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ABSTRACT. In this paper, we apply the (%)-expansian and the Tanh methods to find-

ing exact traveling wave solutions of the space and time fractional Zakharov-Kuznetsov
(FZK) equation and the space and time fractional Zoomeron (FZZ) equation using the

conformable fractional derivatives. For the FZK equation, we obtain siz solutions with
the Tanh method and three solutions with the (%) -expansion method. On the other hand,
for the FZZ equation, we find one solution with the Tanh method and three solutions with
the second method. From this study, we observe that the (%)—el’pansion method and
the Tanh method are not equivalent, it is shown that the Tanh method is more effective
than the (%/)—expansion method, for solving fractional differential equation in special

conditions.
Keywords: Conformable fractional derivative, Tanh method, (%)—expansion method,

Traveling wave solution, FZK equation, FZZ equation

1. Introduction. Fractional differential equations (FDEs for short) have attracted sig-
nificant attention in recent years due to their applications in various fields such as physics,
engineering, and biology [1, 2, 6, 19, 20, 21, 28, 29]. These equations contain derivatives
of non-integer order, and therefore, they generalize the classical differential equations.
One of the most interesting aspects of FDEs is the existence of traveling wave solutions,
which play a crucial role in understanding of the dynamics of many physical phenomena
(30, 31, 32, 33, 34].
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Finding analytical solutions to FDEs is a challenging task due to the non-locality of
the fractional derivatives. Therefore, several methods have been proposed to solve these
equations.

In this paper, we consider the Tanh and (%)—expansion numerical methods to solve
some classes of FDEs. The Tanh method is a powerful and efficient method for solving
nonlinear differential equations, including FDEs, see for instance [3, 12, 16, 24]. This
method is based on the assumption that the solution can be expressed in terms of hyper-
bolic functions. By substituting this ansatz into the FDE and solving, for the coefficients,
one can obtain analytical expressions for the traveling wave solutions.

The (%)—expansion method is another technique for solving nonlinear differential equa-
tions, which has been widely applied to FDEs [9, 10, 11, 18, 25]. This method is based on
the idea of expanding the solution as a power series of a function G(x), which satisfies a
linear differential equation. By substituting the series into the associated FDE and solving,
for the coefficients, one can obtain analytical expressions for the traveling wave solutions.

In addition to the above two applied methods, we will also use the Khalil conformable
fractional derivatives in our proposed FDEs [8]. These derivatives are relatively new con-
cept in the field of FDEs and have been shown to have some advantages over other types
of fractional derivatives [26].

The main aim of this paper is to employ the Tanh method and the (%)-expansion
method to find traveling wave solutions for the following two FDEs.

1) The conformable space-time fractional Zakharov-Kuznetsov (FZK) equation:

Tou(t, x,y, z) + Au(t, z,y, 2) TP u(t, x,y, 2) + TePu(t, @y, 2) + Tp7u(t, 2, y, 2)

1
+T2Psu(t, x,y,2) =0, (1)

where, TP, Tyﬁ2, TPs, T are the conformable fractional derivatives in the sense of Khalil
et al. [8], with o (0 < a<1)and (0 < f; <1,i € {1,2,3}) as parameters describing the
order of the conformable time fractional and the conformable space fractional, respectively,
and A is constant. When o = 3; = 1, Equation (1) corresponds to the Zakharov-Kuznetsov
equation. The FZK equation describes the propagation of long-amplitude ion-acoustic
waves in a plasma with dispersion and dissipation [22].

2) The conformable space-time fractional Zoomeron (FZZ) equation:

THTP2y(t, ., THTP2u(t, x,
Tou(t, o) (ST sy g (L)
u(t7x?y) u(t7$?y)

+ 2T u(t, o, y) (TP (t, 2, y)) = 0.

The FZZ equation models the propagation of light pulses in a nonlinear fiber-optic medium
with higher-order dispersion and nonlinearity [23].

As important connections between all the paragraphs of our paper, we shall present the
following three important comments.

Common Mathematical Methods: In our work, the (%)—expansion method and
the Tanh method are applied to both the FZK and FZZ equations.

These methods are two different techniques used to find exact solutions to differential
equations. By using the same methods for both equations, one can potentially draw paral-
lels and compare the solutions that we obtain. This may lead to insight into the behavior
of these different physical systems modeled by the FZK and FZZ equations.

Fractional Calculus and Conformable Fractional Derivatives: Both the above
two equations involve fractional calculus and, in particular, conformable fractional deriva-
tives. So, we are interested in a branch of mathematics that extends traditional calculus
to non-integer orders, making it suitable for modeling complex physical phenomena. By

(2)
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applying these fractional calculus techniques to both the FZK and FZZ equations, the
interested reader is essentially using a common framework for his analysis.

Physical Phenomena: The FZK and FZZ equations likely model physical systems
with certain similarities or interrelated aspects. By studying these equations together,
researcher may be interested in understanding how similar mathematical methods and
techniques can be used to describe different physical phenomena. This can provide a
more comprehensive understanding of the underlying physics and the connection between
these systems.

In summary of the above three paragraphs and for a possible connection between the
parts of our paper, the study of the FZK and FZZ equations lies in the shared mathemat-
ical methods, fractional calculus techniques, and the potential for gaining insights into
related physical phenomena by applying similar approaches to their analysis.

At the end of this section, the remaining paper can be organized as follows. In Section
2, we will provide a brief review of conformable fractional derivatives. In Section 3, we will
introduce the Tanh method and the (%)—expansion method. In Section 4, we will apply
these two methods for solving the space-time conformable FZK equation. The space-time
conformable FZZ equation will also be studied by the two methods in this section. Finally,
in Section 5, we will summarize our results and provide some concluding remarks.

2. Conformable Fractional Derivatives. In this section, we just recall two definitions

with small properties on Khalil conformable fractional derivatives, see [8].

Definition 2.1. Let f : (0,00) — R. The conformable fractional derivative of order
0 < a<1isdefined by

(Tf) (1) = FIOD) _ <f(t+€tl_a) — f(t)) , t>0,0<a<l. (3)

ote e—0 €

Definition 2.2. The conformable fractional integral of a function f : (0,00) — R of
order 0 < a < 1 is defined as

(1 f) (1) = /Ot Flf(r)dr, 0<a <l (4)
The following properties are needed.
Taf(t)+bg(t)) = aTf(t) +0T%(t), Va,beR, (5)
14T f(t) = f(t) = £(0), (6)
)0 = =T )

3. Tanh Method and (%)—Expansion Method. In this section, we present the Tanh

and the ( %)—expansion methods. For more details on the two methods, one can consult
4,5, 7,13, 14, 15, 17, 18, 27].
We consider the following problem:

F(u, Tfw, T, TP u, T, T2, ... ) =0, (8)
where, u is an unknown function of xq,xs,...,z, and ¢, F' is a polynomial that depends
on u and its conformable partial fractional derivatives, T%u, T%u (i = 1,2,...,n) are

conformable partial fractional derivatives of u, with 0 < o, 8; < 1 and T?*u = T (Tu).
To search for traveling wave solutions for the above equation, we use the transformation:

u(xy, oy ..., xp,t) = U(E), (9)
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where,
kvt koxy? K x5n (A
5 _ lxl 2']:2 + L. ‘I’ xn _ C_’ (10)
B Ba Bn e
such that, k; (i = 1,2,...,n) and ¢ are arbitrary constants.
So, we get the following ODE
G(U.U,U",....)=0, (11)

which needs to be integrated.

3.1. Ideas of Tanh method. The main steps of the Tanh method for constructing the
solutions for Equation (8) can be given as follows.
Step 1: By means of the Tanh method, we can choose the following change of variable:

Y =tanh(p), peR. (12)
Therefore, we obtain the following new expressions:
d d
— = (1 -Y?)— 1
i 1 )y (13)
d? d d?
i 1 (1-Y?) (—2YW +(1- Y%m) , (14)
d? d d? 9 d?
i (1 —Y?) <2(3Y2 — 1)d—Y —6Y (1 - Y%m +(1-Y?) m) . (15)
Then, we use the following finite expansion

U(E) = SOV) = SVt + S by, (16)
k=0 k=1

where m is a positive integer that needs to be determined and ay, by are constants to be
determined later.

The parameter m is usually obtained by balancing between the maximum order non-
linear term and the derivative of the maximum order appearing in Equation (11), and we
get

U —rm U —m+r. (17)

Step 2: We substitute Equation (12) together with Equation (16) in Equation (11)
and using Maple, we find u, ar (k=0,1,2,...,m), by (k=1,2,...,m).

Step 3: We insert the values that have been found in Step 2 into Equation (16) along
with Equation (12), and we construct closed-form traveling wave solutions of Equation
(11) from which we find the solutions of Equation (8).

3.2. Idea of (%)—expansion method. The main steps of (%)-expansion method can

be given as follows.

Step 1: Suppose that the solutions of Equation (11) can be expressed by a polynomial

in (%) as follows:

m G, 7
0 = Yo (G )+ an A0 (18)
i=0
where, a; are constants, m is positive integer, and G = G(&) satisfies the following ODE:

G’ + AG' + uG =0, (19)

where, A and p are constants to be determined later.
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Step 2: By substituting Equations (18) and (19) into Equation (11), and collecting all
terms with the same order of (%) together, then by setting each coefficient to zero, we
obtained a set of algebraic equations for a;, ¢, kq, ko and ks.

Step 3: We solve the system of algebraic equations obtained in Step 2, for a;, ¢ =
0,1,...,m, ¢, ky, ky and k3. Then, we substitute a; (i = 0,1,...,m), ¢, k1, ko, k3 and the
solutions of Equation (19) into Equation (18), and we can obtain the set of the solutions
of Equation (8).

4. New Traveling Waves Solutions. In this section, we apply the above proposed
method to finding traveling wave solutions for the FZK and FZZ equations.

4.1. Space-time conformable FZK equation. We consider the following version of
the space-time conformable FZK equation:

Tou(t,x,y, 2) + Au(t, z,y, 2) TPt x,y, 2) + TP u(t, z,y, 2)

20
+ T2P2u(t, x,y, 2) + T2Pu(t, x,y, 2) = 0, (20)

where, Tfl, Tyﬁ2, Tf3, T are the conformable fractional derivatives, with 0 < «, 31, B2, B3 <
1 and A is constant.

We take
]{leﬁl k2y52 ]{73253 ct®
u(t,x,y,z) =U(), = + -, 21
(hap,2) = U, =5+ 2 (21)
where, ki, ko, k3, ¢ are constants.
Therefore,
thau = —CUg, Tflu = ]ﬁ?lUg, T:?Blu = ]{Z%U&, T;Bzu = ]{ISU&, (22>
TZ253U = k%Usg.
Substituting Equations (21) and (22) into Equation (20), we have
—cUs + Ak\UUg + K3 Uge + k3Uge + k3Uge = 0;
therefore, we obtain
kUs — cU + K'U? =0, (23)

where, k = ki + k3 + k3 and k' = $ Ak;.

4.1.1. Traveling waves using Tanh method. For our equation, in the case of Tanh method,
we have m = 1.
This method admits the following expression:

U(ﬁ) = Qo +a1Y+b1Y_1. (24)
Hence, by Equation (13), we have
2y AU -2 2
Us=p(l-Y )W = pay + pby — pbY " — pa Y. (25)

Putting Equation (25) in Equation (23), we obtain

kpay + kpby — cag + K'aj + 2K a1by + (2K apar — caq)Y + (K'ai — kpay)Y?
+ (2]{?/&061 — Cbl)Y_l + (k‘/b% — k‘,ubl)Y_2 = O
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This gives
kuay + kpby — cag + K'a2 + 2k a1b; = 0

2K apa; — ca; = 0

Ka? — kpa, =0 (26)
21{:’a0b1 — Cbl =0
k'b% — kub, = 0.

By solving the above system, we can obtain the following set of solutions.

Case 1:
_ 2uk _ 2k

T Ak T Ak
Substituting these constants into Equation (24), we get the following exact solution:

2uk  2uk kixPt koyP? ks2® 2ukt®
_ 2K Mcothp<1x+2y+3z—'u>.

Qo a1 =0, b c=2uk.

u(t,z,y,2) = — + — (27)

Ak, Ak,

o B2 B3 a

Figure 1 shows the graph of solution (27) for some particular values of the parameters.
1 1
=7

4
A::F]_, 5125, O{:]_, k’lz]_, k’2: ILLZQ

|
i = i i
. .

1
M08 2 0

(a) (b)

FIGURE 1. Graph of Equation (27) fory =2 =0

Case 2: ok ok
T T
= ——— = by = — = —2uk.
Qo Ay’ ar =0, b Al ¢ K
By substitution into Equation (24), we obtain
2uk  2uk kigP koy® k3™ 2ukt®
t = ———+ — coth . 28
Case 3: ok ok
CLOZAL]{;I, aleLkl, by =0, c=2uk.
Hence, we get
2uk  2uk kPt kgyr kg2P 2ut®
u(t,z,y,z2) = — + — tanh + + — . 29
( Y ) Ak Aky M( B B2 B3 «Q ( )

Figure 2 shows the graph of solution (29) under some particular values.
1 1

4
+1, 51 57 « ’ kl ’ k2 2a
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FIGURE 2. Graph of Equation (29) for y =2 =0

Case 4:
2uk 2uk
= —— = — = = —2uk.
Qo Akfl y @1 Akl ) bl Oa c ,Ul’f
Hence, we obtain
2uk  2uk kB koy® kg2 2ukt
= ———+ ——tanh ) 30
Case 5:
4uk 2uk 2uk
= =" b =—-—— = 4uk.
ap Al ai Al 1 Al C H

So, we can write

dpk  2uk ki koy® kg2 dukt®
u(t,x,y,2) = -—— + —— tanh + + —
R T T “( B B B«
(31)
2uk ki koy® kg2 dukt®
+ —— coth + + - :
Ak M( B B2 Bs «a
Figure 3 shows the graph of Equation (31) for some values of the parameters.
4 1 1
A::Fl, ﬁl:g’ Oézl, k'l:l, ]{7225, k’gZZ,ILLZQ
Case 6:
4uk 2uk 2uk
=—— =— b=—-— = —4uk.
Substituting the results into Equation (24), we obtain
duk  2uk kPt koy® kg2® Aukte
u(t,z,y,z) = ——— + —— tanh + + +
( %) Aky Ak M( B B2 B3 @
(32)
2uk kB koy® kg2 dukte
+ —— coth + + + .
Ak, “( BB B o
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}ggﬁ?g.if

F1GURE 3. Graph of Equation (31) fory =2 =0

4.1.2. Traveling waves using (%) -expansion method. Suppose that the solutions of Equa-

tion (11) can be expressed using a polynomial in (%) as follows:
G/
U(§) = ao + ax (6) ) (33)
such that ag and a; are constants to be determined later.
We have ,
G’ G’
U'(ﬁ) = —aipt — aiA (E) —a (5) ) (34)
and ,
G’ G’
U2(£) = a% + 2a0a1 (6) + CL? (5) . (35)

Putting Equations (33), (34) and (35) in Equation (23), we have

€4 G"\? €4
—kayjp — ka\ (6) — kay (6) — cag — cay <5> + K a?

el G’ 2
—|—2k’a0a1 <5) + k/a% <5) =0.

This allows us to get
—kaypu — cag + K'aj =0
—kay X — caq, + 2K apa, =0
Ka? — ka; = 0.

Hence, it yields that

k 2% 2 1
= TiE (\/A 12 A), m= g e= Mo ghVN I (37)

where, A\ and p are arbitrary constants.
Substituting Equation (37) into Equation (33), we obtain

U = jk (VP 12-2) - (gm ;km> (%) o)

By substituting the general solution of Equation (19) into Equation (38), we have three
types of traveling wave solutions for the above conformable FZK equation as follows.
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When \? — 4 > 0, we obtain the following traveling wave solution
k 1 1
U = Ak (\/ A2+ 12 — )\> + (5)\% + ékk\/)\Q + 12u)
1
C| sinh ( v /\22_4“§> + (5 cosh ( v )‘2_4“5)

2

C cosh ( v /\22_4“5) + Cy sinh (7W\22_4”§)

(39)
where, £ = klgfl —I—kzﬁyjz +k3;3ﬁ3 + (2)\ + /A2 + 12,u) % and (1, Cy are arbitrary constants.
In particular, if C; # 0, Cy = 0, A > 0, u = 0, then the traveling wave solution of

Equation (39) can be written as

1 Mzt Nkay®2 Aks2® N2kt
= —\?k| 1 — tanh . 4
U(€) 5 ( an ( 2, + 55, + 5 + (40a)

IfCy=0,Cy#0, A >0, u=0, then the traveling wave solution of Equation (39) can be
written as

_’LZ—‘W (22 + /275 12)

1 NerzPt o NeyP2 AkgzPs A2kt
= =X’k 1 — coth : 40b
U(§) 5 < co <2ﬁ1 + 25 + 25 + 500 (40Db)
Figure 4 shows the graph of solution (40a) for some particular values.
1 3 1 3 3
A=7F2 51257 04:1 k1:—§> k‘zzi, k3:Za B=
m_
3
zm_
m_
n_
BTt

FIGURE 4. Graph of Equation (40a) for y = 2 =0

Figure 5 shows the graph of solution Equation (40b) for some values of arbitrary constants.
3 1 3 3

kl = 5 k2 =

1
A: 2 = — = — —
F2, ﬁl 27 « 47 9 27

w=1.

When \? — 4 = 0, we obtain
_ K <«/)\2 120 — >\> L <2>\+ VAT 12u)
3Ak, 6
k Cy
_r p _ 2
- (2>\+ VA —|—12,u> G O

U(é)
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FIGURE 5. Graph of solution (40b) for y =2 =0

When \? — 4 < 0, we obtain
k

1
—C sin ( ¥ 4“_A2§) + Cs cos ( v 4“_/\2§>

2 2

C, cos ( v 4”_/\25) + Cysin (7” 4;_A2€) |

2

(42)

In particular, if C; # 0, Co = 0, A > 0, u = 0, then the traveling wave solution of
Equation (42) can be written as

1 % A ka® kay® ks Mkte
U(€)=—A2k——<tan§< L )) (43a)

N (A4 120)

2 2 B B2 B3 o

Taking C; = 0, Cy # 0, A > 0, o = 0, then the traveling wave solution of Equation (42)
can be written as

1 kX2 A kPt kay kg2 Nkt®
UE) = =Nk — = cot = + + + . 43b
(5) 2 2 ( 2 ( 51 52 53 « ( )

Figure 6 shows the graph of solution (43a) for some values.

1 3 1 3 3
A = 2 = — = — = —— = — = — =
+ ) ﬁl 2 ) « 4 ) kl 92 ) kQ 9 ) k.?) 4 3 H
Figure 7 shows the graph of solution Equation (43b) for some values.
1 3 1 3 3
+ ) ﬁl 2 ) « 4 ) kl 92 ) kQ 9 ) k.?) 4 3 H

4.2. Space-time conformable FZZ equation. We consider the space-time conformable
F7Z7 equation:

THTB2(t, x, THTP2(t, x,
TPu(t, z,y) | —— Loyl T2#u(t,z,y) | — t,2,9)
u(t, .’L’,y) u(t,x, y)
+ 2T u(t, z,y) (Tflu2 (t,x, y)) =0,

where, T51, Tf"’, T are the conformable fractional derivative, with 0 < «, 81, B2 < 1.

(44)
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. 2E88
s 5388

LLEER L

FIGURE 7. Graph of solution (43b) for y =2 =0

We introduce the following transformation:

kiz® koy® ct®
where k1, ko, ¢ are constants.
We have
Tou=—clUs, TPu=cUg, T7%u=kiUs, T]Tu=kikUs, (46)

THu? = 2k, UU.
Substituting Equations (45) and (46) in Equation (44), we have
k (Uge)® = K (UUg)* = 0, (47)
where k = p*kiks(c? — k}) and k' = pcks.
4.2.1. Traveling waves using Tanh method. We note that in this case, we have m = 1.
The Tanh method admits the use of the finite expansion
U) =ag+a Y +b Yt (48)
Thanks to Equations (13) and (14), we have
Ue = pay + pby — pay Y — pub Y =2,
Uge = —2p2a1Y + 20201 Y 73 + 2p%a, Y3 — 2020, Y 1.
Putting Equations (48) and (49) in Equation (47), we obtain

(49)
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4kayby — K (agay + ayby)® — 4k a2b? — 2k a2a, by
+ (Qk'ai’ (ap + b1) — 2K agatby + 2k'a0a1b%)Y
+ (2K a1t (ag + b1) — 2K agar b7 + 2K agaib, )Y !
+ (k(ai — 2a1b1) — K'ai(a] — 2a5 — 2aoby — 2b7)) Y?
+ (k‘ (bf — 2albl) — l{:'(lfll —2a3b? — 2a2a1b; — 2a0a1bf)) y 2
+2K'a3 (2a0 + b1) Y + 2K'b2 (apay + aghy + arby) Y ~°
+ (2K'a} — K'ada] — 2ka})Y™* + (2k'by — K'agb] — 2kb7)Y
—2K'agalY”® — 2K apb}Y ~° + (kai — K'a}) Y + (kb] — K'b})Y ~° = 0.
This allows us to obtain
dkayby — K (agay + ayby)? — 4K a2b? — 2k a2a1by = 0
ka3 (ag + b1) — K aga?by + k' apab? = 0
K'a1b? (ag + b1) — K'aga1b? + k'agab, = 0
k(a} —2a1by) — K'ai(af — 2ad — 2a0by — 2b7) =0
k(b3 — 2a1by) — K (b} — 2a3b} — 2adarby — 2agaib?) = 0
2K a? (2a9 + b1) =0
2K'0? (agay + aghy + a1by) =0 (50)
2K af — K'ata? — 2ka? =0
B — Ka2 — 2k = 0
K aga? =0
Kagh? = 0
ka? — K'at =0
k02— KB = 0.

Hence, we have

2
cay

po(e — k)

Substituting these results into Equation (48), we get the following exact solution:

P ca? yP? cta)

CLOIO, a; = aq 61:0, ]{?2:

1
51 + M3(02 _ k‘%) ﬁ2 Q (51)

k
u(t, z,y) = ay tanh p <

4.2.2. Traveling waves using (%)-expansion method. Suppose that the solutions of (11)
can be expressed by a polynomial in (%) as follows:
G/

0 =ao+a (G, (52)

such that ag and a; are constants to be determined later.
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We have

/ I\ 2
U'(§) = —aip — ar A (g) - <€) ,
G/ G/ 3 (5?))
U'(€) = ar i+ (a1 A? + 2pay) ( ) + 3a1 )\ (G) + 2a, (5) :

U%(&) = a3 + 2apa4 (—) + a3 ( )

(U'(€))* = aip® + 2a3pA (G) +ai (N +2p) (g)zwa% (%)3 (54)

+a2g4
1 G .

Putting Equations (52), (53) and (54) in Equation (44), we have

and

!
—kadaip® + (kai N2y + 2k pa? (N + 2p) — 2K adaip) — 2K agaip?) (g)
!
+ (kaf (N 4 207 + 6770 + 60° + 12Xp) — K aja? (A + 2u) — 4K agalp — Katp?) (g)
N\ 3
+ (4ka? (Ap + N + 2p) — 2K adaih — 2K aga$ (A2 + 2p) — 2K atp) (5)
G\
+ (9kaiN? — K'adad — 4K aga X — K'at(N* 4 2p)) (5)

G\’ ¢

T (12ka2A — K (aga? + 204A)) (5) T (dka? - a?) ( G) o,
Consequently,

Kaa?u®> =0

kaiA?p? + 2kApa (A2 + 2p) — 2K adalp) — 2K agadp® = 0

ka3 (A2 + 202 + 602 + 603 + 120p) — K'adad (N + 2p) — 4K apabp) — Kaip® = 0

4ka? (A + A2 + 2u) — 2K adai — 2K apa} (A2 + 2p) — 2K afpd = 0 (55)
9kaiN? — K'ada? — 4K apaih — K'a} (N> 4+ 2u) = 0

12kaiX — k' (apat + 2aiX) =0

4ka? — K'aj = 0.

Therefore,
ag = agp, ay = ap, k’l =0.
By substituting the general solution of Equation (19) into Equation (52), we obtain three
types of traveling wave solutions of the above space time conformable FZZ equation as
follows.
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When \? — 4, > 0, we obtain the following traveling wave solution:

C sinh ( v /\2_4H§> + C5 cosh <7” )‘2_4”§>
U(E) = ag — 20 4 VX Z : : (56)

2 2 (' cosh <7”A22_4”£) + Cysinh <7”/\22_4”§)

B B2 a .
where, ¢ = Bzl | hoyZ € and C), C, are arbitrary constants.

In particulalr, it ¢y #£0, Cy =0, A >0, u =0, then the traveling wave solution of
Equation (56) can be written as

U(€) A VN A (M§> . (572)

ChT Ty 2 2

If Cy =0,Cy #0, A >0, u=0, then the traveling wave solution of (56) can be written

as
Ue) AUV s TPAN <7VA2_4“5) . (57b)

=aqy— — 5

2 2
When A\? — 4, = 0, we obtain
)\al ang

Ul) =ao— — +

2 O+ ol (58)

When \? — 4, < 0, we obtain

oy vy O (L) + acon (5

U)=ap— —+ : (59)
2 2 C cos <7”4’;_)‘2£) + Cysin <7V4’;_)‘2§)

In particular, if Cy # 0, Cy = 0, A > 0, p = 0, then the traveling wave solution of
Equation (59) can be written as

U(g):ao—ﬂ—“1V4“‘A2tan<v4“”2g>. (60)

2 2 2
IfCy=0,Cy#0, A >0, u=0, then the traveling wave solution of Equation (59) can be

written as
Ay — 2 Ay — 2
U() = ag— 20 4 aVAr = A cot(v a Ag). (60D)

2 2 2

5. Conclusion. In conclusion, our study has focused on the space-time FZK equation
and the space-time FZZ equation using conformable fractional derivatives. We have ap-
plied the Tanh and the (%)-expansion methods to finding new sets of traveling wave
solutions for these two fractional evolution problems. In addition, we have plotted graphs
for some of the obtained new traveling waves. The obtained solutions are significant in
the study of the dynamics and behavior of these fractional equations. Our research con-
tributes to the development of conformable fractional calculus and also to the above two
space-time fractional evolution equations.

Further investigations could focus on exploring the properties of the obtained solutions
and their potential applications. Our results may have practical applications in the fields
of material science, optics, and acoustics.
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