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Abstract. In this paper, the event-triggered neural critic learning method is proposed
to solve multi-player zero-sum games of nonlinear systems. First, the Hamilton-Jacobi-
Isaacs equation is derived, which provides the foundation for solving zero-sum games with
adaptive critic learning. Then, the integral reinforcement learning technique contributes
to deriving the control and disturbance strategies without knowing the drift dynamics.
To save computation/communication resources, dynamic event-triggered control mecha-
nism is integrated into the critic learning method via introducing an internal dynamic
variable. Furthermore, the stability of the closed-loop system and the uniform ultimately
boundedness of critic weight error are demonstrated via Lyapunov theorem. Finally, the
effectiveness of the proposed critic learning method is validated by two simulation exper-
iments.
Keywords: Adaptive dynamic programming, Adaptive critic learning, Reinforcement
learning, Multi-player zero-sum games, Event-triggered control

1. Introduction. Optimal control, which aims to obtain a controller minimizing the
user-defined performance index, has gained extensive research in control fields [1, 2, 3].
Dynamic programming has the ability to deal with the optimal control problems (OCPs)
in some cases where the system is simple. Nonetheless, for the cases where the system
becomes more complex, this technique may well present powerlessness due to the “curse of
dimensionality” incurred by the growth calculations. Fortunately, adaptive critic learning
(ACL), which is also known as adaptive dynamic programming, can approximate the
optimal control and overcome this difficulty via the forward-in-time manner [4, 5, 6].
ACL methods generally utilize actor-critic framework to achieve the maximal cumulative
rewards by interacting with the environment, such that the optimal solutions can be
approximated [7, 8]. Due to the powerful approximating ability, in recent years, ACL
methods have been reported to tackle different OCPs [9]. It is worth noting that most
of the ACL approaches were proposed for OCPs of the systems with only one controller.
However, there often exist the systems with more than one controller, of which the control
issues can be described via multi-player games (MPGs) [10].

Game theory, in which nonzero-sum games (NZSGs) and zero-sum game (ZSG) are
main branches, performs powerful ability to describe the complex decisions/behaviors
[11]. Generally, the target for NZSGs is to achieve optimal controls while all the players
reach their own minimal costs on the basis of the achievement of the system stability.
While for the ZSGs, the players attempt to pursue their individual interests. NZSGs
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or ZSG can be applied in multifarious control scenarios, such as autonomous vehicles
changing lanes [12], load frequency control in power systems [4], and H∞ control [13].
The key to tackling NZSGs or ZSG lies in solving the coupled Hamilton-Jacobi equa-
tions or the Hamilton-Jacobi-Isaacs equation (HJIE), with which are usually troublesome
to deal [14]. Although the closed-form solutions for nonlinear game systems are so diffi-
cult to derive, one can utilize ACL method to approximate optimal strategies for these
players. For example, an online ACL algorithm was developed in [15] to solve NZSGs of
discrete-time unknown nonlinear systems. In [16], a new ACL method was proposed to
approximate Nash equilibrium solution for achieving robust tracking control of NZSG sys-
tems. Furthermore, in [17], the nonlinear optimization problem of NZSGs with unknown
drift dynamics was investigated with data-based integral reinforcement learning method.
With the progress of computer science, microelectronics, communication and power

electronics, the networked control systems (NCSs) present the broad application prospect.
There often exist a mass of data computation, exchange and transmission especially for
the systems with multi-controllers, which may lead to transmission delay and eventually
deteriorate the control performances [18, 19, 20, 21]. To improve the control efficiency,
scholars developed the event-triggered mechanism (ETM), which can be fused with intel-
ligent control ideas [22]. Different from traditional mechanism using all the data to reach
the control object, this mechanism selectively filters the data and only utilizes the neces-
sary data to compute and update the control strategy. In other words, ETM works with a
nonperiodic manner where the filtered data drive the control to be updated aperiodically.
Recently, ETM has been integrated into ACL frameworks to tackle different OCPs. In [23],
the event-triggered robust control issues for NZSG systems was investigated with the aid of
neural identifier and ACL method. In [24], a novel robust tracking control strategy for non-
linear unmatched uncertain systems was formulated using the event-based ACL approach.
An event-triggered robust ACL algorithm was developed in [25] to solve a class of multi-
player Stackelberg-Nash games of uncertain nonlinear continuous-time systems. Through
ACL approach, a dual event-triggered constrained control scheme was established in [26]
for solving discrete-time nonlinear ZSG issue. An event-based ACL algorithm was pro-
posed in [27] to study the OCPs of interconnected nonlinear systems subject to stochastic
dynamics. In [28], the distributed formation control issue of multi-quadrotor unmanned
aerial vehicle in the framework of event triggering was studied via ACL algorithm. On
the foundation of traditional ETM, a dynamic event-triggered mechanism (DETM) was
constructed in [29] to reduce more computation/communication costs. This dynamic trig-
gering mechanism works via introducing a novel internal dynamic variable which can rea-
sonably enlarge the triggering threshold, and the computation/communication burdens
for the systems can be further alleviated.
Inspired by the above works, we investigate the MPGs for nonlinear systems by feat of

ACL method under the framework of DETM. The contributions of this work are listed as
follows. First, different from the works on NZSGs and two-player ZSG [30, 31, 32], the
issue of multi-player games is considered which is of generality. The HJIE is constructed
which forms the foundations for solving MPGs through adaptive critic networks. Then,
the ACL approach is utilized to derive the approximated strategies for all the players. Fur-
thermore, based on integral reinforcement learning (IRL) technique, the ACL approach
of critic-only architecture is proposed to approximate the solutions of HJIE with drift
dynamics unknown. Finally, in contrast to the works on [33, 34, 35], the dynamic trigger-
ing mechanism integrating dead-zone operation is fused with critic learning. The internal
variable and the preliminary operation both contribute to the reduction of the triggering
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number. The dynamic triggering mechanism can be turned off by the preliminary dead-
zone operation when the system state comes close enough to the origin, such that the
unnecessary computation and communication costs can be further reduced.

The remainder of this work is listed as follows. Section 2 provides the descriptions of
MPGs issue. The event-based optimal control strategies are derived in Section 3. Section
4 provides the dynamic event-triggered control structure and the stability demonstration.
In Section 5, two examples are simulated to validate the proposed approach. Section 6
concludes the whole work.

Notations : R, Rn and Rn×m are the set including all real numbers, the n-dimensional
Euclidean space and the space including all real matrices. The integer sets are defined
that Nµ = {1, . . . , Nµ} and Nν = {1, . . . , Nν}. ▽(·) , ∂(·)/∂x and ∥ · ∥ are the gradient
operator and Euclidean norm. λmin(·) denotes the minimum eigenvalue. In×n is the unix
matrix with n dimension.

2. Problem Formulation. The nonlinear game system is presented as

ẋ = F(x) +

Nµ∑
ı=1

Gı(x)µı +
Nν∑
ℓ=1

Hℓ(x)νℓ, (1)

where x ∈ Θ ⊂ Rn, µı ∈ U ⊂ Rmı, and νℓ ∈ V ⊂ Rmℓ are state vector, control strategy
and disturbance, respectively. Herein, U and V are defined as U = {µ1, . . . , µNµ} and
V = {ν1, . . . , νNℓ

}. In addition, the system should satisfy the following assumptions [36].

Assumption 2.1. The function F(x) is locally Lipschitz continuous.

Assumption 2.2. ∀ı ∈ Nµ, Gı(x) is assumed to be bounded with bGı. Similarly, ∀ℓ ∈ Nν,
Hℓ(x) is bounded with positive constant bHℓ

.

Define the cost function as

J(x) =

∫ ∞

t

ψ(x,U,V)dυ, (2)

where utility function ψ(x,U,V) = xTQx+
∑Nµ

ı=1 µ
T
ı Rıµı− γ2

∑Nν

ℓ=1 ν
T
ℓ νℓ. Here Q and Rı

are symmetric positive definite. To achieve the control objective of this work, the saddle
points U∗ and V∗ should be derived which satisfies that

J(x,U∗,V) ≤ J(x,U∗,V∗) ≤ J(x,U,V∗), (3)

where U∗ =
{
µ∗
1, . . . , µ

∗
Nµ

}
and V∗ =

{
ν∗1 , . . . , ν

∗
Nν

}
. Via differentiating the cost function

(2), the Hamiltonian is derived

H(x,U,V) = ψ(x,U,V) +∇JT

(
F +

Nµ∑
ı=1

Gıµı +
Nν∑
ℓ=1

Hℓνℓ

)
. (4)

The stationary conditions are given as

∂H(∇J∗, x,U,V)

∂µı

= 0, (5)

∂H(∇J∗, x,U,V)

∂νℓ
= 0, (6)

where ı ∈ Nµ and ℓ ∈ Nν . Then the optimal control and worst disturbance are got as

µ∗
ı = −1

2
R−1

ı GT
ı ∇J∗, (7)
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ν∗ℓ =
1

2γ2
HT

ℓ ∇J∗. (8)

In light of (4), (7) and (8), the HJIE can be formulated as

(∇J∗)T

(
F(x)− 1

4

Nµ∑
ı=1

GıR
−1
ı GT

ı ∇J∗ +
1

4γ2

Nν∑
ℓ=1

HℓH
T
ℓ ∇J∗

)
+ xTQx = 0 (9)

with J∗(0) = 0.
From (9), it can be observed that the HJIE involves partial derivative parts and non-

linear terms, which increases the derivation difficulty of deriving the closed-form solution.
Nonetheless, one can utilize ACL method to search the approximated solutions.

3. Event-Triggered Mechanism Design. Traditional control methods often achieve
control objects with time-driven mechanism, which employs all the real-time data to com-
pute/update control strategy and presents periodicity feature. However, for the systems
like NCS where there often exist large amounts of data processing, using the gathered
data indiscriminately is likely to cause communication delay, excessive consumption of
system resources and even the decline of control performance [37, 38, 39]. To conquer
this problem, ETM can be constructed which works as a data-filtration mechanism. The
sequence {δs}∞s=1 is used for storing the selected data where s denotes the index. When
the data are selected, we have the recorded state

x̆s(t) = x(ts), t ∈ [δs, δs+1). (10)

In general, ETM works on the event error given by

es = x̆s − x(t), t ∈ [δs, δs+1). (11)

To judge whether an event occurs, the comparison is requisite between the error and
pre-determined threshold. Additionally, from (11), one can deduce that at the recorded
instants, the error becomes zero while in another triggering period, the error increases
until reaching a new triggering instant. Based on the sequence {δs}∞s=1, we have

µ̆ı(t) = µı(x̆s), t ∈ [δs, δs+1), (12)

ν̆ℓ(t) = νℓ(x̆s), t ∈ [δs, δs+1). (13)

Based on (7) and (8), one can get

µ̆∗
ı (t) = −1

2
R−1

ı GT
ı (x̆s)∇J̆∗, t ∈ [δs, δs+1), (14)

ν̆∗ℓ (t) =
1

2γ2
HT

ℓ (x̆s)∇J̆∗, t ∈ [δs, δs+1), (15)

where ∇J̆∗ = ∂J∗/∂x at the instant t = δs. Let Ŭ
∗ =

{
µ̆∗
1, . . . , µ̆

∗
Nµ

}
and V̆∗ =

{
ν̆∗1 , . . . ,

ν̆∗Nν

}
, and then the event-triggered version of HJIE can be rewritten as

H
(
x, Ŭ∗, V̆∗, J∗

)
=(∇J∗)T

(
F(x)− 1

2

Nµ∑
ı=1

GıR
−1
ı GT

ı ∇J̆∗ +
1

2γ2

Nν∑
ℓ=1

HℓH
T
ℓ ∇J̆∗

)
+ xTQx

+
1

4

Nµ∑
ı=1

(
∇J̆∗

)T
GıR

−1
ı GT

ı ∇J̆∗ − 1

4γ2

Nν∑
ℓ=1

(
∇J̆∗

)T
HℓH

T
ℓ ∇J̆∗. (16)

The following assumption is requisite for the triggering condition [40, 41].



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.20, NO.5, 2024 1261

Assumption 3.1. For every x, x̆s ∈ Θ, the following holds that ∥µ∗
ı − µ̆∗

ı ∥2 ≤ cı∥x− x̆s∥2
with positive Lipschitz constant cı.

Theorem 3.1. Consider system (1) and suppose Assumptions 2.1, 2.2 and 3.1 hold. Let
J∗ be the solution of the HJIE (9). The control and disturbance strategies are updated by
(14) and (15). Then system (1) is ensured to be stable with the triggering condition

∥es∥2 ≤
1

CR

(
γ1λmin(Q)∥x∥2 + Γt

(
Ŭ∗, V̆∗

))
, (17)

where CR =
∑Nµ

ı=1 cı∥Rı∥, γ1 ∈ (0, 1) is the regulated parameter and Γt

(
Ŭ∗, V̆∗

)
=∑Nµ

ı=1 µ̆
∗T
ı Rıµ̆

∗
ı − γ2

∑Nν

ℓ=1 ν̆
∗T
ℓ ν̆∗ℓ .

Proof: Choose the Lyapunov function L1 = J∗(x), of which the derivative is given as

L̇1 = (∇J∗)T

(
F(x) +

Nµ∑
ı=1

Gıµ̆
∗
ı +

Nν∑
ℓ=1

Hℓν̆
∗
ℓ

)
. (18)

From (9), it can be derived

(∇J∗)TF(x) =
1

4

Nµ∑
ı=1

GıR
−1
ı GT

ı ∇J∗ − 1

4γ2

Nν∑
ℓ=1

HℓH
T
ℓ ∇J∗ − xTQx. (19)

Based on (7), (8) and (19), one has

L̇1 =

Nµ∑
ı=1

((
µ∗T
ı − µ̆∗T

ı

)
Rı(µ

∗
ı − µ̆∗

ı )− µ̆∗T
ı Rıµ̆

∗
ı

)
− xTQx

− γ2
Nν∑
ℓ=1

((
ν∗Tℓ − ν̆∗Tℓ

)
(ν∗ℓ − ν̆∗ℓ )− ν̆∗Tℓ ν̆∗ℓ

)
. (20)

Through using Young’s inequality, one derives that

L̇1 ≤ CR∥es∥2 − Γt

(
Ŭ∗, V̆∗

)
− γ1λmin(Q)∥x∥2 − (1− γ1)λmin(Q)∥x∥2. (21)

From (21), it can be deduced that triggering condition (17) can ensure the asymptotic
stability of system (1). �
Remark 3.1. Theorem 3.1 has demonstrated that with the utilization of condition (17),
system states can be driven to be asymptotic stable. In (17), parameter γ1 is used for reg-
ulating the frequency of event occurrence, that is, a smaller γ1 will prompt the occurrence
of event while a larger γ1 will decline the frequency.

4. The Adaptive Critic Structure with the DETM. In this section, first, consider-
ing that the system dynamics is partially unknown, we utilize the IRL approach to tackle
the multi-player game issue. Then, the DETM is integrated into the adaptive critic struc-
ture to approximate the solution of HJIE with less computation/communication costs.
Finally, system states and critic weights are demonstrated to be UUB via using Lyapunov
theory.

4.1. Formulation of IRL approach. The IRL approach derived from RL algorithm,
has the ability to search the solution where the system dynamics is unknown [42]. Thus,
we can obtain the solutions of HJIE (9) approximately by virtue of IRL technique. For
any TI ∈ (0, t), J∗ can be presented in the form of integral Bellman equation [17].
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J∗(x(t− TI)) = J∗(x(t)) +

∫ t

t−TI
(ψ(x,U∗,V∗)) dς. (22)

When the admissible strategies are applied, then the following Lyapunov equation is
derived.

LE(J(x(t))) = J(x(t))− J(x(t− TI)) +

∫ t

t−TI
(ψ(x,U,V)) dς. (23)

Remark 4.1. Equation (22) reveals that when applying IRL technique to solving the
game issues, the requirement for the information of system dynamics can be completely
removed. Nevertheless, recalling the form of strategies in (7) and (8), we can deduce that
the information associated with Gı and Hℓ is necessary. Hence, in this work, the multi-
player game issues of which the drift dynamics F(x) is unknown can be solved with the
aid of IRL method.

4.2. The adaptive critic learning method. Due to the universal approximation prop-
erty of neural networks, the cost function can be given by

J∗ = ωTη(x) + τ, (24)

where ω ∈ RNn , η(x) ∈ RNn , τ ∈ R and Nn are the ideal weight, activation function,
reconstruction error and the neuro number for the critic network. Since the ideal weight
is hard to acquire, the approximated one is presented

Ĵ = ω̂Tη(x), (25)

where the approximated weight ω̂ ∈ RNn .
Based on (7), (8) and (24), the event-based strategies are presented as

µ̆∗
ı = −1

2
R−1

ı GT
ı (x̆s)

(
(∇η(x̆s))Tω∗ +∇τ(x̆s)

)
, t ∈ [δs, δs+1), (26)

ν̆∗ℓ =
1

2γ2
HT

ℓ (x̆s)
(
(∇η(x̆s))Tω∗ +∇τ(x̆s)

)
, t ∈ [δs, δs+1). (27)

Similarly, applying the approximated cost (25), one has

µ̆ı = −1

2
R−1

ı GT
ı (x̆s)(∇η(x̆s))T ω̂(δs), t ∈ [δs, δs+1), (28)

ν̆ℓ =
1

2γ2
HT

ℓ (x̆s)(∇η(x̆s))T ω̂(δs), t ∈ [δs, δs+1). (29)

Then, the approximated event-based Hamiltonian can be got

LE

(
x, Ŭ, V̆, Ĵ

)
= Ĵ(x(t))− Ĵ(x(t− TI)) +

∫ t

t−TI

(
ψ
(
x, Ŭ, V̆

))
dς

= ω̂T θ(x) + Υ
(
x, Ŭ, V̆

)
, ϵ, (30)

where θ(x) = η(x(t))−η(x(t−TI)) and Υ
(
x, Ŭ, V̆

)
=
∫ t

t−TI

(
ψ
(
x, Ŭ, V̆

))
dς. It is noted

that the terms ϵ should be minimized via critic networks. Define the auxiliary item and
weight error as ε = ω∗T θ + Υ and ω̃ = ω∗ − ω̂, then ϵ = ε − ω̃T θ. Based on gradient
descent technique, we derive the critic update law

˙̂ω = −α θε

(θT θ + 1)2
= −αθ̆ε = −αθ̆ε+ αθ̄θ̄T ω̃, (31)

where α > 0 is a critic learning coefficient, θ̄ = θ/
(
θT θ + 1

)
and θ̆ = θ/

(
θT θ + 1

)2
.
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The derivation of ω̃ is given as

˙̃ω = αθ̆ε− αθ̄θ̄T ω̃. (32)

4.3. Stability analysis. Based on the traditional triggering mechanism, we construct
the DETM with dead-zone operation which can drive control strategies to be updated in
the manner more efficiently. For the sake of constructing DETM, an internal dynamic
variable is indispensable defined as

ρ̇ = −βρ+ Φ(x, es), ρ0 = ρ(0) ≥ 0, (33)

where β > 0, Φ(x, es) = γ2λmin(Q)∥x∥2+Γ1

(
Ŭ
)
−2CR∥es∥2 and Γ1

(
Ŭ
)
=
∑Nµ

ı=1 µ̆
T
ı Rıµ̆ı.

In fact, one can view (33) as a filter, and ρ is the filtered value for Φ(x, es). Additionally,
Φ(x, es) includes all the static triggering information.

Via introducing variable ρ, we can construct the DETM as

δs+1 = inf

{
t > δs : Γ(es) ≥

1

2CR

(
γ2λmin(Q)∥x∥2 + Γ1

(
Ŭ
))

+ Tf , ∥Td∥2
}
, (34)

where Tf = ρ/(2CRκ) and

Γ(es) =

{
∥es∥2, if ∥x∥ > To;
0, otherwise.

(35)

For the clarity of illustration, the event-based critic learning approach is concluded in
Algorithm 1.

Algorithm 1: Event-triggered adaptive control for nonlinear multi-player games using
neural critic learning

Complete the algorithm initialization. Set the initial state x0, the initial weight
vector ω̂(0), the sampling period 0.01s, and neural learning time tmax;
while t < tmax do

Acquire the sampling state x̆s(t) and the triggering error es(t);
Update the critic weight ω̂ with (31) and ρ with (33);
Verdict whether the triggering mechanism is activated in light of (35);
if The control precision is not achieved then

if Triggering condition is satisfied then
Calculate the strategies with (28) and (29);
Set es = 0;

else
Update es(t) = x̆s(t)− x(t) and keep the strategies unchanged with ZOH;

end
else

Unactivate the triggering mechanism and keep the strategies unchanged;
end
Update x(t) with the strategies.

end

Lemma 4.1. When triggering mechanism (34) is applied, variable ρ can be ensured to be
positive.

Proof: When κ = 0, we can deduce that ρ ≥ 0. When κ > 0, based on (34) and (35)
we can derive
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ρ̇(t) ≥ −
(
β +

1

κ

)
ρ(t), ρ0 ≥ 0. (36)

Through applying comparison lemma, we have

ρ(t) ≥ ρ0e
−(β+ 1

κ)t. (37)

The inequation reveals that ρ > 0 if κ > 0. �
Before presenting the discussions for system stability, an assumption is necessary [43,

45].

Assumption 4.1. The terms ω∗, ∇η, ∇ϵ, ∇τ and ε are bounded with positive constants.
That is, ∥ω∗∥ ≤ bω, ∥∇η∥ ≤ bη, ∥∇ϵ∥ ≤ bϵ, ∥∇τ∥ ≤ bτ and ∥ε∥ ≤ bε with positive
constants bω, bη, bϵ, bτ and bε.

Theorem 4.1. Consider system (1) and let Assumptions 2.1, 2.2, 3.1 and 4.1 hold.
The weights for critic networks are updated with the update laws (31). Then when the
conditions (34) and (38) hold, the system state x and the critic weight errors ω̃ are driven
to be UUB with the control strategies (28)

α

2
λmin

(
Λ
(
θ̄
))

− Cω1 > 0. (38)

Proof: Consider the Lyapunov candidate

Ly = Ly1 + Ly2 + Ly3 + Ly4, (39)

where Ly1 = J∗(x̆s), Ly2 = J∗(x), Ly3 =
1
2
ω̃T ω̃ and Ly4 = ρ. Since there exists dynamics

jump, the discussions are given in two cases.
Case i. No events occur when t ∈ [δs, δs+1). In this case, L̇y1 = 0. Then according to

(19), the derivative of Ly2 is given

L̇y2 = (∇J∗)T

(
F(x) +

Nµ∑
ı=1

Gıµ̆ı +
Nν∑
ℓ=1

Hℓν̆ℓ

)
. (40)

Based on (9), (40) can be reformulated as

L̇y2 =− γ2
Nν∑
ℓ=1

((
ν∗Tℓ − ν̆Tℓ

)
(ν∗ℓ − ν̆ℓ)− ν̆Tℓ ν̆ℓ

)
− xTQx

+

Nµ∑
ı=1

((
µ∗T
ı − µ̆T

ı

)
Rı(µ

∗
ı − µ̆ı)− µ̆T

ı Rıµ̆ı

)
(41)

Via using Young’s inequation, one has

L̇y2 ≤ γ2
Nν∑
ℓ=1

ν̆Tℓ ν̆ℓ +

Nµ∑
ı=1

(
∥Rı∥∥µ∗

ı − µ̆ı∥2 − µ̆T
ı Rıµ̆ı

)
− xTQx

≤ 1

4γ2

Nν∑
ℓ=1

∥∥HT
ℓ (x̆s)∇ηT (x̆s)ω̂

∥∥2 + Nµ∑
ı=1

(
∥Rı∥∥µ∗

ı − µ̆ı∥2 − µ̆T
ı Rıµ̆ı

)
− xTQx. (42)

According to (26) and (28), we gain

∥µ∗
ı − µ̆ı∥2 ≤ 2cı∥es∥2 +

1

2

∥∥R−1
ı

∥∥2 b2Gı ∥∥∇ηT (x̆s)ω̃ +∇τT (x̆s)
∥∥2

≤ 2cı∥es∥2 +
∥∥R−1

ı

∥∥2 b2Gı (b2η∥ω̃∥2 + b2τ
)
. (43)
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Substituting (43) into (42), one can derive

L̇y2 ≤
Nµ∑
ı=1

(
∥Rı∥∥µ∗

ı − µ̆ı∥2 − µ̆T
ı Rıµ̆ı

)
− xTQx+ bH

4γ2
b2η∥ω∗ − ω̃∥

≤ 2CR∥es∥2 − Γ1

(
Ŭ
)
+ Cω1∥ω̃∥2 − xTQx+ k1, (44)

where bH =
∑Nν

ℓ=1 b
2
Hℓ, Cω1 = (1/ (2γ2)) bHb

2
η +

∑Nµ

ı=1 ∥Rı∥ ∥R−1
ı ∥2 b2Gıb2η, and the term

k1 = (1/ (2γ2)) bHb
2
ωb

2
η +

∑Nµ

ı=1 ∥Rı∥ ∥R−1
ı ∥2 b2Gıb2τ .

From (32), we get

L̇y3 = −αω̃T θ̄θ̄T ω̃ + αω̃T θ̆ε. (45)

Based on Young’s inequality, it is gained that

αω̃T θ̆ε ≤ α

2

(
ω̃T θ̄θ̄T ω̃ + εT ε

)
. (46)

Substituting (46) into (45), we derive

L̇y3 ≤ −α
2
λmin

(
Λ
(
θ̄
))

∥ω̃∥2 + α

2
b2ε. (47)

Integrating (33), (44) and (47), one has

L̇y ≤− (1− γ2)λmin(Q)∥x∥2 −
(α
2
λmin

(
Λ
(
θ̄
))

− Cω1

)
∥ω̃∥2 + b0, (48)

with b0 = αb2ε/2 + k1. Considering (34) and (38), one derives L̇y < 0 when either of the
following conditions holds:

∥x∥ >

√
b0

(1− γ2)λmin(Q)
, b1, (49)

and

∥ω̃∥ >
√

b0
α
2
λmin

(
Λ
(
θ̄
))

− Cω1

, b2. (50)

Case ii. An event is triggered when t = δs+1. Then we present the difference of L

∆Ly = J∗(x(δs+1))− J∗(x(δ−s+1))︸ ︷︷ ︸
∆Ly1

+ J∗(x̆s+1)− J∗(x̆s)︸ ︷︷ ︸
∆Ly2

+
1

2α

(
ω̃T (δs+1)ω̃(δs+1)− ω̃T (δ−s+1)ω̃(δ

−
s+1)

)︸ ︷︷ ︸
∆Ly3

+ ρ(δs+1)− ρ(δ−s+1)︸ ︷︷ ︸
∆Ly4

. (51)

From the analysis above, we know that the system stability can be guaranteed. Recall
that Ly is decreasing, and then, based on the properties of limits, we have

0 <
(
J∗(x(δ−s+1))− J∗(x(δs+1))

)
+ ρ(δ−s+1)− ρ(δs+1)

+

(
1

2α
ω̃T (δ−s+1)ω̃(δ

−
s+1)−

1

2α
ω̃T (δs+1)ω̃(δs+1)

)
. (52)

In addition, we gain that

∆Ly2 = J∗(x̆s+1)− J∗(x̆s) ≤ 0. (53)
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This completes the proof. �
Remark 4.2. With the introduction of ρ, the traditional ETM evolves the triggering mech-
anism which is endowed with dynamic characteristic. Meanwhile, the triggering threshold
is enlarged to lower the frequency of event occurrence. Similar to the operations in (34),
the static triggering threshold is presented to show the difference visibly

Ts =

√
1

2CR

(
γ2λmin(Q)∥x∥2 + Γ1

(
Ŭ
))
. (54)

Comparing (34) and (54), one can observe that there exists Tf for the dynamic mechanism,
which is the key to the triggering threshold. In an extreme case, when Tf becomes zero,
the dynamic mechanism becomes the static one. Furthermore, the dead-zone operation in
(35) works to reduce unnecessary computations with regard to ETM. More precisely, the
DETM works only when the system state exceeds the pre-determined bound. Thus, we can
ensure the achievement of control target with a lower computation cost.

Remark 4.3. In this section, we construct the ACL method integrating the dynamic
triggering mechanism with dead-zone operation, which can ensure the system signals to be
UUB. Generally, it is imperative to analyze whether the event-based control schemes can
avoid the Zeno phenomenon. We can use comparison lemma to demonstrate that there
exists a positive bound for the evolution of es(t)/x(t). Furthermore, Zeno phenomenon
can be demonstrated to be avoided with the technique similar to that in [44, 45].

5. Simulations. In this section, two examples are simulated to validate the proposed
ACL method.

Example 5.1. Consider the linear system

ẋ =

[
−0.2803 −0.00065
0.35 −0.25

] [
x1
x2

]
+

[
0

0.12

]
µ1 +

[
0.15
0.3

]
µ2 +

[
0

0.25

]
ν, (55)

where x = [x1, x2]
T ∈ R2 is system state, µ1 ∈ R, µ2 ∈ R and ν ∈ R are strategies for the

players.
The experiment is designed with the following parameters. Let Q = 2I2×2, R1 = I2×2,

R2 = 1.5I2×2. The activation functions for critic learning are η(x) =
[
x21, x

2
2, x1x2, x

4
1, x

4
2,

x31x2, x
2
1x

2
2, x1x

3
2

]T
. The initial weights are set with the random parameters in [−0.5, 0.5].

The state is initialized by xT0 = [−1, 1]. The other parameters are set as c1 = c2 = 6,
γ2 = 0.1, To = 0.00001, ρ0 = 1, β = 0.1, and κ = 6. The simulation time is set as 120s
and the probing noises are injected to facilitate the neural learning before t = 80s.
The simulation results are shown in Figures 1-5. Figure 1 provides the weight evolu-

tions of critic network, which shows the convergence of critic weights. Figure 2 indicates
the stability of the addressed system. From Figures 3 and 4, one can observe the control
and disturbance strategies are updated in nonperiodic form. To visually present the ad-
vantage of the constructed dynamic triggering mechanism, we designed the comparison
experiments between the DETM-based method and ETM-based method in the context of
the same parameters. In this comparison experiments, the triggering number for static
ETM is 1631, while the number for DETM is only 973. Figure 5 provides the curves of
the number that the sampled data employed by the critic learning method. From the evo-
lution for the event-based method, one can observe that the triggering number no longer
increases since the preliminary operation works.
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Figure 1. The evolutions of critic weights
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Figure 5. The evolutions of the triggering numbers

Example 5.2. Consider the nonlinear system

ẋ =

[
0.5x2 − 0.8x1

−0.45x1 − 0.6x2 + 0.3x21 cos(x2)

] [
0.2
0.5

]
µ1 +

[
0.24

0.3 sin(x1)

]
µ2 +

[
0.1
0.6

]
µ3

+

[
sin(x1) cos(x1)

1

]
ν1 +

[
0

x1 + 1

]
ν2, (56)

where x = [x1, x2]
T ∈ R2 is system state, µı and νℓ are the strategies. Let Q = 3I2×2,

R1 = 2I2×2, R2 = I2×2, R3 = 2I2×2. The activation functions and the selection of initial
weights for critic learning are the same as that in Example 5.1. The state is initialized
with xT0 = [0.5, 0.5]. The other parameters are set with c1 = c2 = 6, c3 = 5, γ2 = 0.1,
To = 0.00001, ρ0 = 1, β = 0.1 and κ = 6.
The experiment results are given in Figures 6-12. Figure 6 presents the convergence

evolutions of critic weights. Figure 7 reveals that the derived strategies can drive system
state to reach the neighbourhood of the origin. The evolutions of control strategies in
Figure 8 and the disturbances in Figure 9 present jump property caused by the proposed
event-driven mechanism. Similar to the case in Example 5.1, we designed comparison
experiments between the DETM-based critic learning method and the ETM-based one with
the same parameters. Figure 10 shows that the dynamic judging thresholds are larger, and
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Figure 6. The evolutions of critic weights
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Figure 7. The system states
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Figure 10. The static triggering condition and dynamic triggering condition
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Figure 11. The sampling period for static triggering mechanism and dy-
namic triggering mechanism
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from Figure 11 one can deduce that the dynamic triggering periods are also larger than the
static ones. Besides, in Figure 10(b), after t = 85s the evolutions for ∥es∥ pass through the
triggering threshold evolutions. Then ∥es∥ is always larger than ∥Td∥ or ∥Ts∥, and does not
return to zero anymore. This phenomenon is caused by activity results of the preliminary
operation. In (35), when x comes close enough to the origin, dead-zone mechanism works
and the ETM is turned off such that the unnecessary communication/computation can be
avoided. Figure 12 indicates that during the whole critic learning process, the proposed
method only utilizes 1137 data, while the time-based method requires for 12000 sampling
data.

To sum up, the experiments results provide the validations and supports for the pro-
posed ACL method from multi-perspective.

6. Conclusion. In this paper, a dynamic event-triggered ACL approach was proposed
to solve nonlinear multi-player games. The HJIE for the nonlinear game system is derived
which provides the foundation of implementing adaptive critic learning. Then, integrating
the IRL technique, the ACL method of critic-only structure is constructed to approximate
the strategies for all the players without the drift dynamics information. Furthermore,
dynamic triggering control mechanism with the preliminary operation is established to
reduce the computation/communication costs of the proposed method. Finally, the effec-
tiveness of the proposed approach is validated by Lyapunov theorem and two simulation
experiments. In the future, we will further study game issues for stochastic nonlinear
systems using critic learning with triggering mechanism.
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