | T | —16.1676 | — | —317.0882
[ Mpc | [ +253.1357 ] N [ +63.9525 | [ +317.0882
| Mcep | | —253.1357 | 7| —63.9525 | — | —317.0882
[ Mcp | [ +300.9206 ] N [ +16.1676 | [ +317.0882
| Mpe | | 1752504 | | +175.2594 | — 0

Therefore, these final moments are the moments for the design of the beams.

4. Results. Tables 1 and 2 present the comparison of the proposed model against the tra-
ditional model. The proposed model (PM) considers the bending and shear deformations,
and the traditional model (TM) only takes account of the bending deformations and with-
out considering the shear deformations. Tables show the fixed-end moments factors (m4p
and mpy), the carry-over factors (Cap and Cpy), and the stiffness factors (k4p and kpa)
of a beam subjected to a uniformly distributed load. Table 1 for L = 10d — d = 0.10L,
by = by, + 16ty = 0.475L, b, = 0.75d = 0.075L, t; = 0.25d = 0.025L, d; = ds, v = 0.20 of
concrete. Table 2 for L = 5d — d = 0.20L, by = b,, + 16ty = 0.95L, b,, = 0.75d = 0.15L,
ty =0.25d = 0.05L, dy = dy, v = 0.20 of concrete. The values shown in Table 1 of the pro-
posed model are identical to those in the tables presented in Appendix B by Tena-Colunga
[7].

Another way to verify the proposed model is as follows.

1) Substituting “L; = Ly = 0L” or “dy = dy = 0” into Equations (37) and (38) of
Appendix A, the fixed-end moments factors are obtained “mp = mpy = 127. Thus,
fixed-end moments are “M,p = Mpy = wL?/12".

2) Substituting “L; = Ly = 0L” or “dy = dy = 0” into Equations (39) and (40) of
Appendix B and the shear deformations are neglected, the carry-over factors are obtained
“Cyp=Cpa=0.5".

3) Substituting “L; = Ly = 0L” or “d; = dy = 0” into Equations (41) and (42) of
Appendix C and the shear deformations are neglected, the stiffness factors are obtained
“kap = kpa = 4”. Therefore, the absolute stiffnesses are “Kp = Kpa = 4E1,5/L”.

Thus, the mechanical elements are verified for constant or uniform cross sections.

Tables 1 and 2 show that when the beam is symmetric, the fixed-end moments are the
same in the traditional model and the proposed model, i.e., the shear deformations do
not affect the fixed-end moments for symmetrical beams.

Regarding the fixed-end moment factors, if the moment is greater in one support than
the opposite end, the traditional model is greater in one support, and the proposed model
is greater in the opposite end, with the difference being up to 2.77% in Table 1 (mpa:
Ly = 02L, Ly = 0.8L, dy = 2d) and 6.58% in Table 2 (mps: L = 0.2L, Ly = 0.8L,
dy = 2d). Regarding the carry-over factors, the traditional model is greater in all cases,
and the difference reaches up to 15.87% in Table 1 (Cup: L1 = 0.2L, Ly = 0.8L, dy = 2d)
and 83.15% in Table 2 (Cyp: Ly = 0.2L, Ly = 0.8L, dy = 2d). Regarding the stiffness
factors, also the traditional model is greater in all cases, with a difference of 30.97% in
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Table 1 (kpa: L1 = 0.4L, Ly = 0.6L, dy = 2d) and 110.73% in Table 2 (kpa: Ly = 0.4L,
Ly = 0.6L, dy = 2d).

Therefore, the results show that the major differences are presented in Table 2 with the
parameter d = 0.20L.

5. Conclusions. Traditional methods used for the variable cross section members are by
the Simpson’s rule to obtain the rotations or some other technique to perform numerical
integration, and other authors present some tables considering the bending deformations
and shear, but are limited to certain relationships and also the heights of the haunches
are the same at both ends.

The main findings of this investigation are the following.

1) For the fixed-end moment factors: When the fixed-end moment factors are greater
in one support than the opposite end, the traditional model is greater in one support, and
the proposed model is greater in the opposite end. When the straight haunches of beams
are symmetrically, the fixed-end moment factors are the same for the traditional model
and the proposed model, and the fixed-end moment factors are influenced by the web
depth in straight haunches; i.e., if the straight haunches volume is increased, the factor is
greater in the same support.

2) For the carry-over factors: The proposed model is smaller compared to the traditional
model in all cases, this is because the lower stiffness is presented in the proposed model
and shear deformations are considered.

3) For the stiffness factors: The proposed model is smaller than the traditional model
in all cases, this is because the beams have higher rotations and displacements, and
the stiffness is obtained from the rotations and displacements, and the proposed model
considers the bending and shear deformations.

4) If the parameter “d/L” is higher, the differences are greater in the traditional model
compared to the proposed model for the fixed-end moments, carry-over, and stiffness
factors, because the factors for the proposed model are reduced.

5) If the parameter “d/L” for the traditional model is modified, the fixed-end moments,
carry-over, and stiffness factors do not change their values.

The benefits of non-prismatic beams are as follows.

1) The T-shaped cross-sectional beams with straight haunches have been used in various
structures, including buildings and bridges.

2) With the beams being tapered, the architects would be able to create and implement
novel aesthetic architectural designs.

3) Structural engineers could seek for the optimum low weight-high strength systems
through a redistribution of materials and beams shape.

The fixed-end moments, the carry-over, and the stiffness factors of a member will be
helpful for the matrix methods of structural analysis (see application example) and also
for the method of moment distribution (Hardy Cross method).

The proposed model is a more suitable model for structural engineering analysis and
also is adapted to real conditions, since the shear forces and bending moments act in any
structures type. Therefore, the bending and shear deformations are present.

Therefore, the proposed model is valid and is not restricted to certain dimensions or
proportions as shown to other authors, and also the bending and shear deformations are
considered.

Suggestions for future research are as follows:

1) Studying other types of non-constant cross-section;

2) Studying other types of haunches such as parabolic haunches;

3) Studying other types of loads.
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Appendix A. Fixed-end moments in support A “Mup
to a uniformly distributed load are presented as follows:
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and in support B “Cg,” are pre-
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Appendix B. Carry-over factors in support A “C'sp”
sented as follows:
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Appendix C. Stiffness factors in support A “k4p” and in support B “kp,” are presented

as follows:
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