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Abstract. Foundation slabs are also called foundation raft. This paper shows the op-
timal or minimum area for rectangular foundation slabs in plan that rest on the soil to
support the building structures. The normal practice in structural engineering is to use
the trial and error procedure to estimate the sides and area of the foundation under biaxial
bending supported on elastic soils. The model is developed using optimization techniques
to obtain the minimum area in plan and the sides of the foundation slab. The soil pres-
sure is considered linear, where the maximum pressure is the available allowable bearing
capacity of the soil and the minimum pressure is zero. Current model is obtained by trial
and error, assuming a uniform pressure, which is the maximum pressure. Three numer-
ical examples are presented. Example 1: Unlimited sides. Example 2: Limited sides in
positive and negative X direction. Example 3: Limited sides in positive and negative Y
direction. The main advantage of this document over other documents is that the model
presented in this work shows the minimum area and sides of the foundation slab and can
be used for rectangular isolated footings and rectangular combined footings.
Keywords: Optimal area, Minimum area, Rectangular foundation slabs, Linear distri-
bution of soil pressure

1. Introduction. A foundation slab is a combined foundation slab that covers the entire
area under a structure and supports all walls and columns. A foundation slab usually
rests directly on soil or rocks: however, it may also sit on piles, if hard stratum is not
available at a reasonably small depth.

Common types of foundation slabs are (see Figure 1): (a) Flat slabs: It corresponds
to a flat concrete slab of uniform thickness throughout the area; this type is suitable for
widely spaced columns supporting small loads; (b) Flat slabs with reinforcement under
the columns: This type provides sufficient strength for relatively large column loads; (c)
Bidirectional and flat: It is a slab with thickened bands provided along the column lines in
both directions; this type provides sufficient strength, when the space between columns is
large and the loads between columns are unequal; (d) Flat with pedestal: It represents a
slab in which pedestals are added under each column; this alternative has the same purpose
as the slabs with reinforcement under the columns; (e) With cell design: It represents a
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(a) (b)

(c) (d)

(e) (f)

Figure 1. Types of foundation slabs

two-way grid structure made of cellular construction and intersecting structural steel
construction; (f) Base walls as a rigid frame (In drawer): It represents a slab in which the
walls or basement walls have been used as ribs or deep beams.
The ground pressure beneath a foundation depends on the type of terrain, the relative

stiffness of the soil and the foundation, and the depth of foundation at level of contact
between the foundation and the soil.
Figure 2 shows the distribution of ground pressure under the foundation depending on

the type of ground and the stiffness of the foundation [1]. Figure 2(a) shows a rigid base
on a sandy ground. Figure 2(b) presents a rigid base on a clay ground. Figure 2(c) shows
a flexible base on a sandy ground. Figure 2(d) presents a flexible base on a clay ground.
Figure 2(e) shows the uniform distribution used in design.
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Figure 2. Distribution of ground pressure under the footing

The mathematical models have been investigated by many mathematicians on the topic
of optimal area of reinforced concrete foundations.

The models for the smallest contact area with the soil have been presented for circular
[2-4], square [5,6] and rectangular [7-11] isolated footings under biaxial bending. Likewise,
models have been presented for combined footings for the smallest contact area with the
ground under biaxial bending in each column of trapezoidal shape [12], rectangular [13,14],
L or corner [15], strap [16,17] and T [18].

Several researchers have designed the raft or slab foundations supported on piles for
high-rise buildings supported on soils for different studies: Allievi et al. [19] investigated
on granular soils; Sundaram et al. [20] studied on alluvial deposits; Pechorskaya [21] used
charts; Shakir et al. [22] used software; Jamil et al. [23], Poulos [24], Nguyen et al. [25]
considered the interaction effects; Sharma et al. [26] presented a comparison of raft foun-
dation and beam with respect to slab raft foundation; Ojha and Srivastava [27] developed
a case study in Lucknow; Punekar et al. [28], Poulos [29] showed an application; Azhar et
al. [30] developed a parametric study for high rise buildings. Deb and Pal [31] estimated
the load-settlement and load-sharing behavior. Deb and Pal [32] presented structural and
geotechnical aspects through numerical analysis. Deb and Pal [33] showed the interaction
behavior and load sharing pattern using nonlinear regression and Levenberg-Marquardt
algorithm-based artificial neural network. Kannaujiya and Srivastava [34] investigated the
behavior of different configuration for a high-rise building using the finite element method.

According to the bibliographic review, the works closest to the subject of rectangular
foundation slabs in plan are: the papers for rectangular isolated footings (footings or slabs
that support a column) have been investigated by Luévanos-Rojas [7], Algin [8], Aydog-
du [9], Highter and Anders [10] and Vela-Moreno et al. [11]; the works for rectangular
combined footings (footings or slabs that support two columns) have been developed by
Luévanos-Rojas [13] and Montes-Paramo et al. [14]. Therefore, there is no work with the
current level of knowledge about the optimal or minimum area for rectangular foundation
slabs.

This paper shows the minimum area for rectangular foundation slabs in plan that
rest on the soil to support the entire building using optimization techniques, and the
soil pressure is linear, where the soil pressure must be between the available allowable
bearing capacity of the soil and zero. The normal practice in structural engineering is to
use the trial and error procedure to estimate the sides and area of the foundation under
biaxial bending supported on elastic soils, assuming a uniform pressure, which is the
maximum pressure. Three numerical examples are presented to obtain the minimum area
for rectangular foundation slabs. Example 1: Unlimited sides. Example 2: Limited sides
in positive and negative X direction. Example 3: Limited sides in positive and negative
Y direction. This document is verified with other documents presented by other authors
for rectangular isolated footings [35] and rectangular combined footings [36]. The main
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advantage of this document over other documents is that it can be used for rectangular
isolated footings and rectangular combined footings.
The paper is organized as follows. Section 2 shows the formulation of the equations to

obtain minimum area of rectangular foundation slabs. Section 3 describes the application
of the proposed model through three numerical examples. Section 4 presents the results
of the proposed model applied for rectangular isolated footings and rectangular combined
footings. Section 5 presents the conclusions.

2. Formulation of the Model. Figure 3 presents a rectangular foundation slab sub-
jected to biaxial bending in each column.

Figure 3. Rectangular foundation slab

General equation at any foundation point subjected to biaxial bending is

σ =
R

A
+

MxTy

Ix
+

MyTx

Iy
(1)

where σ is the soil pressure on the foundation, A is the contact surface of the foundation
with the soil, R is the resultant force from all the forces applied to the foundation, MxT

is the resultant moment applied on the X axis, MyT is the resultant moment applied on
the Y axis, x is the coordinate on the X axis to the fiber under study, y is the coordinate
on the Y axis to the fiber under study, Ix is the moment of inertia on the X axis and Iy
is the moment of inertia on the Y axis.
The pressure in each corner of the rectangular foundation slab by Equation (1) is

obtained:

σ1 =
R

A
+

MxTys
Ix

+
MyTxd

Iy
(2)

σ2 =
R

A
+

MxTys
Ix

+
MyT (xd − Lx)

Iy
(3)

σ3 =
R

A
+

MxT (ys − Ly)

Ix
+

MyTxd

Iy
(4)
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σ4 =
R

A
+

MxT (ys − Ly)

Ix
+

MyT (xd − Lx)

Iy
(5)

where R, MxT and MyT are obtained as follows:

R =
n∑

i=1

m∑
j=1

P(i,j) (6)

MxT =
n∑

i=1

m∑
j=1

Mx(i,j) +
n∑

i=1

m∑
j=1

P(i,j)

(
ys − Ly(i,j)

)
(7)

MyT =
n∑

i=1

m∑
j=1

My(i,j) +
n∑

i=1

m∑
j=1

P(i,j)

(
xi − Lx(i,j)

)
(8)

The geometrical properties of the rectangular section are A = LxLy, ys = Ly/2, xd =
Lx/2, Ix = LxLy

3
/
12, Iy = Lx

3Ly

/
12.

Now, the geometric conditions depending on the limited sides can be Lx11 ≥ cx/2,
Lx11 = cx/2, Ly11 ≥ cy/2, Ly11 = cy/2, Lx22 ≥ cx/2, Lx22 = cx/2, Ly22 ≥ cy/2, Ly22 =
cy/2.

Objective function of the minimum area “Amin” is

Amin = LxLy (9)

Constraint functions are Equations (2) to (8), the geometrical properties of the rectan-
gular section, the geometric conditions depending on the limited sides and 0 ≤ σ1, σ2, σ3,
σ4 ≤ σmax (Available allowable capacity of the soil).

Figure 4 presents the flowchart for the minimum area procedure of a foundation slab.

Figure 4. Flowchart for the minimum area procedure of a rectangular
foundation slab

Figure 5 shows the flowchart for using Maple software for the minimum area of a
foundation slab.

3. Numerical Examples. Figure 6 presents the distribution of the building columns to
obtain the minimum area of the foundation slab under the same loads and moments. This
example is shown for the three cases. Case I: Not limited at the ends (Lx11 ≥ cx/2, Ly11 ≥
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Figure 5. Flowchart for using Maple software on a rectangular foundation slab

Figure 6. Distribution of the building columns

cy/2, Lx22 ≥ cx/2, Ly22 ≥ cy/2). Case II: Limited in negative and positive X direction and
not limited in Y direction (Lx11 = cx/2, Ly11 ≥ cy/2, Lx22 = cx/2, Ly22 ≥ cy/2). Case III:
Limited in negative and positive Y direction and not limited in X direction (Lx11 ≥ cx/2,
Ly11 = cy/2, Lx22 ≥ cx/2, Ly22 = cy/2). The data for the three cases are P11 = 1000
kN, P12 = 2000 kN, P13 = 1000 kN, P21 = 2000 kN, P22 = 4000 kN, P23 = 2000 kN,
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P31 = 1000 kN, P32 = 2000 kN, P33 = 1000 kN, Mx11 = 100 kN-m, Mx12 = 200 kN-m,
Mx13 = 100 kN-m, Mx21 = 200 kN-m, Mx22 = 0 kN-m, Mx23 = 200 kN-m, Mx31 = 100
kN-m, Mx32 = 200 kN-m, Mx33 = 100 kN-m, My11 = 100 kN-m, My12 = 200 kN-m,
My13 = 100 kN-m, My21 = 200 kN-m, My22 = 0 kN-m, My23 = 200 kN-m, My31 = 100
kN-m, My32 = 0 kN-m, My33 = 100 kN-m, cx = 0.50 m, cy = 0.50 m, Lx1 = 6.00 m,
Lx2 = 6.00 m, Ly1 = 6.00 m, Ly2 = 6.00 m, σmax = 200, 150, 100, 50 kN/m2.

The equations for this example are:
Objective function “Amin” is Equation (9).
Constraint functions are

ys =
Ly

2
(10)

xd =
Lx

2
(11)

Ix =
LxLy

3

12
(12)

Iy =
Lx

3Ly

12
(13)

σ1 =
R

A
+

MxTys
Ix

+
MyTxd

Iy
(14)

σ2 =
R

A
+

MxTys
Ix

+
MyT (xd − Lx)

Iy
(15)

σ3 =
R

A
+

MxT (ys − Ly)

Ix
+

MyTxd

Iy
(16)

σ4 =
R

A
+

MxT (ys − Ly)

Ix
+

MyT (xd − Lx)

Iy
(17)

Lx12 = Lx11 + Lx1 (18)

Lx13 = Lx11 + Lx1 + Lx2 (19)

Lx = Lx13 + Lx22 (20)

Ly12 = Ly11 + Ly1 (21)

Ly13 = Ly11 + Ly1 + Ly2 (22)

Ly = Ly13 + Ly22 (23)

R = P11 + P12 + P13 + P21 + P22 + P23 + P31 + P32 + P33 (24)

MxT = Mx11 +Mx12 +Mx13 +Mx21 +Mx22 +Mx23 +Mx31 +Mx32 +Mx33

+P11 (ys − Ly11) + P12 (ys − Ly11) + P13 (ys − Ly11)

+P21 (ys − Ly12) + P22 (ys − Ly12) + P23 (ys − Ly12)

+P31 (ys − Ly13) + P32 (ys − Ly13) + P33 (ys − Ly13) (25)

MyT = My11 +My12 +My13 +My21 +My22 +My23 +My31 +My32 +My33

+P11 (xd − Lx11) + P12 (xd − Lx12) + P13 (xd − Lx13)

+P21 (xd − Lx11) + P22 (xd − Lx12) + P23 (xd − Lx13)

+P31 (xd − Lx11) + P32 (xd − Lx12) + P33 (xd − Lx13) (26)
σ1

σ2

σ3

σ4

 ≤ σmax (27)
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In addition, the geometric conditions must be added based on the limited sides. For
case I: Lx11 ≥ cx/2, Ly11 ≥ cy/2, Lx22 ≥ cx/2, Ly22 ≥ cy/2. For case II: Lx11 = cx/2,
Ly11 ≥ cy/2, Lx22 = cx/2, Ly22 ≥ cy/2. For case III: Lx11 ≥ cx/2, Ly11 = cy/2, Lx22 ≥
cx/2, Ly22 = cy/2.
Assume that all variables are non-negative (exception of MxT and MyT ).
Table 1 presents the results of the three cases.

4. Results. Table 1 presents the minimum area for the three cases. For σmax = 200
and 150 kN/m2, it is observed that they have the same values in three cases, because it
does not reach the admissible available capacity of the soil. For the cases I, II and III
σmax = 100 and 50 kN/m2, it is observed that when the admissible available capacity of
the soil decreases, the minimum area “Amin” increases. For the case I, it is observed that
when the admissible available capacity of the soil (σmax = 100 and 50 kN/m2) decreases,
the “Lx” and “Ly” increase. For the case II, it is observed that when the admissible
available capacity of the soil (σmax = 100 and 50 kN/m2) decreases, the “Ly” increases
and “Lx” is the same (because Lx is limited in positive and negative X direction). For the
case III, it is observed that when the admissible available capacity of the soil (σmax = 100
and 50 kN/m2) decreases, the “Lx” increases and “Ly” is the same (because Ly is limited
in positive and negative Y direction).
This model is applied for rectangular isolated footings with the column located in any

part of the footing and for rectangular combined footings.
Table 2 shows the minimum area for rectangular isolated footings with the column

located in anywhere on the footing. Case 1: Column located at the center of the footing
(ex = 0 and ey = 0). Case 2: Column located at the boundary of the footing in the Y
direction (ex = 0 and ey = Ly/2− cy/2). Case 3: Column located at the boundary of the
footing in the X direction (ex = Lx/2− cx/2 and ey = 0). Case 4: Column located at the
corner of the footing (ex = Lx/2− cx/2, and ey = Ly/2− cy/2). The general data for all
footings are cx = cy = 0.40 m, σmax = 180 kN/m2.
The equations for rectangular isolated footings are:
Objective function “Amin” is Equation (9).
Constraint functions are Equations (10) to (17), (27) and the following equations:

Lx = Lx11 + Lx22 (28)

Ly = Ly11 + Ly22 (29)

R = P11 (30)

MxT = Mx11 + P11(ys − Ly11) (31)

MyT = My11 + P11(xd − Lx11) (32)

where Lx11 is the distance from the center of the column to the free end of the footing
in the positive X direction, Lx22 is the distance from the center of the column to the free
end of the footing in the negative X direction, Ly11 is the distance from the center of the
column to the free end of the footing in the positive Y direction, Ly22 is the distance from
the center of the column to the free end of the footing in the negative Y direction.
Table 3 shows the minimum area for rectangular combined footings with two and three

columns. Case 1: Rectangular combined footing that supports two columns and is not lim-
ited in the X direction. Case 2: Rectangular combined footing that supports two columns
and is limited in the positive and negative X direction. Case 3: Rectangular combined
footing that supports three columns and is not limited in the X direction. Case 4: Rect-
angular combined footing that supports three columns and is limited in the positive and
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negative X direction. The general data for all footings are cx = cy = 0.40 m, σmax = 250
kN/m2.
The equations for rectangular combined footings with two columns are:
Objective function “Amin” is Equation (9).
Constraint functions are Equations (10) to (17), (27) and the following equations:

Lx = Lx12 + Lx22 (33)

Ly = Ly11 + Ly22 (34)

R = P11 + P12 (35)

MxT = Mx11 +Mx12 (36)

MyT = My11 +My12 + P11(xd − Lx11) + P12(xd − Lx12) (37)

The equations for rectangular combined footings with three columns are:
Objective function “Amin” is Equation (9).
Constraint functions are Equations (10) to (17), (27) and the following equations:

Lx = Lx13 + Lx22 (38)

Ly = Ly11 + Ly22 (39)

R = P11 + P12 + P13 (40)

MxT = Mx11 +Mx12 (41)

MyT = My11 +My12 +My13 + P11(xd − Lx11) + P12(xd − Lx12) + P13(xd − Lx13) (42)

Table 2 shows the results for rectangular isolated footings with different column lo-
cations, and these results can be verified in the document presented by Luévanos-Rojas
[35]. When the axial load P decreases: Case I; Amin decreases until P = 750 kN and then
increases. Case II; Amin decreases. Case III; Amin decreases. Case IV; Amin increases.
Table 3 presents the results for rectangular combined footings for two and three columns

on the footing; these results can be verified in the paper shown by Garćıa-Galván et
al. [36]. When the moments (Mx1, My1, Mx2 and My2) and the separation between the
two columns Lx1 decrease: Case I; Amin decreases. Case II; Amin decreases. When the
moments (Mx1, My1, Mx2, My2, Mx3 and My3) and the separation between the three
columns Lx1, Lx2 decrease: Case III; Amin decreases. Case IV; Amin decreases.

5. Conclusions. This work presents a model to find the minimum area of rectangular
foundation slabs subjected to biaxial bending in each column supported on elastic soils,
and assuming a linear pressure distribution of the soil.
The optimal model is developed from a mathematical approach based on minimum area

criterion. The independent variables or known parameters are all the loads and moments
that act on the foundation slab, the available allowable load capacity of the soil and the
limitations of the terrain where the building will be located. The dependent or unknown
variables are area and sides of the foundation slab, and the pressure acting on each corner
of the foundation slab.
The main findings are
1) The normal practice in structural engineering is to use the trial and error procedure

to estimate the sides and area of the foundation under biaxial bending supported on
elastic soils.
2) Some authors present the complete design of foundation slabs based on the known

ground contact areas.
3) In this work, the simplified and precise equations of minimum area for foundation

slabs are presented.
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4) The proposed model can be used to verify the available allowable load capacity of
the soil considering the objective function to maximize “σmax”, and the same constraint
functions and the known parameters “Lx” and “Ly”.

5) The proposed model can be applied to rectangular isolated footings with a column
located anywhere of the footing (see Table 2).

6) The proposed model can be applied to rectangular combined footings that support
two and three columns on the footing (see Table 3).

Suggestions for future research are
1) Minimum area for T-shaped foundation slabs.
2) Complete design for rectangular foundation slabs (Thickness and reinforcing steel

areas of the slab).
3) Minimum area for rectangular foundation slabs considering that contact surface

works partially to compression.

REFERENCES

[1] J. E. Bowles, Foundation Analysis and Design, McGraw-Hill, New York, USA, 2001.
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