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Abstract. The concept of fuzzy sets was introduced by Zadeh in 1965. After that,
Atanassov introduced the concept of intuitionistic fuzzy sets in 1986, a generalization
of fuzzy sets. In this paper, we apply the concept of intuitionistic fuzzy sets to IUP-
algebras and introduce the notions of intuitionistic fuzzy IUP-subalgebras, intuitionistic
fuzzy IUP-ideals, intuitionistic fuzzy IUP-filters, and intuitionistic fuzzy strong IUP-
ideals. Their basic properties are investigated. Upper t-(strong) level subsets and lower
t-(strong) level subsets of an intuitionistic fuzzy set are derived.
Keywords: IUP-algebra, Intuitionistic fuzzy set, Intuitionistic fuzzy IUP-subalgebra,
Intuitionistic fuzzy IUP-ideal, Intuitionistic fuzzy IUP-filter, Intuitionistic fuzzy strong
IUP-ideal

1. Introduction. Zadeh [1] commenced the concept of fuzzy sets in 1965, an important
concept. After that, Atanassov [2] introduced the notion of intuitionistic fuzzy sets in
1986, which is a generalization of fuzzy sets. On the generalizations of intuitionistic fuzzy
sets and their application to numerous logical algebras, for example, in 2008, Akram et
al. [3] introduced the notion of interval-valued intuitionistic fuzzy ideals of K-algebras.
In 2013, Tripathy et al. [4] introduced the notion of intuitionistic fuzzy lattices and in-
tuitionistic fuzzy Boolean algebras. In 2015, Kesorn et al. [5] introduced the concept of
intuitionistic fuzzy sets in UP (BCC)-algebras. In 2017, Senapati et al. [6] introduced
the notion of representation of UP (BCC)-algebras in an interval-valued intuitionistic
fuzzy environment. Tarsuslu and Yorulmaz [7] introduced the notion of H-intuitionistic
fuzzy sets. In 2018, Senapati et al. [8] introduced the concept of intuitionistic fuzzy BG-
subalgebras of BG-algebras. Sunday et al. [9] introduced the notion of difference and
symmetric difference for intuitionistic fuzzy sets. Jun et al. [10] introduced the notion of

DOI: 10.24507/ijicic.20.04.1125

1125



1126 K. SUAYNGAM, T. SUWANKLANG, P. JULATHA, R. PRASERTPONG AND A. IAMPAN

cubic interval-valued intuitionistic fuzzy sets in BCK/BCI-algebras. In 2020, Touqeer [11]
introduced the notion of intuitionistic fuzzy soft set theoretic approaches to α-ideals in
BCI-algebras. In 2021, Mostafa et al. [12] introduced the notion of crossing intuitionistic
KU-ideals on KU-algebras. In 2022, Rajesh et al. [13] introduced the concept of certain
level operators over temporal intuitionistic fuzzy sets. Kaewprasert et al. [14] introduced
the notion of intuitionistic cubic sets in UP (BCC)-algebras. Deva and Felix [15] intro-
duced the notion of introducing interpolative Boolean algebra into intuitionistic fuzzy
sets. Amigo et al. [16] introduced the notion of multipolar intuitionistic fuzzy ideals in
B-algebras. Derseh et al. [17] introduced the notion of t-intuitionistic fuzzy structures
on PMS-ideals of a PMS-algebra. Iampan et al. [18] introduced the notion of interval-
valued intuitionistic fuzzy subalgebras and ideals of Hilbert algebras. In 2023, Iampan
et al. [19] introduced the notion of intuitionistic hesitant fuzzy UP (BCC)-filters of UP
(BCC)-algebras. Derseh et al. [20] introduced the notion of t-intuitionistic fuzzy PMS-
subalgebras of PMS-algebras. Iampan et al. [21] introduced the notions of intuitionistic
fuzzy subalgebras and intuitionistic fuzzy ideals of Hilbert algebras. Khamrot et al. [22, 23]
introduced the concepts of intuitionistic fuzzy comparative and implicative UP (BCC)-
filters of UP (BCC)-algebras. Iampan et al. [24] presented the concepts of intuitionistic
N -fuzzy subalgebras and intuitionistic N -fuzzy ideals of Hilbert algebras. Senapati et
al. [25] introduced the concept of intuitionistic fuzzy translation to intuitionistic fuzzy
subalgebras in BG-algebras. Iampan et al. [26, 27] introduced the notions of intuitionistic
hesitant fuzzy subalgebras, ideals, and deductive systems of Hilbert algebras.
From reviewing the literature, it can be seen that the study of intuitionistic fuzzy

sets has been studied by many researchers and is being studied continuously. Since IUP-
algebras were released in 2022 by Iampan et al. [28] and are an interesting new alge-
braic system, our research team is interested in studying intuitionistic fuzzy sets in IUP-
algebras. Therefore, we will apply intuitionistic fuzzy sets to IUP-subalgebras, IUP-filters,
IUP-ideals, and strong IUP-ideals in IUP-algebras and find their properties and relation-
ships. We will also study the relationship between level subsets and their intuitionistic
fuzzy sets. We have divided this article’s content into four sections. Section 1 will discuss
related research and the inspiration for this article. Section 2 introduces the definition of
IUP-algebras, providing examples and important properties. We will also review the def-
initions of IUP-subalgebras, IUP-filters, IUP-ideals, and strong IUP-ideals to contribute
to the definition of intuitionistic fuzzy IUP-subalgebras, intuitionistic fuzzy IUP-filters,
intuitionistic fuzzy IUP-ideals, and intuitionistic fuzzy strong IUP-ideals. Section 3 re-
views the definitions of fuzzy sets and intuitionistic fuzzy sets, introduces the definitions
of intuitionistic fuzzy IUP-subalgebras, intuitionistic fuzzy IUP-filters, intuitionistic fuzzy
IUP-ideals, and intuitionistic fuzzy strong IUP-ideals, and gives examples. After that, we
will find the important properties of the four concepts and show their generalizations.
This section’s main result is to show the relationship between characteristic functions,
level sets, and their intuitionistic fuzzy sets. Section 4 summarizes the results of the study
and recommends further studies and extensions of this research.

2. Preliminaries. This section reviews the concept of IUP-algebras along with necessary
definitions and examples.

Definition 2.1. [28] An algebra X = (X; ·, 0) of type (2, 0) is called an IUP-algebra,
where X is a nonempty set, · is a binary operation on X, and 0 is a fixed element of X
if it satisfies the following axioms:

(∀x ∈ X)(0 · x = x) (IUP-1)

(∀x ∈ X)(x · x = 0) (IUP-2)
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(∀x, y, z ∈ X)((x · y) · (x · z) = y · z) (IUP-3)

For convenience, we refer toX as an IUP-algebraX = (X; ·, 0) until otherwise specified.

Example 2.1. Let X = {0, 1, 2, 3, 4, 5} be a set with a binary operation · defined by the
following Cayley table:

· 0 1 2 3 4 5
0 0 1 2 3 4 5
1 3 0 4 5 1 2
2 2 5 0 4 3 1
3 1 4 5 0 2 3
4 5 3 1 2 0 4
5 4 2 3 1 5 0

Then X = (X; ·, 0) is an IUP-algebra.

Example 2.2. [28] Let (G; ·, e) be a group with the identity element e such that all element
is the inverse of itself. Then (G; ·, e) is an IUP-algebra.

Example 2.3. [28] Let X be a set and P(X) means the power set of X. It follows from
Example 2.2 that (P(X);△, ∅) is an IUP-algebra where the binary operation △ is defined
as the symmetric difference of any two sets.

Example 2.4. [28] Let (G; ·, e) be a group with the identity element e. Define a binary
operation · on G by

(∀x, y ∈ G)
(
x · y = yx−1

)
. (1)

Then (G; ·, e) is an IUP-algebra.

For further study and examples of IUP-algebras, see [28, 29, 30, 31].
In X, the following assertions are valid (see [28]).

(∀x, y ∈ X)((x · 0) · (x · y) = y) (2)

(∀x ∈ X)((x · 0) · (x · 0) = 0) (3)

(∀x, y ∈ X)((x · y) · 0 = y · x) (4)

(∀x ∈ X)((x · 0) · 0 = x) (5)

(∀x, y ∈ X)(x · ((x · 0) · y) = y) (6)

(∀x, y ∈ X)(((x · 0) · y) · x = y · 0) (7)

(∀x, y, z ∈ X)(x · y = x · z ⇔ y = z) (8)

(∀x, y ∈ X)(x · y = 0 ⇔ x = y) (9)

(∀x ∈ X)(x · 0 = 0 ⇔ x = 0) (10)

(∀x, y, z ∈ X)(y · x = z · x ⇔ y = z) (11)

(∀x, y ∈ X)(x · y = y ⇒ x = 0) (12)

(∀x, y, z ∈ X)((x · y) · 0 = (z · y) · (z · x)) (13)

(∀x, y, z ∈ X)(x · y = 0 ⇔ (z · x) · (z · y) = 0) (14)

(∀x, y, z ∈ X)(x · y = 0 ⇔ (x · z) · (y · z) = 0) (15)

the right and the left cancellation laws hold (16)

Definition 2.2. [28] A nonempty subset S of X is called

(i) an IUP-subalgebra of X if it satisfies the following condition:

(∀x, y ∈ S)(x · y ∈ S) (17)
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(ii) an IUP-filter of X if it satisfies the following conditions:

the constant 0 of X is in S (18)

(∀x, y ∈ X)(x · y ∈ S, x ∈ S ⇒ y ∈ S) (19)

(iii) an IUP-ideal of X if it satisfies the condition (18) and the following condition:

(∀x, y, z ∈ X)(x · (y · z) ∈ S, y ∈ S ⇒ x · z ∈ S) (20)

(iv) a strong IUP-ideal of X if it satisfies the following condition:

(∀x, y ∈ X)(y ∈ S ⇒ x · y ∈ S) (21)

From [28], we know that the concept of IUP-filters is a generalization of IUP-ideals
and IUP-subalgebras, and IUP-ideals and IUP-subalgebras are generalizations of strong
IUP-ideals. In an IUP-algebra X, we have that strong IUP-ideals coincide with X itself.
We get the diagram of the special subsets of IUP-algebras, which is shown in Figure 1.

Figure 1. Special subsets of IUP-algebras

3. Main Results. In this section, we introduce the concepts of intuitionistic fuzzy IUP-
subalgebras, intuitionistic fuzzy IUP-filters, intuitionistic fuzzy IUP-ideals, and intuition-
istic fuzzy strong IUP-ideals of IUP-algebras, along with examples supporting the theo-
rem.

Definition 3.1. [1] A fuzzy set (briefly, FS) in a nonempty set X (or a fuzzy subset of
X) is an arbitrary function f : X → [0, 1], where [0, 1] is the unit segment of the real line.

Definition 3.2. [2] An intuitionistic fuzzy set (briefly, IFS) in a nonempty set X is an
object F having the form

F = {(x, µF (x), γF (x))|x ∈ X}, (22)

where the fuzzy sets µF : X → [0, 1] and γF : X → [0, 1] denote the degree of membership
and the degree of nonmembership, respectively,

(∀x ∈ X)(0 ≤ µF (x) + γF (x) ≤ 1). (23)

An IFS F = {(x, µF (x), γF (x))|x ∈ X} in a nonempty set X can be identified to an
ordered pair (µF , γF ) in [0, 1]X×[0, 1]X . For the sake of simplicity, we shall use the symbol
F = (µF , γF ) for the IFS F = {(x, µF (x), γF (x))|x ∈ X}. If B ⊆ X, the characteristic
functions µFB

and γFB
are functions of X into {0, 1} defined as follows:

µFB
(x) =

{
1 if x ∈ B

0 otherwise
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γFB
(x) =

{
0 if x ∈ B

1 otherwise

By the definition of the characteristic function, µFB
and γFB

are functions of X into
{0, 1} ⊂ [0, 1]. Therefore, the IFS FB = (µFB

, γFB
) is defined as the characteristic IFS of

B in X.

Definition 3.3. Let f be a fuzzy set in a nonempty set X. The fuzzy set f defined by
f(x) = 1− f(x) for all x ∈ X is called the complement of f in X.

Definition 3.4. An IFS F = (µF , γF ) in X is called

(i) an intuitionistic fuzzy IUP-subalgebra of X if it satisfies the following properties:

(∀x, y ∈ X)(µF (x · y) ≥ min{µF (x), µF (y)}) (24)

(∀x, y ∈ X)(γF (x · y) ≤ max{γF (x), γF (y)}) (25)

(ii) an intuitionistic fuzzy IUP-filter of X if it satisfies the following properties:

(∀x ∈ X)(µF (0) ≥ µF (x)) (26)

(∀x ∈ X)(γF (0) ≤ γF (x)) (27)

(∀x, y ∈ X)(µF (y) ≥ min{µF (x · y), µF (x)}) (28)

(∀x, y ∈ X)(γF (y) ≤ max{γF (x · y), γF (x)}) (29)

(iii) an intuitionistic fuzzy IUP-ideal of X if it satisfies the conditions (26) and (27) and
the following properties:

(∀x, y, z ∈ X)(µF (x · z) ≥ min{µF (x · (y · z)), µF (y)}) (30)

(∀x, y, z ∈ X)(γF (x · z) ≤ max{γF (x · (y · z)), γF (y)}) (31)

(iv) an intuitionistic fuzzy strong IUP-ideal of X if it satisfies the following properties:

(∀x, y ∈ X)(µF (x · y) ≥ µF (y)) (32)

(∀x, y ∈ X)(γF (x · y) ≤ γF (y)) (33)

Lemma 3.1. Every intuitionistic fuzzy IUP-subalgebra of X satisfies (26) and (27).

Proof: Assume that F = (µF , γF ) is an intuitionistic fuzzy IUP-subalgebra of X. Let
x ∈ X. Then

µF (0) = µF (x · x) (by (IUP-2))

≥ min{µF (x), µF (x)} (by (24))

= µF (x),

γF (0) = γF (x · x) (by (IUP-2))

≤ max{γF (x), γF (x)} (by (25))

= γF (x).

Hence, F = (µF , γF ) satisfies (26) and (27). �
Theorem 3.1. Intuitionistic fuzzy strong IUP-ideals and constant IFSs coincide.

Proof: We see that every constant IFS is an intuitionistic fuzzy strong IUP-ideal.
Assume that F = (µF , γF ) is an intuitionistic fuzzy strong IUP-ideal of X. Let x ∈ X.
Then

µF (0) = µF (x · x) (by (IUP-2))

≥ µF (x), (by (32))
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γF (0) = γF (x · x) (by (IUP-2))

≤ γF (x), (by (33))

µF (x) = µF ((x · 0) · 0) (by (5))

≥ µF (0), (by (32))

γF (x) = γF ((x · 0) · 0) (by (5))

≤ γF (0). (by (33))

Therefore, µF (x) = µF (0) and γF (x) = γF (0), that is, F = (µF , γF ) is constant of X.
Hence, intuitionistic fuzzy strong IUP-ideals and constant IFSs coincide. �
Lemma 3.2. Let B be a nonempty subset of X. Then the constant 0 of X is in B if and
only if the characteristic IFS FB satisfies (26) and (27).

Proof: If 0 ∈ B, then µFB
(0) = 1 and γFB

(0) = 0. Thus, µFB
(0) = 1 ≥ µFB

(x) and
γFB

(0) = 0 ≤ γFB
(x) for all x ∈ X, that is, FB satisfies (26) and (27).

Conversely, assume that FB satisfies (26) and (27). Then µFB
(0) ≥ µFB

(x) for all
x ∈ X. Since B is a nonempty subset of X, we let a ∈ B. Then µFB

(0) ≥ µFB
(a) = 1, so

µFB
(0) = 1. Hence, 0 ∈ B. �

Theorem 3.2. A nonempty subset B of X is an IUP-subalgebra of X if and only if the
characteristic IFS FB is an intuitionistic fuzzy IUP-subalgebra of X.

Proof: Assume that B is an IUP-subalgebra of X. Let x, y ∈ X.
Case 1: Suppose x, y ∈ B. Then µFB

(x) = 1 and µFB
(y) = 1. Since B is an IUP-

subalgebra of X, we have x · y ∈ B. Thus, µFB
(x · y) = 1 ≥ min{1, 1} = min{µFB

(x),
µFB

(y)}.
Case 2: Suppose x /∈ B or y /∈ B. Then µFB

(x) = 0 or µFB
(y) = 0. Thus, µFB

(x · y) ≥
0 = min{µFB

(x), µFB
(y)}.

Case 1′: Suppose x, y ∈ B. Then γFB
(x) = 0 and γFB

(y) = 0. Since B is an IUP-
subalgebra of X, we have x · y ∈ B. Thus, γFB

(x · y) = 0 ≤ max{0, 0} = max{γFB
(x),

γFB
(y)}.

Case 2′: Suppose x /∈ B or y /∈ B. Then γFB
(x) = 1 or γFB

(y) = 1. Thus, γFB
(x · y) ≤

1 = max{γFB
(x), γFB

(y)}.
Hence, the characteristic IFS FB is an intuitionistic fuzzy IUP-subalgebra of X.
Conversely, assume that the characteristic IFS FB is an intuitionistic fuzzy IUP-sub-

algebra ofX. Let x, y ∈ B. Then µFB
(x) = 1 and µFB

(y) = 1. By (24), we have µFB
(x·y) ≥

min{µFB
(x), µFB

(y)} = min{1, 1} = 1. Thus, µFB
(x · y) = 1, that is, x · y ∈ B. Hence, B

is an IUP-subalgebra of X. �
Theorem 3.3. A nonempty subset B of X is an IUP-filter of X if and only if the
characteristic IFS FB is an intuitionistic fuzzy IUP-filter of X.

Proof: Assume that B is an IUP-filter of X. Since 0 ∈ B, it follows from Lemma 3.2
that µFB

and γFB
satisfy (26) and (27), respectively. Next, let x, y ∈ X.

Case 1: Suppose x · y ∈ B and x ∈ B. Since B is an IUP-filter of X, we have y ∈ B.
Thus, µFB

(y) = 1 ≥ min{µFB
(x · y), µFB

(x)}.
Case 2: Suppose x · y /∈ B or x /∈ B. Then µFB

(x · y) = 0 or µFB
(x) = 0. Thus,

µFB
(y) ≥ 0 = min{µFB

(x · y), µFB
(x)}.

Case 1′: Suppose x · y ∈ B and x ∈ B. Since B is an IUP-filter of X, we have y ∈ B.
Thus, γFB

(y) = 0 ≤ max{γFB
(x · y), γFB

(x)}.
Case 2′: Suppose x · y /∈ B or x /∈ B. Then γFB

(x · y) = 1 or γFB
(x) = 1. Thus,

γFB
(y) ≤ 1 = max{γFB

(x · y), γFB
(x)}.
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Hence, the characteristic IFS FB is an intuitionistic fuzzy IUP-filter of X.
Conversely, assume that the characteristic IFS FB is an intuitionistic fuzzy IUP-filter

of X. Since µFB
satisfies (26), it follows from Lemma 3.2 that 0 ∈ B. Next, let x, y ∈

X be such that x · y ∈ B and x ∈ B. Then µFB
(x · y) = 1 and µFB

(x) = 1. Thus,
min{µFB

(x · y), µFB
(x)} = 1. By (28), we have µFB

(y) ≥ min{µFB
(x · y), µFB

(x)} = 1,
that is, µFB

(y) = 1. Hence, y ∈ B, so B is an IUP-filter of X. �
Theorem 3.4. A nonempty subset B of X is an IUP-ideal of X if and only if the char-
acteristic IFS FB is an intuitionistic fuzzy IUP-ideal of X.

Proof: Assume that B is an IUP-ideal of X. Since 0 ∈ B, it follows from Lemma 3.2
that µFB

and γFB
satisfy (26) and (27), respectively. Next, let x, y, z ∈ X.

Case 1: Suppose x · (y · z) ∈ B and y ∈ B. Since B is an IUP-ideal of X, we have
x · z ∈ B. Thus, µFB

(x · z) = 1 ≥ min{µFB
(x · (y · z)), µFB

(y)}.
Case 2: Suppose x · (y · z) /∈ B or y /∈ B. Then µFB

(x · (y · z)) = 0 or µFB
(y) = 0. Thus,

µFB
(x · z) ≥ 0 = min{µFB

(x · (y · z)), µFB
(y)}.

Case 1′: Suppose x · (y · z) ∈ B and y ∈ B. Since B is an IUP-ideal of X, we have
x · z ∈ B. Thus, γFB

(x · z) = 0 ≤ max{γFB
(x · (y · z)), γFB

(y)}.
Case 2′: Suppose x · (y · z) /∈ B or y /∈ B. Then γFB

(x · (y · z)) = 1 or γFB
(y) = 1. Thus,

µFB
(x · z) ≤ 1 = max{γFB

(x · (y · z)), γFB
(y)}.

Hence, the characteristic IFS FB is an intuitionistic fuzzy IUP-ideal of X.
Conversely, assume that the characteristic IFS FB is an intuitionistic fuzzy IUP-ideal of

X. Since µFB
satisfies (26), it follows from Lemma 3.2 that 0 ∈ B. Next, let x, y, z ∈ X

be such that x · (y · z) ∈ B and y ∈ B. Then µFB
(x · (y · z)) = 1 and µFB

(y) = 1.
Thus, min{µFB

(x · (y · z)), µFB
(y)} = 1. By (30), we have µFB

(x · z) ≥ min{µFB
(x · (y ·

z)), µFB
(y)} = 1, that is, µFB

(x · z) = 1. Hence, x · z ∈ B, so B is an IUP-ideal of X. �
Theorem 3.5. A nonempty subset B of X is a strong IUP-ideal of X if and only if the
characteristic IFS FB is an intuitionistic fuzzy strong IUP-ideal of X.

Proof: It is straightforward by Theorem 3.1. �
Theorem 3.6. Every intuitionistic fuzzy strong IUP-ideal of X is an intuitionistic fuzzy
IUP-subalgebra of X.

Proof: It is straightforward by Theorem 3.1. �
Example 3.1. Let X = {0, 1, 2, 3, 4, 5} with the following Cayley table:

· 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 0 5 4 3 2
2 4 5 0 1 2 3
3 3 2 1 0 5 4
4 2 3 4 5 0 1
5 5 4 3 2 1 0

Then X = (X; ·, 0) is an IUP-algebra. We define an IFS F = (µF , γF ) on X as follows:

µF =

(
0

0.5

1

0.3

2

0.3

3

0.3

4

0.3

5

0.3

)
γF =

(
0

0.2

1

0.4

2

0.4

3

0.4

4

0.4

5

0.4

)
Then F = (µF , γF ) is an intuitionistic fuzzy IUP-subalgebra of X. Since F = (µF , γF ) is
not constant, it follows from Theorem 3.1 that F = (µF , γF ) is not an intuitionistic fuzzy
strong IUP-ideal of X.
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Theorem 3.7. Every intuitionistic fuzzy IUP-ideal of X is an intuitionistic fuzzy IUP-
filter of X.

Proof: Assume that F = (µF , γF ) is an intuitionistic fuzzy IUP-ideal of X. Then (26)
and (27) hold. Let x, y ∈ X. Then

µF (y) = µF (0 · y) (by (IUP-1))

≥ min{µF (0 · (x · y)), µF (x)} (by (30))

= min{µF (x · y), µF (x)}, (by (IUP-1))

γF (y) = γF (0 · y) (by (IUP-1))

≤ max{γF (0 · (x · y)), γF (x)} (by (31))

= max{γF (x · y), γF (x)}. (by (IUP-1))

Hence, F = (µF , γF ) is an intuitionistic fuzzy IUP-filter of X. �
Example 3.2. Let X = {0, 1, 2, 3, 4, 5} with the following Cayley table:

· 0 1 2 3 4 5
0 0 1 2 3 4 5
1 2 0 1 4 5 3
2 1 2 0 5 3 4
3 3 4 5 0 1 2
4 4 5 3 2 0 1
5 5 3 4 1 2 0

Then X = (X; ·, 0) is an IUP-algebra. We define an IFS F = (µF , γF ) on X as follows:

µF =

(
0

0.8

1

0.2

2

0.2

3

0.8

4

0.2

5

0.2

)
γF =

(
0

0.1

1

0.6

2

0.6

3

0.1

4

0.6

5

0.6

)
Then F = (µF , γF ) is an intuitionistic fuzzy IUP-filter of X. Since µF (4 · 1) = µF (5) =
0.2 � 0.8 = min{0.8, 0.8} = min{µF (0), µF (3)} = min{µF (4 · 4), µF (3)} = min{µF (4 · (3 ·
1)), µF (3)}. Hence, F = (µF , γF ) is not an intuitionistic fuzzy IUP-ideal of X.

Theorem 3.8. Every intuitionistic fuzzy strong IUP-ideal of X is an intuitionistic fuzzy
IUP-ideal of X.

Proof: It is straightforward by Theorem 3.1. �
Example 3.3. Let X = {0, 1, 2, 3, 4, 5} with the following Cayley table:

· 0 1 2 3 4 5
0 0 1 2 3 4 5
1 5 0 4 2 3 1
2 3 4 0 1 5 2
3 2 3 5 0 1 4
4 4 2 1 5 0 3
5 1 5 3 4 2 0

Then X = (X; ·, 0) is an IUP-algebra. We define an IFS F = (µF , γF ) on X as follows:

µF =

(
0

0.9

1

0.7

2

0.7

3

0.7

4

0.9

5

0.7

)
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γF =

(
0

0.1

1

0.2

2

0.2

3

0.2

4

0.1

5

0.2

)
Then F = (µF , γF ) is an intuitionistic fuzzy IUP-ideal of X. Since F = (µF , γF ) is not
constant, it follows from Theorem 3.1 that F = (µF , γF ) is not an intuitionistic fuzzy
strong IUP-ideal of X.

Theorem 3.9. Every intuitionistic fuzzy IUP-subalgebra of X is an intuitionistic fuzzy
IUP-filter of X.

Proof: Assume that F = (µF , γF ) is an intuitionistic fuzzy IUP-subalgebra of X. By
Lemma 3.1, we have F = (µF , γF ) satisfies (26) and (27). Let x, y ∈ X. Then

µF (y) = µF (0 · y) (by (IUP-1))

= µF ((x · 0) · (x · y)) (by (IUP-3))

≥ min{µF (x · 0), µF (x · y)} (by (24))

≥ min{min{µF (x), µF (0)}, µF (x · y)} (by (24))

= min{µF (x · y), µF (x)}, (by (26))

γF (y) = γF (0 · y) (by (IUP-1))

= γF ((x · 0) · (x · y)) (by (IUP-3))

≤ max{γF (x · 0), γF (x · y)} (by (25))

≤ max{max{γF (x), γF (0)}, γF (x · y)} (by (25))

= max{γF (x), γF (x · y)}. (by (27))

Hence, F = (µF , γF ) is an intuitionistic fuzzy IUP-filter of X. �
Example 3.4. Let R∗ be the set of all nonzero real numbers. Then (R∗; ·, 1) is an IUP-
algebra, where · is the binary operation on R∗ defined by x · y = y

x
for all x, y ∈ R∗. Let

S = {x ∈ R∗|x ≥ 1}. Then S is an IUP-ideal and an IUP-filter of R∗ but it is not an
IUP-subalgebra of R∗. From Theorems 3.2, 3.4, and 3.3, we have the characteristic IFS
FS is an intuitionistic fuzzy IUP-ideal and an intuitionistic fuzzy IUP-filter of R∗ but it
is not an intuitionistic fuzzy IUP-subalgebra of R∗.

Example 3.4 has demonstrated that an intuitionistic fuzzy IUP-ideal is not an intu-
itionistic fuzzy IUP-subalgebra in general. Therefore, Example 3.5 will illustrate that an
intuitionistic fuzzy IUP-subalgebra is not an intuitionistic fuzzy IUP-ideal in general as
well. Consequently, both examples highlight that an intuitionistic fuzzy IUP-ideal and an
intuitionistic fuzzy IUP-subalgebra are not generally associated with each other.

Example 3.5. Let X = {0, 1, 2, 3, 4, 5} with the following Cayley table:

· 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 0 4 5 2 3
2 5 4 0 1 3 2
3 3 2 1 0 5 4
4 4 5 3 2 0 1
5 2 3 5 4 1 0

Then X = (X; ·, 0) is an IUP-algebra. We define an IFS F = (µF , γF ) on X as follows:

µF =

(
0

1

1

0.1

2

0.1

3

0.1

4

0.6

5

0.1

)
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γF =

(
0

0

1

0.7

2

0.7

3

0.7

4

0.4

5

0.7

)
Then F = (µF , γF ) is an intuitionistic fuzzy IUP-subalgebra of X. Since µF (1 · 5) =
µF (3) = 0.1 � 0.6 = min{1, 0.6} = min{µF (0), µF (4)} = min{µF (1 · (4 · 5)), µF (4)}, we
have F = (µF , γF ) is not an intuitionistic fuzzy IUP-ideal of X.

The study revealed a relationship between the four concepts: intuitionistic fuzzy IUP-
ideals and intuitionistic fuzzy IUP-subalgebras are generalizations of intuitionistic fuzzy
strong IUP-ideals of IUP-algebras, where intuitionistic fuzzy strong IUP-ideals of IUP-
algebras can only be a constant IFS. Intuitionistic fuzzy IUP-filters are a generalization of
intuitionistic fuzzy IUP-ideals and intuitionistic fuzzy IUP-subalgebras. We summarize
the relationship between these four concepts, which is shown in Figure 2.

Figure 2. IFSs in IUP-algebras

From the definition of the complement and the properties of the min and max opera-
tions, we can immediately prove the following four theorems.

Theorem 3.10. An IFS F = (µF , γF ) is an intuitionistic fuzzy IUP-subalgebra of X if
and only if the FSs µF and γF satisfy (24), and the FSs γF and µF satisfy (25).

Theorem 3.11. An IFS F = (µF , γF ) is an intuitionistic fuzzy IUP-filter of X if and
only if the FSs µF and γF satisfy (26) and (28), and the FSs γF and µF satisfy (27) and
(29).

Theorem 3.12. An IFS F = (µF , γF ) is an intuitionistic fuzzy IUP-ideal of X if and
only if the FSs µF and γF satisfy (26) and (30), and the FSs γF and µF satisfy (27) and
(31).

Theorem 3.13. An IFS F = (µF , γF ) is an intuitionistic fuzzy strong IUP-ideal of X if
and only if the FSs µF , µF , γF , and γF are constant.

Theorem 3.14. An IFS F = (µF , γF ) is an intuitionistic fuzzy IUP-subalgebra of X if
and only if the IFSs �F = (µF , µF ) and ♢F = (γF , γF ) are intuitionistic fuzzy IUP-
subalgebras of X.

Proof: It is straightforward by Theorem 3.10. �

Theorem 3.15. An IFS F = (µF , γF ) is an intuitionistic fuzzy IUP-filter of X if and
only if the IFSs �F = (µF , µF ) and ♢F = (γF , γF ) are intuitionistic fuzzy IUP-filters of
X.

Proof: It is straightforward by Theorem 3.11. �
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Theorem 3.16. An IFS F = (µF , γF ) is an intuitionistic fuzzy IUP-ideal of X if and
only if the IFSs �F = (µF , µF ) and ♢F = (γF , γF ) are intuitionistic fuzzy IUP-ideals of
X.

Proof: It is straightforward by Theorem 3.12. �
Theorem 3.17. An IFS F = (µF , γF ) is an intuitionistic fuzzy strong IUP-ideal of X
if and only if the IFSs �F = (µF , µF ) and ♢F = (γF , γF ) are intuitionistic fuzzy strong
IUP-ideals of X.

Proof: It is straightforward by Theorem 3.13. �
Definition 3.5. Let f be a fuzzy set in a nonempty set X. For any t ∈ [0, 1], the sets
U(f ; t) = {x ∈ X|f(x) ≥ t} and U+(f ; t) = {x ∈ X|f(x) > t} are called an upper
t-level subset and an upper t-strong level subset of f , respectively. The sets L(f ; t) = {x ∈
X|f(x) ≤ t} and L−(f ; t) = {x ∈ X|f(x) < t} are called a lower t-level subset and a
lower t-strong level subset of f , respectively.

Theorem 3.18. An IFS F = (µF , γF ) is an intuitionistic fuzzy IUP-subalgebra of X if
and only if for all t, s ∈ [0, 1], the sets U(µF ; t) and L(γF ; s) are either empty or IUP-
subalgebras of X.

Proof: Assume that F = (µF , γF ) is an intuitionistic fuzzy IUP-subalgebra of X. Let
t ∈ [0, 1] be such that U(µF ; t) ̸= ∅. Let x, y ∈ U(µF ; t). Then µF (x) ≥ t and µF (y) ≥ t.
Thus, min{µF (x), µF (y)} ≥ t. By (24), we have µF (x · y) ≥ min{µF (x), µF (y)} ≥ t.
Thus, x · y ∈ U(µF ; t). Hence, U(µF ; t) is an IUP-subalgebra of X.

Let s ∈ [0, 1] be such that L(γF ; s) ̸= ∅. Let x, y ∈ L(γF ; s). Then γF (x) ≤ s and
γF (y) ≤ s. Thus, max{γF (x), γF (y)} ≤ s. By (25), we have γF (x·y) ≤ max{γF (x), γF (y)}
≤ s. Thus, x · y ∈ L(γF ; s). Hence, L(γF ; s) is an IUP-subalgebra of X.

Conversely, assume that for all t, s ∈ [0, 1], the sets U(µF ; t) and L(γF ; s) are either
empty or IUP-subalgebras of X. Let x, y ∈ X. Let t = min{µF (x), µF (y)}. Then µF (x) ≥
t and µF (y) ≥ t. Thus, x, y ∈ U(µF ; t) ̸= ∅. By the assumption, we have U(µF ; t) is
an IUP-subalgebra of X. By (17), we have x · y ∈ U(µF ; t). Thus, µF (x · y) ≥ t =
min{µF (x), µF (y)}.

Let x, y ∈ X. Let s = max{γF (x), γF (y)}. Then γF (x) ≤ s and γF (y) ≤ s. Thus,
x, y ∈ L(γF ; s) ̸= ∅. By the assumption, we have L(γF ; s) is an IUP-subalgebra of X. By
(17), we have x · y ∈ L(γF ; s). Thus, γF (x · y) ≤ s = max{γF (x), γF (y)}.

Hence, F = (µF , γF ) is an intuitionistic fuzzy IUP-subalgebra of X. �
Theorem 3.19. An IFS F = (µF , γF ) is an intuitionistic fuzzy IUP-filter of X if and
only if for all t, s ∈ [0, 1], the sets U(µF ; t) and L(γF ; s) are either empty or IUP-filters
of X.

Proof: Assume that F = (µF , γF ) is an intuitionistic fuzzy IUP-filter of X. Let t ∈
[0, 1] be such that U(µF ; t) ̸= ∅. Let a ∈ U(µF ; t). Then µF (a) ≥ t. By (26), we have
µF (0) ≥ µF (a) ≥ t. Thus, 0 ∈ U(µF ; t). Let x, y ∈ X be such that x · y ∈ U(µF ; t) and
x ∈ U(µF ; t). Then µF (x · y) ≥ t and µF (x) ≥ t. Thus, min{µF (x · y), µF (x)} ≥ t. By
(28), we have µF (y) ≥ min{µF (x · y), µF (x)} ≥ t. Thus, y ∈ U(µF ; t). Hence, U(µF ; t) is
an IUP-filter of X.

Let s ∈ [0, 1] be such that L(γF ; s) ̸= ∅. Let b ∈ L(γF ; s). Then γF (b) ≤ s. By (27), we
have γF (0) ≤ γF (b) ≤ s. Thus, 0 ∈ L(γF ; s). Let x, y ∈ X be such that x · y ∈ L(γF ; s)
and x ∈ L(γF ; s). Then γF (x · y) ≤ s and γF (x) ≤ s. Thus, max{γF (x · y), γF (x)} ≤ s.
By (29), we have γF (y) ≤ max{γF (x ·y), γF (x)} ≤ s. Thus, y ∈ L(γF ; s). Hence, L(γF ; s)
is an IUP-filter of X.
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Conversely, assume that for all t, s ∈ [0, 1], the sets U(µF ; t) and L(γF ; s) are either
empty or IUP-filters of X. Let x ∈ X. Let t = µF (x). Then µF (x) ≥ t. Thus, x ∈
U(µF ; t) ̸= ∅. By the assumption, we have U(µF ; t) is an IUP-filter of X. By (18), we
have 0 ∈ U(µF ; t). Thus, µF (0) ≥ t = µF (x). Let x, y ∈ X. Let t = min{µF (x·y), µF (x)}.
Then µF (x · y) ≥ t and µF (x) ≥ t. Thus, x · y, x ∈ U(µF ; t) ̸= ∅. By the assumption, we
have U(µF ; t) is an IUP-filter of X. By (19), we have y ∈ U(µF ; t). Thus, µF (y) ≥ t =
min{µF (x · y), µF (x)}.
Let x ∈ X. Let s = γF (x). Then γF (x) ≤ s. Thus, x ∈ L(γF ; s) ̸= ∅. By the assumption,

we have L(γF ; s) is an IUP-filter of X. By (18), we have 0 ∈ L(γF ; s). Thus, γF (0) ≤ s =
γF (x). Let x, y ∈ X. Let s = max{γF (x · y), γF (x)}. Then γF (x · y) ≤ s and γF (x) ≤ s.
Thus, x · y, x ∈ L(γF ; s) ̸= ∅. By the assumption, we have L(γF ; s) is an IUP-filter of X.
By (19), we have y ∈ L(γF ; s). Thus, γF (y) ≤ s = max{γF (x · y), γF (x)}.
Hence, F = (µF , γF ) is an intuitionistic fuzzy IUP-filter of X. �

Theorem 3.20. An IFS F = (µF , γF ) is an intuitionistic fuzzy IUP-ideal of X if and
only if for all t, s ∈ [0, 1], the sets U(µF ; t) and L(γF ; s) are either empty or IUP-ideals
of X.

Proof: Assume that F = (µF , γF ) is an intuitionistic fuzzy IUP-ideal ofX. Let t ∈ [0, 1]
be such that U(µF ; t) ̸= ∅. Let a ∈ U(µF ; t). Then µF (a) ≥ t. By (26), we have µF (0) ≥
µF (a) ≥ t. Thus, 0 ∈ U(µF ; t). Let x, y, z ∈ X be such that x · (y · z) ∈ U(µF ; t) and
y ∈ U(µF ; t). Then µF (x · (y ·z)) ≥ t and µF (y) ≥ t. Thus, min{µF (x · (y ·z)), µF (y)} ≥ t.
By (30), we have µF (x ·z) ≥ min{µF (x ·(y ·z)), µF (y)} ≥ t. Thus, x ·z ∈ U(µF ; t). Hence,
U(µF ; t) is an IUP-ideal of X.
Let s ∈ [0, 1] be such that L(γF ; s) ̸= ∅. Let b ∈ L(γF ; s). Then γF (b) ≤ s. By

(27), we have γF (0) ≤ µF (b) ≤ s. Thus, 0 ∈ L(γF ; s). Let x, y, z ∈ X be such that
x · (y · z) ∈ L(γF ; s) and y ∈ L(γF ; s). Then γF (x · (y · z)) ≤ s and γF (y) ≤ s. Thus,
max{γF (x·(y ·z)), γF (y)} ≤ s. By (31), we have γF (x·z) ≤ max{γF (x·(y ·z)), γF (y)} ≤ s.
Thus, x · z ∈ L(γF ; s). Hence, L(γF ; s) is an IUP-ideal X.
Conversely, assume that for all t, s ∈ [0, 1], the sets U(µF ; t) and L(γF ; s) are either

empty or IUP-ideals of X. Let x ∈ X. Let t = µF (x). Then µF (x) ≥ t. Thus, x ∈
U(µF ; t) ̸= ∅. By the assumption, we have U(µF ; t) is an IUP-ideal of X. By (18), we
have 0 ∈ U(µF ; t). Thus, µF (0) ≥ t = µF (x). Let x, y, z ∈ X. Let t = min{µF (x · (y ·
z)), µF (y)}. Then µF (x · (y · z)) ≥ t and µF (y) ≥ t. Thus, x · (y · z), y ∈ U(µF ; t) ̸= ∅. By
the assumption, we have U(µF ; t) is an IUP-ideal of X. By (20), we have x · z ∈ U(µF ; t).
Thus, µF (x · z) ≥ t = min{µF (x · (y · z)), µF (y)}.
Let x ∈ X. Let s = γF (x). Then γF (x) ≤ s. Thus, x ∈ L(γF ; s) ̸= ∅. By the assumption,

we have L(γF ; s) is an IUP-ideal of X. By (18), we have 0 ∈ L(γF ; s). Thus, γF (0) ≤ s =
γF (x). Let x, y, z ∈ X. Let s = max{γF (x · (y · z)), γF (y)}. Then γF (x · (y · z)) ≤ s and
γF (y) ≤ s. Thus, x · (y · z), y ∈ L(γF ; s) ̸= ∅. By the assumption, we have L(γF ; s) is an
IUP-ideal of X. By (20), we have x · z ∈ L(γF ; s). Thus, γF (x · z) ≤ s = max{γF (x · (y ·
z)), γF (y)}.
Hence, F = (µF , γF ) is an intuitionistic fuzzy IUP-ideal of X. �

Theorem 3.21. An IFS F = (µF , γF ) is an intuitionistic fuzzy strong IUP-ideal of X if
and only if for all t, s ∈ [0, 1], the sets U(µF ; t) and L(γF ; s) are either empty or strong
IUP-ideals of X.

Proof: It is straightforward by Theorem 3.1. �
The relationship between upper t-level subsets, lower t-level subsets, and their IFSs

is demonstrated in Theorems 3.18, 3.19, 3.20, and 3.21. Additionally, we establish the
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relationship between upper t-strong level subsets, lower t-strong level subsets, and their
IFSs, as depicted in Theorems 3.22, 3.23, 3.24, and 3.25.

Theorem 3.22. An IFS F = (µF , γF ) is an intuitionistic fuzzy IUP-subalgebra of X
if and only if for all t, s ∈ [0, 1], the sets U+(µF ; t) and L−(γF ; s) are either empty or
IUP-subalgebras of X.

Proof: Assume that F = (µF , γF ) is an intuitionistic fuzzy IUP-subalgebra of X. Let
t ∈ [0, 1] be such that U+(µF ; t) ̸= ∅. Let x, y ∈ U+(µF ; t). Then µF (x) > t and µF (y) > t.
Thus, min{µF (x), µF (y)} > t. By (24), we have µF (x·y) ≥ min{µF (x), µF (y)} > t. Thus,
x · y ∈ U+(µF ; t). Hence, U

+(µF ; t) is an IUP-subalgebra of X.
Let s ∈ [0, 1] be such that L−(γF ; s) ̸= ∅. Let x, y ∈ L−(γF ; s). Then γF (x) < s and

γF (y) < s. Thus, max{γF (x), γF (y)} < s. By (25), we have γF (x ·y) ≤ max{γF (x), γF (y)}
< s. Thus, x · y ∈ L−(γF ; s). Hence, L

−(γF ; s) is an IUP-subalgebra of X.
Conversely, assume that for all t, s ∈ [0, 1], the sets U+(µF ; t) and L−(γF ; s) are either

empty or IUP-subalgebras ofX. Let x, y ∈ X. Assume that µF (x·y) < min{µF (x), µF (y)}.
Let t = µF (x · y). Then µF (x) > t and µF (y) > t. Thus, x, y ∈ U+(µF ; t) ̸= ∅. By the
assumption, we have U+(µF ; t) is an IUP-subalgebra of X. By (17), we have x · y ∈
U+(µF ; t). So µF (x · y) > t = µF (x · y), which is a contradiction. Thus, µF (x · y) ≥
min{µF (x), µF (y)}.

Let x, y ∈ X. Assume that γF (x · y) > max{γF (x), γF (y)}. Let s = γF (x · y). Then
γF (x) < s and γF (y) < s. Thus, x, y ∈ L−(γF ; s) ̸= ∅. By the assumption, we have
L−(γF ; s) is an IUP-subalgebra of X. By (17), we have x · y ∈ L−(γF ; s). So γF (x · y) <
s = γF (x · y), which is a contradiction. Thus, γF (x · y) ≤ max{γF (x), γF (y)}.

Hence, F = (µF , γF ) is an intuitionistic fuzzy IUP-subalgebra of X. �
Theorem 3.23. An IFS F = (µF , γF ) is an intuitionistic fuzzy IUP-filter of X if and
only if for all t, s ∈ [0, 1], the sets U+(µF ; t) and L−(γF ; s) are either empty or IUP-filters
of X.

Proof: Assume that F = (µF , γF ) is an intuitionistic fuzzy IUP-filter ofX. Let t ∈ [0, 1]
be such that U+(µF ; t) ̸= ∅. Let a ∈ U+(µF ; t). Then µF (a) > t. By (26), we have
µF (0) ≥ µF (a) > t. Thus, 0 ∈ U+(µF ; t). Let x, y ∈ X be such that x · y ∈ U+(µF ; t) and
x ∈ U+(µF ; t). Then µF (x · y) > t and µF (x) > t. Thus, min{µF (x · y), µF (x)} > t. By
(28), we have µF (y) ≥ min{µF (x · y), µF (x)} > t. Thus, y ∈ U+(µF ; t). Hence, U

+(µF ; t)
is an IUP-filter of X.

Let s ∈ [0, 1] be such that L−(γF ; s) ̸= ∅. Let b ∈ L−(γF ; s). Then γF (b) < s. By (27), we
have γF (0) ≤ γF (b) < s. Thus, 0 ∈ L−(γF ; s). Let x, y ∈ X be such that x · y ∈ L−(γF ; s)
and x ∈ L−(γF ; s). Then γF (x ·y) < s and γF (x) < s. Thus, max{γF (x ·y), γF (x)} < s. By
(29), we have γF (y) ≤ max{γF (x·y), γF (y)} < s. Thus, x·z ∈ L−(γF ; s). Hence, L

−(γF ; s)
is an IUP-filter of X.

Conversely, assume that for all t, s ∈ [0, 1], the sets U+(µF ; t) and L−(γF ; s) are either
empty or IUP-filters of X. Let x ∈ X. Assume that µF (0) < µF (x). Let t = µF (0).
Then x ∈ U+(µF ; t) ̸= ∅. By the assumption, we have U+(µF ; t) is an IUP-filter of
X. By (18), we have 0 ∈ U+(µF ; t). So µF (0) > t = µF (0), which is a contradiction.
Thus, µF (0) ≥ µF (x). Let x, y ∈ X. Assume that µF (y) < min{µF (x · y), µF (x)}. Let
t = µF (y). Then t < µF (x · y) and t < µF (x). Thus, x · y, x ∈ U+(µF ; t) ̸= ∅. By the
assumption, we have U+(µF ; t) is an IUP-filter of X. By (19), we have y ∈ U+(µF ; t). So
µF (y) > t = µF (y), which is a contradiction. Thus, µF (y) ≥ min{µF (x · y), µF (x)}.

Let x ∈ X. Assume that γF (0) > γF (x). Let s = γF (0). Then x ∈ L−(γF ; s) ̸= ∅. By
the assumption, we have L−(γF ; s) is an IUP-filter of X. By (18), we have 0 ∈ L−(γF ; s).
So γF (0) < s = γF (0), which is a contradiction. Thus, γF (0) ≤ γF (x). Let x, y ∈ X.
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Assume that γF (y) > max{γF (x · y), γF (x)}. Let s = γF (y). Then s > γF (x · y) and
s > γF (x). Thus, x · y, x ∈ L−(γF ; s) ̸= ∅. By the assumption, we have L−(γF ; s) is
an IUP-filter of X. By (19), we have y ∈ L−(γF ; s). So γF (y) < s = γF (y), which is a
contradiction. Thus, γF (y) ≤ max{γF (x · y), γF (x)}.
Hence, F = (µF , γF ) is an intuitionistic fuzzy IUP-filter of X. �

Theorem 3.24. An IFS F = (µF , γF ) is an intuitionistic fuzzy IUP-ideal of X if and
only if for all t, s ∈ [0, 1], the sets U+(µF ; t) and L−(γF ; s) are either empty or IUP-ideals
of X.

Proof: Assume that F = (µF , γF ) is an intuitionistic fuzzy IUP-ideal ofX. Let t ∈ [0, 1]
be such that U+(µF ; t) ̸= ∅. Let a ∈ U+(µF ; t). Then µF (a) > t. By (26), we have µF (0) ≥
µF (a) > t. Thus, 0 ∈ U+(µF ; t). Let x, y, z ∈ X be such that x · (y · z) ∈ U+(µF ; t) and
y ∈ U+(µF ; t). Then µF (x·(y ·z)) > t and µF (y) > t. Thus, min{µF (x·(y ·z)), µF (y)} > t.
By (30), we have µF (x · z) ≥ min{µF (x · (y · z)), µF (y)} > t. Thus, x · z ∈ U+(µF ; t).
Hence, U+(µF ; t) is an IUP-ideal of X.
Let s ∈ [0, 1] be such that L−(γF ; s) ̸= ∅. Let b ∈ L−(γF ; s). Then γF (b) < s. By

(27), we have γF (0) ≤ γF (b) < s. Thus, 0 ∈ L−(γF ; s). Let x, y, z ∈ X be such that
x · (y · z) ∈ L−(γF ; s) and y ∈ L−(γF ; s). Then γF (x · (y · z)) < s and γF (y) < s. Thus,
max{γF (x ·(y ·z)), γF (y)} < s. By (31), we have γF (x ·z) ≤ max{γF (x ·(y ·z)), γF (y)} < s.
Thus, x · z ∈ L−(γF ; s). Hence, L

−(γF ; s) is an IUP-ideal of X.
Conversely, assume that for all t, s ∈ [0, 1], the sets U+(µF ; t) and L−(γF ; s) are either

empty or IUP-ideals of X. Let x ∈ X. Assume that µF (0) < µF (x). Let t = µF (0).
Then x ∈ U+(µF ; t) ̸= ∅. By the assumption, we have U+(µF ; t) is an IUP-ideal of X.
By (18), we have 0 ∈ U+(µF ; t). So µF (0) > t = µF (0), which is a contradiction. Thus,
µF (0) ≥ µF (x). Let x, y, z ∈ X. Assume that µF (x · z) < min{µF (x · (y · z)), µF (y)}. Let
t = µF (x ·z). Then t < µF (x ·(y ·z)) and t < µF (y). Thus, x ·(y ·z), y ∈ U+(µF ; t) ̸= ∅. By
the assumption, we have U+(µF ; t) is an IUP-ideal ofX. By (20), we have x·z ∈ U+(µF ; t).
So µF (x · z) > t = µF (x · z), which is a contradiction. Thus, µF (x · z) ≥ min{µF (x · (y ·
z)), µF (y)}.
Let x ∈ X. Assume that γF (0) > γF (x). Let s = γF (0). Then x ∈ L−(γF ; s) ̸= ∅. By

the assumption, we have L−(γF ; s) is an IUP-ideal of X. By (18), we have 0 ∈ L−(γF ; s).
So γF (0) < s = γF (0), which is a contradiction. Thus, γF (0) ≤ γF (x). Let x, y, z ∈ X.
Assume that γF (x·z) > max{γF (x·(y·z)), γF (y)}. Let s = γF (x·z). Then s > γF (x·(y·z))
and s > γF (y). Thus, x · (y · z), y ∈ L−(γF ; s) ̸= ∅. By the assumption, we have L−(γF ; s)
is an IUP-ideal of X. By (20), we have x · z ∈ L−(γF ; s). So γF (x · z) < s = γF (x · z),
which is a contradiction. Thus, γF (x · z) ≤ max{γF (x · (y · z)), γF (y)}.
Hence, F = (µF , γF ) is an intuitionistic fuzzy IUP-ideal of X. �

Theorem 3.25. An IFS F = (µF , γF ) is an intuitionistic fuzzy strong IUP-ideal of X if
and only if for all t, s ∈ [0, 1], the sets U+(µF ; t) and L−(γF ; s) are either empty or strong
IUP-ideals of X.

Proof: It is straightforward by Theorem 3.1. �
The results presented in this paper regarding the study of IFSs in IUP-algebras are

also connected to prior research examining IFSs in UP-algebras [5], BG-algebras [8], and
Hilbert algebras [21].

4. Conclusions. In this paper, we introduce the concepts of intuitionistic fuzzy IUP-
subalgebras, intuitionistic fuzzy IUP-filters, intuitionistic fuzzy IUP-ideals, and intuition-
istic fuzzy strong IUP-ideals of IUP-algebras and investigate important properties. Our
research found that these four concepts relate to characteristic functions and level sets.



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.20, NO.4, 2024 1139

In the near future, our research team will also study the concept of neutrosophic sets
as defined by Smarandache [32].

Acknowledgements. This research was supported by the University of Phayao and the
Thailand Science Research and Innovation Fund (Fundamental Fund 2024).

REFERENCES

[1] L. A. Zadeh, Fuzzy sets, Inf. Cont., vol.8, no.3, pp.338-353, 1965.
[2] K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets Syst., vol.20, no.1, pp.87-96, 1986.
[3] M. Akram, K. H. Dar, B. L. Meng and K.-P. Shum, Interval-valued intuitionistic fuzzy ideals of

K-algebras, WSEAS Trans. Math., vol.7, no.9, pp.559-568, 2008.
[4] B. K. Tripathy, M. K. Satapathy and P. K. Choudhury, Intuitionistic fuzzy lattices and intuitionistic

fuzzy Boolean algebras, Int. J. Eng. Technol., vol.5, no.3, pp.2352-2361, 2013.
[5] B. Kesorn, K. Maimun, W. Ratbandan and A. Iampan, Intuitionistic fuzzy sets in UP-algebras, Ital.

J. Pure Appl. Math., vol.34, pp.339-364, 2015.
[6] T. Senapati, G. Muhiuddin and K. P. Shum, Representation of UP-algebras in interval-valued intu-

itionistic fuzzy environment, Ital. J. Pure Appl. Math., vol.38, pp.497-517, 2017.
[7] S. Tarsuslu and Y. Yorulmaz, H-intuitionistic fuzzy sets, Notes IFS, vol.23, no.2, pp.17-23, 2017.
[8] T. Senapati, M. Bhowmik, M. Pal and K. P. Shum, Characterization of intuitionistic fuzzy BG-

subalgebras of BG-algebras, J. Discrete Math. Sci. Cryptogr., vol.21, nos.7-8, pp.1549-1558, 2018.
[9] T. E. Sunday, R. D. Kamga, S. Fotso and L. A. Fono, Difference and symmetric difference for

intuitionistic fuzzy sets, Notes IFS, vol.24, no.4, pp.113-140, 2018.
[10] Y. B. Jun, S.-Z. Song and S. J. Kim, Cubic interval-valued intuitionistic fuzzy sets and their appli-

cation in BCK/BCI-algebras, Axioms, vol.7, no.1, Article no. 7, 2018.
[11] M. Touqeer, Intuitionistic fuzzy soft set theoretic approaches to α-ideals in BCI-algebras, Fuzzy Inf.

Eng., vol.12, no.2, pp.150-180, 2020.
[12] S. M. Mostafa, E. F. Adb-Elfattah, M. A. Hassan, Y. B. Jun and K. Hur, Crossing intuitionistic

KU-ideals on KU-algebras as an extension of bipolar fuzzy sets, Ann. Fuzzy Math. Inform., vol.22,
no.3, pp.283-295, 2021.

[13] K. Rajesh, R. Brindha and P. Thangaraja, Certain level operators over temporal intuitionistic fuzzy
sets, Int. J. Adv. Sci. Eng., vol.9, no.2, pp.2805-2809, 2022.

[14] P. Kaewprasert, P. Inthiban, W. Ditepang and A. Iampan, A novel extension of cubic sets in UP-
algebras: Intuitionistic cubic sets, Southeast Asian Bull. Math., vol.46, pp.327-364, 2022.

[15] N. Deva and A. Felix, Introducing interpolative Boolean algebra into intuitionistic fuzzy sets, J.
Phys., Conf. Ser., vol.1, Article no. 2267, 2022.

[16] R. Amigo, N. Hidayat and V. H. Krisnawati, Multipolar intuitionistic fuzzy ideal in B-algebras,
CAUCHY: Jurnal Matematika Murni dan Aplikasi, vol.7, pp.293-301, 2022.

[17] B. L. Derseh, B. A. Alaba and Y. G. Wondifraw, t-intuitionistic fuzzy structures on PMS-ideals of
a PMS-algebra, Int. J. Math. Math. Sci., vol.2022, Article ID 5101293, 2022.

[18] A. Iampan, V. V. Bharathi, M. Vanishree and N. Rajesh, Interval-valued intuitionistic fuzzy subal-
gebras/ideals of Hilbert algebras, Int. J. Anal. Appl., vol.20, Article no. 25, 2022.

[19] A. Iampan, R. Alayakkaniamuthu, P. G. Sundari and N. Rajesh, Intuitionistic hesitant fuzzy UP
(BCC)-filters of UP (BCC)-algebras, Int. J. Anal. Appl., vol.21, Article no. 27, 2023.

[20] B. L. Derseh, Y. G. Wondifraw and B. A. Alaba, On t-intuitionistic fuzzy PMS-subalgebras of a
PMS-algebra, Int. J. Fuzzy Syst. Appl., vol.12, no.1, Article no. 3, 2023.

[21] A. Iampan, N. Rajesh and V. V. Bharathi, Intuitionistic fuzzy Hilbert algebras, J. Math. Comput.
Sci. (JMCS), vol.28, no.1, pp.72-84, 2023.

[22] P. Khamrot, T. Gaketem, P. Julatha, N. Chunsee, R. Prasertpong and A. Iampan, Intuitionistic fuzzy
comparative UP-filters and their level subsets, ICIC Express Letters, vol.17, no.12, pp.1321-1329,
2023.

[23] P. Khamrot, T. Gaketem, P. Julatha, N. Chunsee, R. Prasertpong and A. Iampan, A note on
intuitionistic fuzzy implicative UP-filters, ICIC Express Letters, Part B: Applications, vol.14, no.4,
pp.339-347, 2023.

[24] A. Iampan, R. Subasini, P. M. Meenakshi and N. Rajesh, Intuitionistic N -fuzzy structures over
Hilbert algebras, Asia Pac. J. Math., vol.10, Article no. 12, 2023.

[25] T. Senapati, A. Iampan and R. Chinram, Atanassov’s intuitionistic fuzzy translations of intuitionistic
fuzzy subalgebras in BG-algebras, TWMS J. Appl. Eng. Math., vol.13, no.3, pp.911-919, 2023.



1140 K. SUAYNGAM, T. SUWANKLANG, P. JULATHA, R. PRASERTPONG AND A. IAMPAN

[26] A. Iampan, R. Subasini, P. M. Meenakshi and N. Rajesh, Intuitionistic hesitant fuzzy subalgebras
and ideals of Hilbert algebras, International Journal of Innovative Computing, Information and
Control, vol.19, no.6, pp.1919-1931, 2023.

[27] A. Iampan, R. Subasini, P. M. Meenakshi and N. Rajesh, Intuitionistic hesitant fuzzy deductive
systems of Hilbert algebras, ICIC Express Letters, Part B: Applications, vol.14, no.11, pp.1133-
1141, 2023.

[28] A. Iampan, P. Julatha, P. Khamrot and D. A. Romano, Independent UP-algebras, J. Math. Comput.
Sci. (JMCS), vol.27, no.1, pp.65-76, 2022.

[29] C. Chanmanee, R. Prasertpong, P. Julatha, N. Lekkoksung and A. Iampan, On external direct
products of IUP-algebras, International Journal of Innovative Computing, Information and Control,
vol.19, no.3, pp.775-787, 2023.

[30] C. Chanmanee, W. Nakkhasen, R. Prasertpong, P. Julatha and A. Iampan, Notes on external direct
products of dual IUP-algebras, South East Asian Journal of Mathematics and Mathematical Sciences,
vol.19, no.3, pp.13-30, 2023.

[31] K. Kuntama, P. Krongchai, R. Prasertpong, P. Julatha and A. Iampan, Fuzzy set theory applied to
IUP-algebras, J. Math. Comput. Sci. (JMCS), vol.34, no.2, pp.128-143, 2024.

[32] F. Smarandache, A Unifying Field in Logics: Neutrosophic Logic. Neutrosophy, Neutrosophic Set,
Neutrosophic Probability and Statistics, 4th Edition, American Research Press, Rehoboth, 2005.

Author Biography

Kannirun Suayngam is an M.Sc. student at the Department of Mathematics,
School of Science, University of Phayao, Phayao, Thailand, under the thesis advisor
of Associate Professor Dr. Aiyared Iampan. He received his B.Sc. and B.Ed. degrees
in Mathematics from the University of Phayao, Phayao, Thailand, in 2024, under
the project advisor of Associate Professor Dr. Aiyared Iampan. His areas of interest
include fuzzy algebraic structures and logical algebras.

Tananan Suwanklang received his B.Sc. and B.Ed. degrees in Mathematics from
the University of Phayao, Phayao, Thailand, in 2024, under the project advisor of
Associate Professor Dr. Aiyared Iampan. His areas of interest include fuzzy algebraic
structures and logical algebras.

Pongpun Julatha is a faculty member of the Faculty of Science and Technol-
ogy, Pibulsongkram Rajabhat University, Thailand. He received his B.S., M.S.,
and Ph.D. degrees in Mathematics from Naresuan University, Thailand. His ar-
eas of interest include the algebraic theory of semigroups, ternary semigroups, and
Γ-semigroups and fuzzy algebraic structures.

Rukchart Prasertpong is a faculty member of the Faculty of Science and Technol-
ogy, Nakhon Sawan Rajabhat University, Thailand. He received his B.S., M.S., and
Ph.D. degrees in Mathematics from Naresuan University, Thailand. His areas of in-
terest include the algebraic theory of semigroups and Γ-semigroups, fuzzy algebraic
structures, and rough algebraic structures.



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.20, NO.4, 2024 1141

Aiyared Iampan is an Associate Professor at the Department of Mathematics,
School of Science, University of Phayao, Phayao, Thailand. He received his B.S.,
M.S., and Ph.D. degrees in Mathematics from Naresuan University, Phitsanulok,
Thailand, under the thesis advisor of Professor Dr. Manoj Siripitukdet. His areas
of interest include the algebraic theory of semigroups, ternary semigroups, and Γ-
semigroups, lattices and ordered algebraic structures, fuzzy algebraic structures,
and logical algebras. He was the founder of the Group for Young Algebraists in
University of Phayao in 2012 and one of the co-founders of the Fuzzy Algebras and
Decision-Making Problems Research Unit at the University of Phayao in 2021.


