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ABSTRACT. The first part of this paper shows a model for T-shaped cross-sectional beams
with straight haunches under a uniformly distributed load that considers shear and bend-
ing deformations to obtain the fized-end moments, carry-over and stiffness factors. Now,
this paper shows a model for the T-shaped beams with straight haunches under a con-
centrated load localized anywhere of the beam that takes account of bending and shear
deformations to obtain the fized-end moments, which is the main part of this investi-
gation. The methodology used is the same procedure applied in Part I. The traditional
model considers only the bending deformations and the shear deformations are neglected,
and some authors consider bending and shear deformations for some proportions that
are shown in tables. A numerical example has been developed to observe the application
of the proposed model, and a comparison among the proposed approach that considers
bending and shear deformations against the traditional model that considers bending de-
formations only is presented in the tables and graphics. A significant advantage is that
the fixed-end moments can be obtained for any T-shaped beams with straight haunches
using the model proposed in this paper.

Keywords: T-shaped beams, Fixed-end moments factors, Carry-over factors, Stiffness
factors, Concentrated load, Bending and shear deformations

1. Imtroduction. The main concern of structural engineering is to propose suitable me-
thods that are reliable to satisfactorily modeling non-prismatic cross-sectional members,
in such a way that is having certainty in the determination of the mechanical elements,
such as deformations and displacements that allow this type of structural members to be
properly designed.

The reinforced concrete non-prismatic beams have the following advantages with re-
spect to prismatic beams: 1) Substantially increase lateral stiffness; 2) Promote the more
efficient use of concrete and longitudinal reinforcement steel; 3) Reduce the weight of the
building; 4) Facilitate the placement of electrical, air conditioning and sanitary installa-
tions in the building.

Between the years of 1950 to 1960 several design aids are developed, such as those
presented by Guldan [1], and the most popular tables published by the PCA (Portland
Cement Association) in 1958 “Handbook” [2].
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The most relevant documents dealing the topic of structural members with non-prisma-
tic cross section are discussed in Part I [3-26].

The bibliographic review shows that the closest studies for the T-shaped beams with
straight haunches are the tables provided the fixed-end moments, carry-over and stiffness
factors for beams of sections in shape of “I” and “T” [7]. These tables for the T-shaped
beams consider the flange width “b;” is equal to the web thickness “b,,” more 16 times
flange thickness “t;”, the relationship between the beam length and the effective depth
is equal to 10, the relationship between the flange thickness “¢;” and the effective depth
is equal to 1/4, the relationship between the web thickness “b,” and the effective depth
is equal to 3/4, and the height of the straight haunches is the same in the two ends.
Therefore, there are no papers on the subject with the level of current knowledge that
provide a way to obtain the fixed-end moments, carry-over and stiffness factors for T-
shaped beams with straight haunches for the general case.

This paper shows a mathematical model for T-shaped cross-sectional beams with str-
aight haunches under a concentrated load localized anywhere of the beam considering
the bending and shear deformations to find the fixed-end moments. The methodology
used is the same procedure applied in Part I. The traditional model only considers the
bending deformations, and other authors consider bending and shear deformations for
proportions restricted that are shown in tables. A numerical example has been developed
to observe the application of the proposed model, and a comparison between the proposed
approaches that considers bending and shear deformations against the traditional model
that considers bending deformations only are presented in the tables and graphics to
observe differences.

The paper is organized as follows. Section 2 shows the formulation of the mathematical
model for the equations of fixed-end moments factors. Section 3 describes the application
of the proposed model. Section 4 is dedicated to the results through the comparison of
the two models, the proposed model (PM), and the traditional model (TM). Section 5
presents the conclusions.

2. Formulation of the Mathematical Model. Figure 1 shows in detail the asym-
metric T-shaped beam under a concentrated load where the flange width “b;”, flange
thickness “t;”, web thickness “b,,” are constant, k is the location of load, GC' is center
of gravity of the cross section, L; and Lo are the lengths of the haunches, and the web
height “d,” that varies with the linear shape at the ends, and the beam in the center has
a constant section.

The geometrical properties of the cross section of the T-shaped beam are shown in
Equations (1) to (12) of Part I.

F1GURE 1. T-shaped beam with straight haunches under a concentrated load
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Figure 2(a) shows a beam “AB” under a concentrated load located on anywhere of the
beam and fixed at its ends for three different cases (Case 1: The load P is located from
0 <z < Ly, Case 2: The load P is localized from Ly < x < L — Lo, Case 3: The load P
is located of L — Ly < x < L) is obtained by the principle of superposition (sum of the
individual rotations in each support “A” and “B”). The moments according to the sign
are considered: counterclockwise is positive, and clockwise is negative. In Figure 2(b) for
all three cases is presented the same simply supported beam at its ends under the load
applied to obtaining the rotations “54,” and “fp;” for case 1, “B45” and “Bpy” for the
case 2, “Bas” and “Bps” for case 3. In Figure 2(c) for all three cases is shown the moment
“Mag” applied in the support “A” that generates the rotations “B412” and “Bpo” for
case 1, “Baz” and “Bpan” for the case 2, “Ba3s” and “fpse” for case 3. In Figure 2(d) for
all three cases is presented the moment “Mp,” applied in the support “B” that generates

the rotations “Ba13” and “Bpi3” for case 1, “Sa23” and “Bpa3” for the case 2, “S433” and
“Bpss” for case 3 [27-32].
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FI1GURE 2. T-shaped beam with fixed supports

Now, by the principle of superposition and using the beam compatibility equations for
the rotations in each support obtain the following equations:
To 0 <x < Li:

Bar — Barz + Baz =0 (1)

Bp1 — Bpi2 + P13 =0 (2)
To Lh <x < L— Ly

Baz — Baza + Bazs =0 (3)

B2 — Bpaz + B2z =0 (4)
ToL — Ly <z < L:

Baz — Basz + Bazz =0 (5)

Bp3 — Bp32 + Bpzz =0 (6)
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Figure 2(a) for the three cases is analyzed to obtain the rotations (541 and Sp1, a2
and Bpa, Bas and Bp3) and the bending and shear deformations are taken into account
due to the loads applied on beam.

The rotations for non-prismatic members are obtained by Equations (15) and (16) of
Part I.

The shear forces and moments located in anywhere on the beam for the three cases
according to Figure 2(b) are

ToO0 <z <k:
_ P(L—k)
v, = @
P(L —k)x
M J—
= ©
Tok <z <L:
Pk
Vo= — (9)
g, = PHEZT) (10)

Substituting Equations (7) to (10) into Equations (15) and (16) of Part I, the rotations
(Ba1 and Bp1, Baz and Bpa, Bas and [ps3) are obtained as follows:
ToO0 <z <Ly
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The rotations (Sa12 and Bpia, Sase and Bpaa, Saz2 and fpsa) on the beam according to
Figure 2(c) are

Barz = Baza = Base = Bas (Part I) (17)
Bpi2 = Pp22 = Bps2 = B2 (Part I) (18)

The rotations (8413 and Bp13, Sa2s and Bpas, Sas3 and Pps3) on the beam according to
Figure 2(d) are:

Barz = Bass = Bass = Bas (Part I (19)
BB13 = Bp2s = Bpss = Pps (Part I) (20)

Now, analyze the three cases individually for corresponding intervals.

Case 1: Equation (11), and Equations (23) and (27) of Part I that correspond to support
“A” are substituted into Equation (1) to obtain the moment “M 45", and Equation (12),
and Equations (24) and (28) of Part I that correspond to support “B” are substituted
into Equation (2) to obtain the moment “Mp4” for the load “P” located in the interval
0 < x < Ly. Subsequently, the generated equations are solved to obtain the values of
“Map” and “Mpa”.

Case 2: Equation (13), and Equations (23) and (27) of Part I that correspond to support
“A” are substituted into Equation (3) to obtain the moment “M45", and Equation (14),
and Equations (24) and (28) of Part I that correspond to support “B” are substituted
into Equation (4) to obtain the moment “Mp,” for the load “P” located in the interval
Ly < x < L — Ly. Subsequently, the generated equations are solved to obtain the values
of “Myp” and “Mp,”.

Case 3: Equation (15), and Equations (23) and (27) of Part I that correspond to support
“A” are substituted into Equation (5) to obtain the moment “M 45", and Equation (16),
and Equations (24) and (28) of Part I that correspond to support “B” are substituted
into Equation (6) to obtain the moment “Mpg,” for the load “P” located in the interval

L — Ly < x < L. Subsequently, the generated equations are solved to obtain the values
of “MABW and “MBA” ]
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The equations of the moments for the three cases are presented as follows:

PL

Mg = (21)
map
PL

Mgy = (22)
mpa

where m4p and mpa are the fixed-end moment factors.
The equations for fixed-end moments “Myp” and “Mp,” are shown in Appendix.

3. Numerical Example of the Proposed Model. Figure 3 illustrates a three-span
continuous highway bridge for a reinforced concrete T-shaped beam with straight haunch-
es. The first and third beams (A-B and C-D) have a length of 12.00 m, and have two
asymmetrical straight haunches. The second beam (B-C) has a length of 15.00 m, and has
two straight haunches, and the haunches are perfectly symmetrical. Figure 4 shows the
critical position of the live loads for each stretch of the highway bridge, taking account of
the live loads that provide the specifications for the design of bridges [33]. Constant data
over all the cross section are v = 0.20 for concrete, by = 1.50 m, ¢ty = 0.30 m, b,, = 0.50 m.
For obtaining the final moments, the proposed model developed through matrix methods
is used.

F1GURE 3. Non-prismatic reinforced concrete T-shaped beam

For the beam A-B: L1 = 3.00 m; Ly = 4.00 m; d = 1.00 m; d; = 0.50 m; dy = 1.00 m;
L = 12.00 m. To the load P = 35 kN, £ = 0.97 m, and is localized of 0 < x < Lq, the
fixed-end moments are Msp; = 29.4629 kN-m and Mp4; = 3.5294 kN-m. To the load
P =145 kN, k = 5.27 m, and is found of L; < x < L — L, the fixed-end moments are
Mapo = 168.8641 kN-m and Mpyo = 277.9787 kN-m. To the load P = 145 kN, k = 9.57
m, and is located of L — Ly < x < L, the fixed-end moments are M g3 = 41.6909 kN-m
and Mpas = 275.4334 kN-m. The total fixed-end moments are M4pr = 240.0179 kN-m
and Mpar = 556.9415 kN-m. The carry-over factors by Part I of this paper are obtained:
Cyup = 0.6968 and Cg4 = 0.5348. The stiffness factors by Part I of this paper are obtained:
kap = 6.2319 and kpa = 8.1197. The absolute stiffnesses are Kap = 6.2319E1/L and
Kpa =8.1197E1/L.

For the beam B-C: L; = 4.00 m; Ly = 4.00 m; d = 1.00 m; d; = 1.00 m; dy = 1.00 m;
L = 15.00 m. To the load P = 35 kN, k = 2.47 m, and is localized of 0 < x < L4, the
fixed-end moments are M-, = 71.4921 kN-m and Mcp; = 9.7183 kN-m. To the load
P =145 kN, k = 6.77 m, and is found of L1 < z < L — Lo, the fixed-end moments are
Mpcoe = 376.2745 kKN-m and Mcps = 290.9268 kN-m. To the load P = 145 kN, k = 11.07
m, and is located of L — Ly, < x < L, the fixed-end moments are Mpc3z = 102.6699 kN-m
and Mcps = 397.9590 kN-m. The total fixed-end moments are Mpcr = 550.4365 kN-m
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F1GURE 4. Critical position of the loads

and Mgpr = 698.6041 kN-m. The carry-over factors by Part I of this paper are obtained:
Cpe = 0.6441 and Cop = 0.6441. The stiffness factors by Part I of this paper are obtained:
kpc = 7.9295 and kop = 7.9295. The absolute stiffnesses are Kpo = 7.9295E1/L and
Kep = T7.9295E1/L.

For the beam C-D: L; = 4.00 m; Ly, = 3.00 m; d = 1.00 m; d; = 1.00 m; dy = 0.50 m;
L =12.00 m. To the load P = 35 kN, £ = 0.97 m, and is localized of 0 < x < Ly, the
fixed-end moments are Mcp; = 30.7106 kN-m and Mpc; = 1.9945 kN-m. To the load
P =145 kN, k = 5.27 m, and is found of I; < z < L — Lo, the fixed-end moments are
Mepe = 344.3930 kKN-m and Mpey = 178.4415 kN-m. To the load P = 145 kN, k = 9.57
m, and is located of L — Ly < x < L, the fixed-end moments are Mgp3 = 73.6830 kN-m
and Mpcs = 244.5827 kN-m. The total fixed-end moments are Mopr = 448.7866 kN-m
and Mper = 425.0187 kN-m. The carry-over factors by Part I of this paper are obtained:
Cep = 0.5348 and Cpe = 0.6968. The stiffness factors by Part I of this paper are obtained:
kep = 8.1197 and kpc = 6.2319. The absolute stiffnesses are Kop = 8.1197E1/L and
Kpc =6.2319E1/L.

The stiffness matrix of the beam “A-B” is

kYRS } B {6.2319 4.3424] El

fan = [kg*lB kAB 43424 81197 | L

AB __ . .AB _ . 1.LAB _ . I.LAB _ . .AB AB
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The stifflness matrix of the beam “B-C” is

RO ki } _ { 7.9295 5.1074} Ely

kBC |BC 5.1074 7.9295

KBCZ[ i

Where kﬁc = KBC; kQ%C = KCB; ]{?1%0 = CBCKBC§ k‘ic = CCBKCB; kgc = kic
The stiffness matrix of the beam “C-D” is

kP RGP ] _ [8.1197 4.3424} EL,

KSP kP 4.3424 6.2319

KCD:{ 7

cD _ . 1.CD _ . 1.CD _ . 1.CD _ . 1.CD _ 1.CD
General stiffness matrix “K¢g” of the continuous beam is

[ kAP kAB 0 0
K« kXP kP + kEC kBC 0
T 0 KBS REC 4RGP kP
0 0 kGP kSP
[ 6.2319 4.3424 0 0
| 43424 16.0492 5.1074 0 2
- 0 5.1074 16.0492 4.3424 I
|0 0 4.3424  6.2319

Fixed-end moments of the beams (phase 1) are

Map | [ 4240.0179 ] [ Mo | [ +5504365 1 [ Mop | [ +448.7866
Mgy | ~ | =556.9415 | | Mop |~ | —698.6041 | | Mo | T | —425.0187

The vector of effective moments that act on the continuous beam is

Ma —240.0179 —240.0179
Mp | | +556.9415 — 550.4365 | +6.5050
Mc +698.6041 — 448.7866 | | +249.8175
Mp +425.0187 +425.0187
Force-displacement relationship is
[P] = [K][d]

where [P] is the vector of effective moments that acts on the continuous beam, [K] is the
general stiffness matrix, and [d] is the vector of displacements.

—240.0179 6.2319 4.3424 0 0 Ba
+6.5050 | | 4.3424 16.0492 5.1074 0 Els | Bs
+249.8175 | — 0 51074 16.0492 43424 | L | Bo
+425.0187 0 0 4.3424  6.2319 By
The solution of the system is

Ba —50.64926072

Bp | | +17.41507643 | L

Be | | —10.38761306 | EI,,

Bp +75.43860956
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The mechanical elements associated to the analysis moments (phase 2) are

{ Mp ] [ kAP K{P ] { Ba ] _ [6.2319 4.3424} Els { —50.64926072 ] L

Mgy | KAB k4B || B 4.3424 81197 | L | +17.41507643 | ET,
[ —240.0179
~ | —78.5342
Mpc | [k kBT[]  [79295 51074 ] ELs [ +17.41507643 ] L
Mep |~ | KBC kBC || Be |~ | 51074 7.9295 | L | —10.38761306 | E1,,
[ +85.0392
~ | +6.5772
Mep ] [ KF” EGP Y[ Be ] [ 81197 4.3424 | ELs [ —10.38761306 ] L
Mpe |~ | KSP kSP || Bp |~ | 4.3424 62319 | L | +75.43860956 | E1,,
[ +243.2403
~ | +425.0187

The final moments are (sum of phases 1 and 2)

[ Map | [ +240.0179 ] N [ —240.0179 | 0

| Mpy | | —556.9415 | 7| —78.5342 |~ | —635.4757
[ Mpc | [ +550.4365 | N [ +85.0392 ] [ +635.4757
| Mep | | —698.6041 | T | +6.5772 | | —692.0269
[ Mcp | [ +448.7866 | N [ +243.2403 | [ +692.0269
| Mpe | | —425.0187 | | +425.0187 | — 0

Therefore, these final moments are the moments for the design of the beams.

4. Results. Tables 1 and 2 present the comparison of the proposed model against the
traditional model. The proposed model (PM) considers the bending and shear deforma-
tions, and the traditional model (TM) only takes account of the bending deformations and
without considering the shear deformations. Tables show the fixed-end moments factors
(map and mpa) for a beam subjected to a concentrated load located anywhere on the
beam. Table 1 for L = 10d — d = 0.10L, by = b,, + 16ty = 0.475L, b,, = 0.75d = 0.075L,
ty = 0.25d = 0.025L, d; = dy, v = 0.20 of concrete. Table 2 for L = 5d — d = 0.20L,
by = by, + 16ty = 0.95L, b, = 0.75d = 0.15L, t; = 0.25d = 0.05L, d; = da, v = 0.20 of
concrete. The values shown in Table 1 of the proposed model are identical to those in the
tables presented in Appendix B by Tena-Colunga [7].

Another way to verify the proposed model is as follows.

1) Substituting “k = 0.5L” and “L; = Ly = 0L” or “d; = dy = 0” into Equations (23)
and (24) of the Appendix, the fixed-end moments factors are obtained “map = mps4 = 8”.
Thus, fixed-end moments are “Myp = Mgy = PL/8".

2) Substituting “k = 0.5L" and “L; = Ly = 0L” or “d; = dy = 0” into Equations (25)
and (26) of the Appendix, the fixed-end moments factors are obtained “map = mpa = 8”.
Thus, fixed-end moments are “Myp = Mgy = PL/8”.

3) Substituting “k = 0.5L” and “L; = Ly = 0L” or “d; = dy = 0” into Equations (27)
and (28) of the Appendix, the fixed-end moments factors are obtained “map = mpa = 8”.
Thus, fixed-end moments are “Myp = Mps = PL/8”.

4) If the fixed-end moments for the traditional model are verified with the well-known
equations for uniform cross sections with a concentrated load located anywhere on the
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beam (Map = Pk(L—Fk)*/L? and Mgy = Pk*(L—k)/L?), these equations fulfill perfectly
with the model presented in this paper.

One way to verify the continuity of the beam element is

1) Substituting £ = L; into Equations (23) and (25) to find “M 5", and into Equations
(24) and (26) to find “Mpa”. The results of the moments at the fixed-ends are the same.

2) Substituting k = L — Ly into Equations (25) and (27) to find “M45”, and into
Equations (26) and (28) to find “Mp4”. The results of the moments at the fixed-ends are
the same.

Results for the fixed-end moment factors are as follows.

1) If the moment is greater at one support than at the opposite end, the traditional
model is greater at one support, and the proposed model is greater at the opposite end.

2) The biggest differences in Table 1 are 2.2931 times the traditional model (mpa,
k=0.1L, Ly =0.1L, Ly = 0.5L, dy = 2d) and 2.1951 times the traditional model (mp,
k=09L, Ly =0.3L, Ly = 0.1L, dy = 2d).

3) The biggest differences in Table 2 are 4.56 times the traditional model (mpa, k =
0.1L, Ly = 0.1L, Ly = 0.1L, dy = 2d) and 4.56 times the traditional model (mp,
k=009L, Ly = 0.1L, Ly = 0.1L, d5 = 2d).

4) Tables 1 and 2 show a relationship of TM/PM = 1.0000 in map and mpgy for
k = 05Lin Ly = 0.1L, Ly, = 0.1L, dy/d = 0.5, 1.0, 1.5, 2.0, also for k = 0.5L in
Ly =0.3L, Ly = 0.3L, dy/d = 0.5, 1.0, 1.5, 2.0.

Therefore, the results show that the major differences are presented in Table 2 with the
parameter d = 0.20L.

Thus, the fixed-end moments are verified for constant or uniform cross sections.

Tables 1 and 2 show that when the beam is symmetric in load and in geometry, the
fixed-end moments are the same in the traditional model and the proposed model, i.e.,
the shear deformations do not affect the fixed-end moments for symmetrical beams in
load and in geometry.

5. Conclusions. Traditional methods used for the variable cross section members are by
the Simpson’s rule to obtain the rotations or some other technique to perform numerical
integration, and other authors present some tables considering the bending deformations
and shear, but are limited to certain relationships and also the heights of the haunches
are the same at both ends.

The main findings of this investigation are the following.

1) If the fixed-end moment factors are greater at one support than at the opposite end,
the traditional model is greater at one support, and the proposed model is greater at the
opposite end.

2) The fixed-end moments for symmetrical beams in load and in geometry, the fixed-end
moment factors are the same for the traditional model and the proposed model, i.e., the
shear deformations do not affect the fixed-end moments for symmetrical beams in load
and in geometry.

3) The fixed-end moment factors are influenced by the web depth in straight haunches,
i.e., if the straight haunches volume is increased, the factor is greater in the same support.

4) If the fixed-end moment factors are greater, the fixed-end moment is smaller, because
the factor is located in the denominator.

5) When the parameter “d/L” increases, the differences are greater in the traditional
model compared to the proposed model for the fixed-end moments, because the factors
for the proposed model are reduced.

6) If the parameter “d/L” for the traditional model is modified, the fixed-end moment
factors do not change their values.
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7) When the concentrated load is located closer to the supports, the difference in the
moments is greater between the traditional model and the proposed model.

The benefits of non-prismatic beams are as follows.

1) The T-shaped cross-sectional beams with straight haunches have been used in various
structures, including buildings and bridges.

2) With the beams being tapered, the architects would be able to create and implement
novel aesthetic architectural designs.

3) Structural engineers could seek for the optimum low weight-high strength systems
through a redistribution of materials and beams shape.

Suggestions for future research are as follows:

1) Studying other types of non-constant cross-section;

2) Studying other types of haunches such as parabolic haunches;

3) Studying other types of loads.

[1]
2]
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Appendix. Fixed-end moments in support A “Mup
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and in support B “Mp4” due to a

concentrated load P located from 0 < x < L; are presented as follows:
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Fixed-end moments in support A “M 45" and in support B “Mp,” due to a concentrated
load P located from L, < x < L — Lo are presented as follows:
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Fixed-end moments in support A “M,p” and in support B “Mp4” due to a concentrated
load P located from L — L, < x < L are presented as follows:

= [{ [ [E=AEmne (o,
N /LL—L2 {(L —k)(L—x)z  (L- k)} "

+

+

+

+

+

1 EI{Z‘Z GAS{Z‘Z
+/’f {(L—k:)(L—x)x_ (L—k)}dw
L—Lo E[x?) GAS:E?)

R R
X
k EIJ:?) GAS:(:3 0 E]xl GAswl

R 1 L 22 1
+ / [ + ] dz + / [ + ] dm}
Ly EIx2 GAsx2 L—Lo EIxS GAsxS




160 O. SIERRA-ANDRADE, A. LUEVANOS-ROJAS AND B. E. MONTANO-PEREZ

Mps =

[ G e [ [

k 2
(L—k)z2  (L—k)
d
* /LL[ Fls | GAug | ™

+/L{k(L—x)x_ k ]dx}{/h{([/—x)x_ 1 }d:c
k Elz?) GAsti 0 Elml GAsa:l
L—L L
2 [(L—2)x 1 ] / [(L —x)x 1 ] }]
+ — dx + — dx
/Ll |: E]zZ GAs:cQ L—Lo> E]z3 GAs:c3
L 2 L—L 2
V(L — ) 1 ] / 2l(L—x) 1 }
+ dx + + d
{A |: Ejml GASZ’I L1 EI:E2 GAst v
L 2 L 2
(L —x) 1 / Lo 1
d
i /LL2 [ BlLs  GAw) ™ U |BL TG ™
+/LL2 i T d+/L i T S
L1 EI:B2 GAst ! L—Lo E[:c3 GAsa:3 !
LiT(r — 1 L=L2 (] —
_{/ [( ©)r }dm+/ [( D)z 1]dx
0 E[:rl GAsml L1 EI:EQ GAst
L 2
(L —x)x 1
— d
/L—L2 |: E-[;B?) GA5333 v (27)
L 2 L—L 2
V(L= k)2? (L —k) / 2 [(L—k)2* (L —k)
P
|:{/0 |: E[xl * GAsxl dx * L EIwZ * GAS:L‘Q dm

k 2
(L—k)22 (L —Fk)
d
* /LL[ Fls | GAug | ™

ETE(L - 2)x k ] } { Ly T(L — x)? 1
+ — dx / [ + } dx
/k E]z3 GAsz?) 0 Elml GAsxl
L—L 2 L 2
2 [(L —x) 1 ] / [(L —x) 1 ] }
+ dx + + dx
/Ll |: EI:(:Q GAst L—Lo EIxS GASJ:3

_{/ (oo Lok,

_|_

+

E[xl GASCEI
L—Lo B B B
n / (L-—k)(L-—z)x (L—Fk) s
L1 EIJ}Q GASJ:Q
k
(L-—k)(L-—z)x (L—Fk)
’ /M { Bl e

_|_

LTE(L — 2)? k } } { iDL —2)x 1
+ dx / { — } d
/k; |: E-[m?) GAsm?) 0 EIatl GAsxl v
L—L L
> [(L —x)x 1 ] / [(L —z)x 1 ] }}
+ - dx + - d
/L1 |: EI:C2 GAs:ﬂ . L—Lo EI:C?) GAS:D3 v

L 2 L—-L 2
(L —x) 1 / 2 [(L—x) 1
{/0 |: E]ml + GAs;cl dr + Ly Elz2 * GAst e




INT. J. INNOV. COMPUT. INF. CONTROL, VOL.20, NO.1, 2024 161

L 2 Ly 2
+ S / N
T X
L—Lo EIJJ?) GAS$3 0 E]a:l GAsacl
L=la T g 1 L z? 1
/ |:EI£E2 GAsx2:| da * /L‘—LQ |:ij3 * GASQUS] dx}
—x)x 1 L=l [(L —z)x 1 }
— dx +/ — dx
{/0 |: Ele GAsxl :| L1 E[x2 GAsx2

e ) o)

Author Biography

_|_

Omar Sierra-Andrade received the Master’s degree in Management and Strate-
gic Planning from the Universidad Auténoma de San Luis Potosi (2016) and the
degree of Doctor in Administration and Senior Management (2023) from the Facul-
tad de Contaduria y Administracién of the Universidad Auténoma de Coahuila. He
is Deputy Regional Sales Director at Compartamos Banco since 2008 in Torreén,
Coahuila. He has experience in national and international passenger transporta-
tion, creating a company in the United States of America, to offer an international
passenger service according with the Federal Motor Carrier Safety Administration.
He is professor and researcher of the Facultad de Contaduria y Administracién,
Torreén Campus of the Universidad Auténoma de Coahuila. His research interests
are mathematical models applied to Finance and Administration.

Arnulfo Luévanos-Rojas received his B.Sc. degree in Civil Engineering (1981),
Master in Science with Specialization in Structures (1983), Master in Science with
Specialization in Planning and Construction of Works (2000), Master in Adminis-
tration (2004), and Doctor in Engineering with Specialization in Planning Systems
and Construction (2009). He was professor and researcher of the Facultad de Inge-
nierfa, Ciencias y Arquitectura, Gomez Palacio Campus of the Universidad Juarez
del Estado de Durango from 2006 to 2015, and of the Facultad de Contaduria y
Administracién, Torreén Campus of the Universidad Auténoma de Coahuila since
2015 to date. He has published more than 122 papers in journals indexed in the Web
of Science. His research interests are mathematical models applied to Engineering
and Administration. He is member of the National System of Researchers of Mexico
(Level T from 2016-2022 and Level II from 2023-2027). He is an Honorary State
Researcher for the State of Coahuila, Mexico. He has received several distinctions:
Distinguished Professor by ULSA (Universidad La Salle Laguna) 2002, 2007, 2010;
Researcher of the year 2023 by UAC (Universidad Auténoma de Coahuila); He has
been included in the “2023 World’s Top 2% Scientists List” by Stanford University.

Blanca Estela Montano-Pérez received the Master’s degree in Education, Spe-
cialty in Child Psychology, Bachelor in Psychology (2015) and the degree of Doctor
in Administration and Senior Management (2019) from the Facultad de Contaduria
y Administracién of the Universidad Auténoma de Coahuila. She is professor and
researcher of the Facultad de Contaduria y Administracién, Monclova Campus of
the Universidad Auténoma de Coahuila. Her research interests are mathematical
models applied to Administration. She is member of the National System of Re-
searchers of Mexico (Level I from 2023-2027). She is an Honorary State Researcher
for the State of Coahuila, Mexico.




