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ABSTRACT. Based on the multi-objective linear weighted method and the characteristic
that the sum of the weighted coefficients of the bi-objective function is 1, a weighted
iteration algorithm for solving bi-objective linear optimization has been proposed. The
basic principle of the algorithm is that when the weighted coefficients increase gradu-
ally from a very small value to 1, an efficient solution can be obtained. The iteration
algorithm needs convergence conditions. This paper proves the relationship between the
iterative convergence conditions and the optimal solution of the objective function, and
multiple efficient solutions can be obtained by iteration. According to the actual demand
of the project, a method of determining the most efficient solution is given. The main
advantage of the algorithm is that the implementation process of the weighted iteration
algorithm only needs the optimal solution of a single objective function, and there is no
complex process or algorithm for solving weighted coefficients. The algorithm is simple
and effective, and overcomes the shortcomings of the existing algorithms that have the
complex parameter setting and solving process. The examples and application show that
the weighted iteration algorithm is scientific and correct, and it is easy to be used and
programmed and can play an important role in practical engineering application.
Keywords: Linear programming, Iteration algorithm, Bi-objective linear programming,
Multi-objective linear programming, Mathematical programming

1. Introduction. A study on the optimization of more than one objective function in a
given region is called multi-objective programming. This is typically recorded as MOP
(Multi-Objective-Programming). The intended purpose is to find that #* € X which
maximizes (or minimizes) all objective functions simultaneously.

Because a bi-objective linear program is a special case of a multi-objective linear pro-
gram, some of methods for solving multi-objective linear programs can be also used for
solving bi-objective linear programs. Based on the relevant literature, methods for solv-
ing multi-objective linear programs can be divided into two categories: traditional opti-
mization methods and intelligent optimization methods. Intelligent optimization methods
include genetic algorithm [1], evolutionary algorithm [2], and particle swarm optimiza-
tion [3]. Its advantage is that more Pareto solutions can be obtained, forming an efficient
solution set. The disadvantages are that the algorithm is complex, more parameters are
set, and the solution process is tedious. The traditional optimization method transforms
multi-objective functions into a single objective function, and the single-objective func-
tion optimization method is used to solve the multi-objective function optimization. There
are mainly the following methods [4-6]: the ideal point method, fuzzy deviation method,

DOI: 10.24507 /ijicic.20.03.755

755



756 S. WANG AND Z. WANG

sub-objective multiplication and division method, max-min method, constraint method,
goal programming method, weighted square sum method, linear weighted sum method,
efficiency coefficient method, and coordination curve method.

In traditional optimization methods, the linear weighted sum method is widely used,
and its core is to determine the weights for each objective function. Using the concept of
an efficient solution, we have the following well-known theorem [7-10].

Theorem 1.1. If a point T € X is efficient, then there exists a vector & € E™ such that
P Laf =1, af >0 and T* is the solution of the following equivalent linear programming:

max(min) fy41(7) = > o fi(7) (1)

Subject to: AZ <b, ©>0

That is, an efficient solution is found by selecting some positive weights o and solv-
ing the linear programming problem given in Theorem 1.1. In general, there are many
efficient solutions, because there are many possible sets of positive weights. Many schol-
ars have studied methods for determining the weights of objective functions. In early
research, several heuristic approaches were proposed for determining the weights of objec-
tive functions [11-15]. At present, commonly used methods [16-20] include the zero-sum
game method, entropy weight method, triangular fuzzy number method, fuzzy analytic
hierarchy process, principal component analysis, and subjective weighted method. The
disadvantage of these methods is that they are subjective with respect to the determina-
tion of the “best” set of weights, and the algorithms are more complex and more difficult
to be programmed.

In recent years, methods for solving bi-objective linear optimization have been uesd.
Kaoud et al. [21] used a robust optimization approach to solve a bi-objective optimization
model. Azar et al. [22] used non-cooperative game theory to find a Pareto-Optimal Equi-
librium solution. Li et al. [23] designed an epsilon-constraint-based two-phase iterative
heuristic algorithm based on the characteristics of an optimization problem. Keshavarz-
Ghorbani and Pasandideh [24] proposed a Lagrange relaxation algorithm for optimizing
a bi-objective agro-supply chain model that considers CO5 emissions. Khaleghzadeh et
al. [25] proposed a method for solving the bi-objective optimization problem for het-
erogeneous processors. Ulusoy et al. [26] investigated a method to approximate the non-
dominated set of the DFC problem with guarantees of global nondominance. Shi et al. [27]
proposed an epsilon-constrained hybrid evolutionary algorithm that combines a Greedy
Randomized Adaptive Search Procedure-Evolutionary Local Search (GRASP-ELS) hy-
brid approach with the epsilon-constrained method. Guan et al. [28] designed a genetic
algorithm with a variable neighborhood search technique and employed it to solve the
bDFCAP in a more effective manner. Gai et al. [29] proposed an integrated two-stage
multiple-criteria programming approach to solve the model systematically. This approach
includes both quantitative and qualitative analyses. Zhao et al. [30] presented a memetic
algorithm that integrates a population-based non-dominated sorting genetic algorithm
IT and two single-solution-based improvement methods, that is, an insertion-based local
search and an iterated greedy algorithm. In addition, other related methods have been
proposed. These methods are very complex and lack universal application, which have
the complex parameter setting and solving process.

In practical engineering applications, there are many bi-objective linear programming
problems [31-34], including bi-level programming problems [35], which can also be trans-
formed into bi-objective linear programming problems. Based on Theorem 1.1 and the
characteristics of bi-objective linear programming, we propose a simple and efficient
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weighted iteration algorithm for solving bi-objective linear programming. The basic prin-
ciple of the algorithm is as follows. According to the relationship that the sum of the
weight coefficients of two objective functions equals 1 (a¢+ 3 = 1), when « increases grad-
ually from a very small value and § = 1 — «, an efficient solution can be obtained such
that the value difference between the two objective functions with the efficient solution
is less than a given number §. Subsequently, by decreasing § until § < 0, several efficient
solutions can be found to form an efficient solution set from which the most efficient so-
lution can be found. In this paper, a determination method for ¢ is given, and the most
efficient solution discrimination method is also presented.

The innovations of the algorithm are as follows. 1) The method of determining the
weight coefficients for objective functions is not complex; only the optimal solutions
(maximum value or minimum value) of two objective functions need to be calculated,
and the iterative algorithm for finding efficient solutions can be realized using the power-
ful computing ability of a computer (see examples 1-5). 2) Many efficient solutions can be
obtained and a set of Pareto-optimal solutions can be formed (see examples 1, 3, 4). 3)
The most efficient solution discrimination method was identified. At the same time, deci-
sion makers can select the most efficient solution from the efficient solution set according
to their own preferences and optimization results (see example 4). 4) It can also solve the
bi-level programming problem, that is, linear programming, considering the priority of
the two objective functions (see example 4). 5) For a linear programming problem whose
objective functions are greater than 0, the solution effect is the best, efficient solutions
are less, and the discrimination of the most efficient solution is simple (see example 2 and
application example). Most real-world engineering problems involve simultaneously opti-
mizing bi-objectives whose functions are greater than 0. 6) The algorithm is simple, and
programming is convenient (see Algorithm 1). It has recently been proven to be highly
effective and robust for solving bi-objective optimization problems.

Based on the examples provided in the literature, the algorithm in this study was used to
solve the same bi-objective optimization problems. Compared to the results calculated in
the literature, the results are completely consistent. At the same time, it is also verified
by the application case. Compared to the methods discussed in [11-35], it offers good
innovation and practical engineering applications.

The remainder of this paper is organized as follows. Section 2 introduces the weighted
iteration method. Section 3 discusses the examples. Section 4 provides a case application.
Section 5 provides a summary of this study.

2. Weighted Iteration Method. As discussed above, it is impossible to obtain an op-
timal solution ¥* that satisfies all objective functions. The optimal solution solved by
objective function (1) is called the efficient optimal solution, or Pareto optimal (Pare-
to Optimality). Based on Theorem 1.1, bi-objective linear programming is expressed as
follows.

Problem 2.1. Solve the mazimum value of the objective functions.
max fl(f) == le
max fg(f) = Cglf
max f3(Z) = afi(Z) + B f2(Z) (2)
Subject to: Ax <b, >0
where T = (x1,2a,...,2,)" are decision variables, C; = (i1, Cia, ..., Cin) are coefficient
vectors of the objective functions, i = 1,2, A = (Gij)msn 1S the coefficient matriz of the
constraint conditions, and b = (by, b, ..., by)T is the right vector of constraint conditions.
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Theorem 2.1. For solving the mazximum value of the bi-objective linear functions, if
f1(Z) > 0, fo(Z) > 0 and the optimization solution for fi(Z) is £*', the optimization
solution for fo(T) is T*2, then there is at least one optimal coefficient o*, * = 1 — o,
making objective functzon f5(Z) have at least an efficient optimization solutzon 7*3, and
satisfying the following mequalzty

[ i (@ N <|h @) - f2 (&) (3)
Denote 5—|f ( ) f (5*2)‘

Then }f %) — fo (2* )‘<5 (4)
Proof:
Denote fi = f1 (Z*'), f5 = f2 (Z*?)
fi(@*) = fi = Afi, f2( B) =[5 = Af

Assume f1(Z) > fo(Z)
Ji—=Afi>f5 —Afy
T—f>AH—-Af

Because f; — f5 >0

Afi —Afa >0
we have
[(@70) = £(37) = i —AfL = (i = Af)
=(fi-FK)-QA-AR)<H-f ()
If fo(Z) > f1(Z), by the same principle, we have
fa (5*3)—f1 (f*g) <fo— I (6)

Based on Equations (5) and (6), the following inequality exists:
‘fl (5*3) — £ (5*3” < ‘fl (5*1) s (5*2)’

Problem 2.2. Solving the minimum value of the objective functions.

min fl(f) == le

min fo(7) = Coff

min f3(7) = af1(Z) + B fo(7) (7)

subject to: Ar <b, >0
where T = (z1,%a,...,1,) are decision variables, C; = (ci1, ¢, - .. ,Cin) are coefficient
vectors of the objective functions, i = 1,2, A = (Qij)msn 1S the coefficient matriz of the
constraint conditions, and b = (by, by, ..., by)T is the right vector of constraint conditions.

Theorem 2.2. For solving the minimum value of the bi-objective linear functions, if
f1(@) > 0, fo(Z) > 0 and the optimization solution for fi(Z) is T*', the optimization
solution for fo(T) is T*2, then there is at least one optimal coefficient o, B* = 1 — o,
making objective functzon f3(%) have at least an efficient optimization solution T*3, and
satisfying the following inequality:

| (“*3)— (@F) < [ (@) = £ (7)) (8)
Denote § = |f — fo (5*2)‘
Then }fl (7*%) — (f ‘<(5 9)
Proof:
Denote fi = fi (&™), f5 = f2 (2?)
fL(@2) = fi + Af, 2(TF) = f5+Af
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Assume f1(Z) > fo(7)
fi+AL>f5+Af
fi—f>AkRL—-Af

Because f; — f5 >0
Afa=Afi >0, Afi =Af <0

we have
(@) = f(27) = fi + AfL = (f; + Af2)
=M —R)+A[L-AR) < -f2 (10)
If fo(2) > f1(Z), by the same principle, we have
f(77) = A (@) < fi = fi (11)

Based on Equations (10) and (11), the following inequality exists:
1 @) = b @) <[5 (7) = £ (72)

Definition 2.1. For Equations (4) and (9), when § decreases, it is possible that many
efficient optimal solutions exist, and forming an efficient solution set. Denote d;11 =
0; — Ad, i = 0,1,...,n. If there are n efficient optimal solutions, the most efficient
optimal solution should satisfy the following conditions:

1) f1 (%) is closer to fi (Z*) (12)
2) fo (Z*%) is closer to fo (T*?) (13)

Definition 2.2. Objective function value difference. Let fe be the objective function value
difference, then

fe=f(27) - f(@)] (14)
where T* is the optimal solution of the objective function, and Z*2 is the efficient solution.
Definition 2.3. Efficient solution difference. Let E be efficient solution difference, then

E = fe, + fe, = | /i (%) = fr ()| + | f2 (77°) = fo (7)) (15)

According to the above definitions and the actual demand, a method for determining
the most efficient solution is proposed.

1) First, remove the non-inferior solutions that only satisfy the optimal solution of
one objective function, and make another objective function have the largest objective
function value difference. That is

fi (f*?’(z)) € fi (:E*l) and max (‘fg (f*?’(z)) — fo (£*2)|) (16)
or fo (2*(i)) € fo (Z*) and max (|fi (Z*°(2)) — f1 (Z*)]) (17)

Because it only satisfies the optimal solution of one objective function and maximizes
the value difference of the other objective function, it is not the purpose of bi-objective
function optimization and does not satisfy the requirements of the optimal efficient solu-
tion.

2) For the remaining efficient solutions, the solution with the smallest efficient solution
difference is the most efficient solution without considering the importance or priority of
the two objective functions. That is

F e min (|1 (F90) — £ (#)] + [B @E0) - R @) (8)

3) When considering the importance or priority of two objective functions, the objective
function with high priority is given a large weight (usually 0.6), and the other is given
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a small weight (usually 0.4). An efficient solution with the smallest weighted efficient
solution difference is the most efficient solution. That is

#*° e min(p fe, (i) + px fey()), p+p=1 (19)
If there are two or more efficient solutions with equal weighted efficient solution differ-

ences, the smallest objective function value difference of the objective function with high
priority is the most efficient solution. That is

# € min (|1 (2°0)) - £ ()]) (20)
or ** € min (|f2 (Z*(i)) — f2 (£*%)]) (21)

Programming steps are shown as follows.

Step 1: given bi-objective linear programming, solve for each objective function fi (),
f2(Z) individually, obtain the optimal solutions: 7, &%, calculate the function value:
fi = H(@), f3 = f2(25), determine the initial value: 6 = |f;y — f5|, number of the
efficient optimal solutions: ¢ = 0, the maximum number of iterations: k&, counter of
iteration: n = 0, and function coefficient: a = 0.

Step 2: determine o = a + Aa, =1 — . (Weighted iteration)

Step 3: solve for the objective function f3(Z), get the efficient solution @5, n =n + 1.

Step 4: calculate the function value: ff = f1(25), f3 = f2 (Z%), and judge whether
the following inequality is true.

/i = f3l <6
A: yes, go to step 6;
B: no, continue to step 5.
Step 5: judge whether the number of iterations meets the requirements.

n>k

A: yes, go to step T;
B: no, go to step 2.
Step 6: find an efficient solution 7%, 7*(i) = £*3, i = i + 1.
Step 7: let 0 = 0 — Ad, n = 0, a = 0, reset k, and judge whether the following
inequality is true:
0<0

A: yes, go to step 8;

B: no, go to step 2.

Step 8: according to the method above, which determines the most efficient solution,
the most efficient solution is obtained.

For step 2, because 0 < a < 1, referring to the idea of GA binary coding, 8-bit
binary coding is carried out with a resolution of 0.0039, which can meet the iterative
requirements, that is, Aa = 1/256, « = a + 1/256, and k = 255.

For step 6, based on programming verification, Ad < 1. Generally, Ad = 1. In practical
applications, according to the calculation results of objective functions, we can appro-
priately increase or decrease Ad, and find more efficient solutions as much as possible
to facilitate the determination of the most efficient solution. The algorithm program was
implemented as follows, based on the Python programming language.

The premise using Theorems 2.1 and 2.2 is f1(Z) > 0, fo(Z) > 0. If f1(Z) <0, fo(Z) <0
or fi(Z) >0, fo(Z) <0 or f1(Z) <0, fo(F) > 0, the following theorem is given.

Theorem 2.3. For solving the optimization of the bi-objective linear functions, assuming
that the minimum value for f1(Z) is fimm, the mazimum value for fi(Z) is fimax, the
minimum value for fo(Z) is fomm, and the mazimum value for fo(T) is fomax, then there
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Algorithm 1. A weighted iteration algorithm for solving the efficient solution
Input: fi(Z), fo(Z), f3(Z) and the constraint conditions
Output: the optimal solutions 7, 75, %
= @), fi = fo (@), fi = (@), 5 = f2 (@)
Initialization
Solve the objective function f;(Z), fo(Z)
Calculate f7 = f1 (Z7), f3 = f2(23)
0= |f7 = f3]
n=0,1=0,a=0, Ad=1
while True:
for n in range (255):

a=a+1/256

b=1—«
10.  Solve the objective function f3()
11. Get efficient solution 7%
12, Caleulate f{ = fi (#), fi = f» (%)
13. if|fr — fi] < 6
14. Find efficient solution @5, t =i + 1
15. break
16. n=0,a=0
17 d=0—-A0

NS T WD

©w

18.  if § <0:
19. break
20. else:

21. continue

22. Determine the best efficient solution

is at least one optimal coefficient o*, f* = 1 — o*, making objective function f3(Z) have
at least an efficient solution T*3, and satisfying the following inequality:

A7) = fa (@) <6 (22)
(I’ﬂd 5 = max (|f1max - f2min| ) |f2max - flmin|) (23>
Proof:
Because fl min S fl (f*3) S fl max
f2min S f2 (f*?’) S f2max
0 is the maximum error among the values of the two functions,
A (F7) = R (7)) <0
According to the above programming steps, ¢ is determined based on Equation (23) in
step 1, and the other programming steps are the same.

3. Examples. In order to verify the correctness of the algorithm, examples of [4] and
[10] are used. [4] used ideal point method, fuzzy deviation method, and linear weighted
sum method. [10] used the two-person-zero sum game approach. Compared to the results
in the reference, the results of this paper are consistent with those of the references.
3.1. Example 1.

max fi(x) = 0.1z, + 0.2z,

max fo(z) = 1021 — bay

max f3(z) = afi(x) + (1 — a) fo(x) = (10 — 9.9a)x; + (5.2c0 — 5)x2
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subject to: x1 +x9 > 1
T+ 29 <7
0<z2; <5
0<z9<3

According to Theorem 2.1, the maximum value for f;(Z) equals 1, and the maximum
value for f5(Z) equals 50, and we have

o= (@) - ()| =49
Table 1 shows a comparison of the efficient solution results between the methods in [10]
and those in this study. According to Equation (16), the second efficient solution should

be removed (f; (Z*3) = f1 (Z*!) = 1), and the most efficient solution is the same as the
result in [10].

TABLE 1. Comparison of the efficient solution results for example 1

Efficient Objective

Methods solution | function value o Judgement
(a5%,05) [ [Fa ™)
Method in [10] (5,2) 0.9 40
The most

5.2 0.9 40 40< 46 <49
(5,2) efficient solution

(4,3) 1 25 (24 <6<39 Deleted
No 0<6<23

Method in this paper

3.2. Example 2.
min f;(z) = 0.1z; 4+ 0.2
min fo(x) = 10x; + 5o
min f3(z) = afi(z) + (1 — a) fo(z) = (10 — 9.9a)z1 + (5 — 4.8c0) 2
subject to: 1 + x5 > 1
T1+a9 <7
0<z;<5H
0<2y<3

According to Theorem 2.2, the minimum value for f;(Z) equals 0.1, and the minimum
value for f5(Z) equals 5, and we have

§=|fi () = f2 (2*) =49
Table 2 shows a comparison of the efficient solution results between the methods in

[10] and in this study. There is only one efficient solution, which is as same as the result
obtained using the two-person-zero sum game approach.

3.3. Example 3.
max fi(z) = —0.1z4
max fo(z) = 0.1z + 0.2

max f3(z) = afi(z) + (1 —a) fo(z) = (0.1 — L.la)z; + 0.2(1 — )2
subject to: — a1+ 29 <1
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1+ a9 <7
0<z; <5
0<z9<3
According to Theorem 2.3 and the calculation results, we have
Jimax =0, fimin = =5
fowax =1, fomin =0.1

d = max(0.1,6) = 6

TABLE 2. Comparison of the efficient solution results for example 2

(0,1) | 0.2 | 5.0 [3<6<4.9

Method in this paper

Efficient Objective
Methods solution | function value ) Judgement
(21, 25°) | f1(2*%) | o (27%)
Method in [10] 0,1) | 02 | 50
The most

efficient solution

763

No 0<6<2

Table 3 shows a comparison of the efficient solution results between the methods in [10]
and in this study. According to Equations (16) and (17), there are three efficient solutions,

and the first and third efficient solutions should be removed (because fo (T*3) = fopax =

L,

f1(Z*) = fimax = 0). The second most efficient solution is the most efficient solution,

which is the same as the result in [10].

TABLE 3. Comparison of the efficient solution results for example 3

Efficient Objective
Methods solution | function value ) Judgement
(21, 25°) | i (@7%) | o (29)
Method in [10] (2,3) -2 0.8
(4,3) —4 1 0=25,6 Deleted
The most
Method in this paper (2,3) —2 0.8 10=4,3 efficient solution
(0,1) 0 02 |6=2,1 Deleted
No 0=

3.4. Example 4.
max fi(x) = —2x; + x9

max fo(z) = 3x1 — X9

max f3(z) = afi(z) + (1 — a) fo(z) = (3 — ba)zy + (20 — 1) g

subject to: —xy + 29 < 1
Q31+$2§7
0§Q§'1§5
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0 S i) S 3
According to Theorem 2.3 and the calculation results, we have

leIaX:17 flmin:_]-o
meaX = 157 f2min =—1
0 = max(2,25) = 25

Table 4 shows a comparison of the efficient solution results between the methods in
[10] and in this study. According to Equation (17), there are four efficient solutions and
the first efficient solution should be removed (f; (£**) = fomax = 15). There are three
remaining efficient solutions.

1) @ = (5,2), f1 (%) = =8, fo (¥*°) =

2) = (473)’ fi (f*3) = =5, fa (f*g)

3) £ =(2,3), /1 (T*®) = —1, fo(T*°) =3

According to Equation (19), because fi(x) has high priority, the weighted efficient
solution difference is min (0.6 * feq (i) + 0.4 % fes(7)) = min(6.2,6,6) = (6, 6).

According to Equation (20), the fourth efficient solution is the most efficient solution,
which is the same as the result in [10]. In fact, the third efficient solution is the one
solved for the first time in the literature, and it is also consistent with the results in the
literature.

TABLE 4. Comparison of the efficient solution results for example 4

Efficient Objective

Methods solution | function value d Judgement
(27, 0) [, ) [ o (@)
Method in [10] (2,3) —1 3
(5,0) —10 15 0 =25 Deleted
(5,2) -8 13 [22<0<24 Deleted
Method in this paper (4,3) = 9 |Msos2l Tizlifjst
(2,3) -1 3 4<6<L13 . .
efficient solution
No 0<06<3

3.5. Example 5.
max fi(x) = —3z; + 229
max fo(z) = 41 + 329
max f3(z) = afi(z) + (1 — @) fo(z) = (4 — Ta)r1 + (3 — )22
subject to: 2x1 + 3x9 < 18
2x1 + 29 < 10
T1,29 > 0

According to Theorem 2.1, the maximum value for f;(Z) equals 12, the maximum value
for fo(Z) equals 24, and we have

F= ) 12 ()] = 12
Table 5 shows the comparison of the efficient solution results between the methods in
[4] and in this paper.
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TABLE 5. Comparison of the efficient solution results for example 5

Efficient Objective

Methods solution | function value J Judgement
(J?Tg, x;?:) fl (I*?’) f2 (SL’*3)
(0.52,5.64)| 9.71 | 19.05 Ideal point method
Method in [4] (0,6) | 12 | 18 WFelghte; rr'le;c'hod
(1.02,5.31)| 7.55 | 20.05 uzzy deviation
method
The most

(0,6) 12 | 18 [0<é<12

Method in this paper efficient solution

No 0=20

According to Equation (18), the result of the linear weighted sum method is the most
efficient solution, which is the same as the result obtained by the method in this study.
As Table 5 shows, there is only one efficient solution.

The above five examples include the different cases involved in Theorems 2.1, 2.2 and
2.3. Examples 1, 2 and 5 are the cases where the value of the objective function is greater
than zero, and examples 3 and 4 are the cases where the value of the objective function
is not greater than zero. At the same time, example 4 is the case where the objective
function has priority, and example 5 is the comparison with other methods. By examples
1, 2 and 5, we can see that there are few efficient solutions if the value of objective function
is greater than zero. From examples 1 to 5, only the optimal solutions (maximum value
or minimum value) of two objective functions need to be calculated, so the algorithm
is simple and programming is convenient. At the same time, there are many efficient
solutions to be solved with the decrease of 4. The algorithm has been also used to solve
the following problem of transportation volume regulation.

4. Case and Application.

4.1. Transportation volume regulation based on transportation time and trans-
portation cost. For a given urban agglomeration U, there are n cities, C' = {1,2,3,...,
n}, ¢; € C and the cities are connected by a given highway transportation network. Based
on historical data, f;, the transmitted transportation volume of one city per day can be
predicted, F' = {f1, fa,..., fu}. Total transmitted transportation volume of the urban
agglomeration per day is tf = >, f;. Assume that there is transportation from city
¢ to city j every day, x;; represents the value of the transmitted transportation volume
from city 4 to city j, and f; = Z;;l Tij. Tmin(?,J) represents the minimum value of the
transmitted transportation volume, ¢;; represents the highway transportation time per
unit transportation volume, and p;; represents the highway transportation cost per unit
transportation volume.

The problem of transportation volume regulation can be explained by the OD matrix
of transportation volume; that is, the transportation volume between cities can be deter-
mined according to different requirements and constraints. The OD matrix is shown in
Figure 1.

If fi, tij, psj are known, the problem is how to solve z;; based on the shortest trans-
portation time and the minimum transportation cost.
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4.2. Transportation volume regulation model. Set Z={z11, 212, ..., Zn,}, the above
problem is transformed into the following bi-objective linear programming model, which
includes the shortest transportation time, the minimum transportation cost, the limited
total supply, and the constrained demand interval.

min f1 (f) = i zn: Iijtij

i=1 j=1
min fz(f) = Z injpij
i=1 j=1
min f3(Z) = afi(Z) + Bf2(T), a+ =1 (24)

subject to: Zinj:tf, j=1,2,....n
i=1

n
E -Tij:fia i:1,2,...,n
j=1

Tij > Toin(t,7), 4,7 =1,2,...,n

The most efficient solution of the objective function (24) can be obtained by using the
above weighted iteration method.

Set X = [z11, %12, .- . a%n]T

T = [ti1,t12, - -+ ton)
P = [pi,pia; -, Pun
Then f1(X)=TxX, fo(X)=PxX (25)
[X)=ax*x fi(X)+ (1 —a)x fo(X)=[ax (T —P)+ P]|x X (26)
The matrix operation can be carried out by using Equations (25) and (26) to solve X.

4.3. Real example. An expressway transport network was selected as an example, as
shown in Figure 2. The five major cities connected by the G12 expressway in Jilin Province,
China, are Yanbian (Y), Jilin (J), Changchun (C), Songyuan (S), and Baicheng (B).

1) OD matrix of expressway transportation time per unit transportation volume. To ob-
tain real-time and dynamic data, the average transportation volume is calculated based on
the historical data from the previous week. The OD matrix of the expressway transporta-
tion time per unit transportation volume is shown as follows, ignoring the transportation
from city 7 to itself.

0.0 0.017 0.024 0.032 0.041
0.015 0.0 0.007 0.016 0.025
T =11 0.022 0.005 0.0 0.012 0.020
0.029 0.013 0.011 0.0 0.013
0.038 0.024 0.019 0.012 0.0
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2) OD matrix of expressway transportation cost per unit transportation volume. Ac-
cording to the calculation method [36], the OD matrix of the expressway transportation
cost per unit transportation volume is as follows:

0.0 340 405 536 699
340 0.0 145 279 404
P=11405 145 0.0 172 339
236 279 172 0.0 188
699 404 339 188 0.0

where ¢;; = 0, ¢;; = ¢j, and P is symmetrical matrix.

3) Static regulation of the transmitted transportation volume per day. According to
the static regulation and control method based on the game control principle [36], the
transportation volume of each city is shown in Table 6 after the static regulation was
completed.

TABLE 6. Estimated transportation volume

City Y J C S B
Transportation volume | 1250 | 3347 | 4800 | 2050 | 1257

Constraint conditions:

a) Variable interval: z1; = (0,0), 12 = (182,3000), z13 = (630, 3000), z14 = (120, 3000),
215 = (150, 3000), 31 = (250.3000), 235 — (0, 0), 223 — (2330,3000), 224 — (340, 3000),
o5 = (280, 3000), 231 = (200, 3000), 232 = (2350, 4000), 233 = (0,0), 234 = (760, 3000),

= (

235 = (420,3000), 241 = (200,3000), 45 = (300,3000), 245 = (1100,3000), x4y =
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(0,0), =45 = (300,3000), x5; = (100,3000), =52 = (200,3000), z53 = (600,3000),
T4 = (132,3000), Iy = (0,0)
b) Equality constraint: xq1; + x12 + 213 + 214 + 215 = 1250
To1 + XTog + Loz + Loy + Loy = 3347
r31 + T32 + w33 + w34 + 235 = 4800
Ty + Tap + 243 + Tyq + 145 = 2050
T51 + Tr2 + T53 + T54 + Tr5 — 1257
4) Calculation result. The regulated volume is solved using the weighted iteration

method that is discussed in this study, and the calculation results are shown in Table
7.

TABLE 7. Calculation results

City | 'Y J C S | B | The transmitted volume
Y 0 | 322 | 638 | 130 | 160 1250
J 1260 0 |2437 {350 300 3347
C 1230(3350| 0 |780 /440 4800
S |220| 350 | 1160 | O | 320 2050
B |130] 250 | 636 | 241 | O 1257

The above problem includes the solution of 25 variables, and if the two-person zero-sum
game and other algorithms are used, the solving process will be very tedious. Because
the value of the objective function is greater than 0, there is only one efficient solution
solved by the weighted iteration algorithm, which is also the most efficient solution. This
algorithm can also use matrix operation in the solving process, as shown in Equations
(25) and (26), and the programming process is more concise.

5. Conclusions. In practical applications, there are many real-world bi-objective lin-
ear programming problems. At present, the methods for solving the efficient solution of
bi-objective linear programming problems are more complex, and programming is also
difficult. Sometimes, the most efficient solution cannot be found. A weighted iteration
algorithm for solving the efficient solution of the bi-objective linear programming prob-
lem is proposed in this study, and the algorithm has the following advantages. 1) Only
the maximum or minimum optimal solution of the two objective functions is required,
and the most efficient solution can be obtained by iterating the weights of the objective
function. 2) It has no complex calculation process and no complex reasoning, and it is
fast, effective, and easy to program.

Later, we will study whether the weighted iteration method can be extended to solve
multi-objective linear programming problems with more than two objective functions,
thereby making the algorithm universal and providing a simple and effective method for
solving multi-objective linear programming problems.
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