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ABSTRACT. This paper considers the group scheduling problem on a single-machine with
the positional dependent processing time and common due-window assignment. For po-
sitional dependent processing time under group technology, we mean that in a group the
processing time of a job depends on its position. About the due-window assignment, we
mainly discuss the common due-window assignment. The group setup time is suffered
no matter when single-machine transfers job from one to another group. Fach group is
allocated to an assignable common due-window. We attempt to determine the optimal
job sequence, group sequence and common due-window to minimize the weighted sum of
earliness, tardiness, the start time and size of common due-window, where the weights
only depend on their positions in a sequence (i.e., position-dependent). We demonstrate
that the problem is polynomially solvable by using optimal solution properties.
Keywords: Scheduling, Common due-window assignment, Positional dependent pro-
cessing time, Group technology, Single-machine

1. Introduction.

1.1. Scheduling problem. Scheduling problems and models are very important in in-
dustrial engineering, logistics and operational management.

Recently, more and more attention has been paid to due window assignment, i.e., both
early and late costs are incurred for the due-window assignment (Rolim and Nagano [1])
and intelligent control system (Octavian et al. [2]). They developed an intelligent control
system where a human can dynamically change drone swarm maneuvers by performing
some hand gestures movement. Liman et al. [3] first considered the common due-window
scheduling problem on single machine. For the maximum lead minimization without tardy
jobs, they proved that the problem was non-deterministic polynomial-hard (abbreviated
as NP-hard). Mosheiov and Sarig [4] extended the problem raised by Liman et al. [3] to
the case of job-processing time dependence. They assumed that the processing time of
job is a function of its position in the job sequence.

Mor and Mosheiov [5] studied single-machine scheduling with a maintenance activity
and due-window assignment. Yin et al. [6] solved a single-machine scheduling problem for
batch delivery, where jobs have an assignable common due-window. They showed that the
problem can be solved in polynomial time. Yin et al. [7] studied the single-machine due-
window scheduling with controllable job processing time. They proved that five versions
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of the problem can be solved in polynomial time. Wang et al. [8] investigated the single
machine scheduling with common due-window assignment. For the weighted sum of ear-
liness and tardiness, due-window starting time, and due-window size minimization, they
proposed a polynomial time algorithm. Xu et al. [9] considered the single-machine mul-
titasking scheduling problems. Under the common due-window assignment, they proved
that some problems are polynomially solvable. Tian [10] studied the single-machine due-
window assignment scheduling with resource allocation. Under common and slack due-
window assignments, she proved that a general earliness/tardiness cost minimization is
polynomially solvable. Teng et al. [11] considered the single-machine due-window assign-
ment scheduling with deteriorating jobs. They showed that the earliness/tardiness cost
minimization is polynomially solvable.

1.2. Research scope. Group technology is a manufacturing and engineering manage-
ment approach that aims to improve efficiency by exploiting similarities in production/ex-
ecution of different products and activities. In terms of part manufacturing, its main idea
is to identify similar parts and classify them into groups, and eventually to configure the
unit specifically for the production of a specific group of parts.

The first paper on group scheduling was published by Yoshida et al. [12]. Subsequently,
more and more attention has been paid to group scheduling. In recent years, there have
been a number of articles on the application of group technique. Guo and Wang [13] stud-
ied the single-machine scheduling problem with group technology. Under the deteriorating
jobs, they proved that the makespan minimization problem is polynomial solvable. Wu
and Lee [14] investigated the group scheduling problem on single-machine with deteriorat-
ing setup and processing times. For the maximal completion time and total completion
time minimizations, they showed that the problem is polynomial solvable. Zhu et al. [15]
studied the single-machine scheduling with learning effects, resource allocation and group
technology simultaneously. Lu et al. [16] resolved the single-machine group scheduling
with a time-dependent processing time. They proved that the makespan minimization
with release date is polynomial solvable. Bajwa et al. [17] explored the single-machine
problem with group technology. For the objective of minimizing the number of tardy
jobs, they proposed a hybrid heuristic. Wang and Ye [18] discussed the single-machine
scheduling problems with learning effects and group technology. Liu and Wang [19] con-
sidered due-date assignment single-machine scheduling with resource allocation and group
technology. The objective function is to minimize the weighted sum of scheduling cost and
resource-allocation cost. For a special case, they proved that the problem is polynomially
solvable.

1.3. Research background. Liu [20] proposed a new scheduling model, which grouped
jobs in advance according to their processing similarity and processed all jobs in the same
group continuously. The set time was generated when a single machine transferred job
processing from one group to another. The processing time of a job was determined by its
processing position in the job sequence of the group it belonged to. Each group is assigned
an assignable common delay window, and it is proved to be polynomially solvable. Ren
and Yang [21] studied the single-machine group scheduling with resource allocation and
common due-window assignment. For the sum of the maximal costs minimization, they
proved that the problem is polynomially solvable. Chen et al. [22] explored the single-
machine group scheduling with due window assignment and learning effects. The objective
is to minimize the sum of due window-related penalty costs and investment cost. They
proved that the problem can be solved in polynomial time.
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1.4. Research framework. In this paper, the group technology and common due-
window assignment is combined, i.e., it is natural and interesting to continue the work
of Liu [20] but to explore the group scheduling problem with position-dependent weights
(Wang et al. [23]) that includes the one given in Liu [20] as a special case. The rest of this
article is sorted in the following order. Section 2 gives notations and problem formulation.
Section 3 solves the common due-window assignment and gives the algorithm. Section 4
gives an example. Section 5 presents the conclusions.

2. Problem Assumptions. There are m independent jobs J = {jl, jg, cee jm} with-

out preemption to be handled on a single-machine and classified into ¢ groups, and all
jobs are available at time 0. The machine can only process one job at a time. Assume that
setup time is not needed between two sequential jobs within the same group. Nevertheless,
the setup time §; of group is required to handle the group G, In addition, the practical
processing time of job J}lh when it is scheduled in the kth position within processing

sequence of group G, is formulated by

Pé = P, 9i(K), (1)
where g, : [1,400) — (0,400) with g(1) = 1. It is assumed that all jobs in the same
group share an allocated common due-window with start time d;, finish time d; and

window size lv?l = Jl - Jl, where CZ, and J, (such Dl) are group related decision variables.

v %

Let E€ = max {Jl — C¢ ,O} (resp. Tg = max{Cg - CZ[,O}) be the earliness (resp.
lh Lh Lh Lh

tardiness) of job Jg . The aim is to determine (I) the optimal group sequence, (II) the
optimal job sequence, (III) the common due-window start time, (IV) the common due-

window size, so as to minimize the following target (objective) function:

qa my
Z= Z Z (dlhEgl(h) + @hTéz(h) +0d, + ﬁlDl) : (2)
=1 h=1
Using the three-parameter notation scheme, the problem can be denoted as

a m
1|GT, PDPT, CODW| Y (&lhE&(h)
=1 h=1
where GT' denotes group technology, PDPT denotes position-dependent processing time
(1), and CODW denotes the common due-window. This problem’s complexity will be
proved, and the complexity is O(m?) time in the following Theorem 3.1.

+ 0Ty, + Oy + é,bl) , (3)

3. Main Results. Obviously, for 1|GT, PDPT, CODW | 1 >, (dlhﬁgm) + Blth

1(h)
+ 0,d; + 1§ZD1> , there exists an optimal sequence so that all jobs are processed continuously

at time 0, and there is no idle time between two consecutive jobs. Therefore, the following
Lemmas are presented, which are also mentioned in Wang et al. [23].

Lemma 3.1. For 1|GT, PDPT, CODW|> L, > ", (élhéfl(h) + ﬁvlﬂz(m 1+ 0,d;, + 7§lDz> ,

there exists an optimal sequence such that the optimal d, = éfl( : and d, = C
€l

&y with
i(ty)
0<e <t <my.

Proof: To receive this, there are three cases to think.
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Case 1: d; > é51< » all jobs are early. Decreasing both d; and d; by the amount d; —
my

Céz(ml)’

v

and the target function value is going to be reduced by 2?21 (th:l L Qup + mlél> (c?l

- Cgl(ml)

Case 2: ch > é§z< ;> 1O jobs are late. Decreasing czl by the amount ch —C: and
my

&i(my)’
the target function value is going to be reduced by Y}, (mlﬁl) (Jl — é&( )).
my

Case 3: C: <dl<C’ or Cs <Jl<é’v for some 0 < ¢ < t; < my.
€i(e;—1) igep) §u(t;—1) I N -

First dl is shifted either to the left or to the right such as d; = sz( , o d, = C&( .

El* EZ

respectively, if we shift to the left, d, decreases by d, — Cu’g

l(ej—1)

, and then the objec-
tive function will be reduced by (22;11 g +ml§l — mﬂ§l> <a~ll — Cv’éu 1)), if we shift
6l7

to the right, d, increases by C’ — d;, and then the objective function will be re-

(er) _
duced by (mlﬁl Eh 1 dlh mﬂ%> (Cv - dl) Then CZ', is shifted either to the left

or to the right such as dl = C:

Gy OF dl = C&z( , respectively, if we shift to the

left, d; decreases by d; — éfz( e and then the objective function will be reduced by
t— ~
CZ[,

Yo <mﬂ§l — D nts, Blh> (Jl — é&(tl_u)’ if we shift to the right, d; increases by C’g( "

and then the objective function will be reduced by Y7, (ZZLZ B — mﬂ§1> <Cu’§~l( — dl>.
t

To sum up, in any case, when the start time of due-window d, either equals 0 or C&z( :
e

and the finish time of due-window dl either equals 0 or Cv'gl(t . with 0 < ¢; < t; < my, the
l
schedule is optimal. Thus, Lemma 3.1 holds. O]

Lemma 3.2. For 1|GT, PDPT, CODW| Z?:l th:ll (dlh El(h) + ﬁlhT —|— Qldl + 191Dl)
there exists an optimal sequence such that d; = é’gl( : and d; = Cfl( X where Zh:l Qup
el t

< my (195 - 91) and Y 3, o Bin < myd;.

~ % v

Proof: When the start time of due-window d; = C; d, = Cﬁz( » we have Z =
2/

igep)’
2 <Zh 1 Gun (Cl[el] Cgl(h)> + 1 B ( ” Cglm)) + M, Cigey) + mudy (Cgl(m

— égm )> ) . Applying the typical small perturbation technique, we have the following two
€l
cases.

v

Case 1: To ¢;; When d; reduces by ¢, and d; is unchangeable, i.e., d, =

ep
dy = CU’E , we have
1)
€] 1 m
Z (Z h ( fep €7 sz(h)) + Z Bin (Cél(h) B Ogl(t”)
—1 _ h=t;+1

+myb; ( El(el) - 8) + <C€l(tl) - <C€l(ez) N 5)) >
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When d; increases by ¢, and d, is unchangeable, i.e., d=C: +e¢ ,d;, we have

€i(ep)

Z (Z alh( by T 5l(h)> Z ﬁlh( SN 51<tz>>

1=1 h=t;+1
wmifl (G, +e) +midh (Ce, — (Co +2) ) .
By using the typical small perturbation technique, we have

q e —1
Z — Zl = Z (Z ane + mléléf — mﬂ§1<€> <0

=1 \h=1
and

q e—1
= E —dlel€ — E e +mybie — myie | <O0.
= h=1

-1 o 3 A -1 o v . v . .
Hence, Y 7', dup, < my (19; — 9;) < S0 Qup + Que,. Since dye, is a non-negative number,

it can obviously see that ZZ‘;II o < my (51 — él)

Case 2: To t;: When ch reduces by e, and Jl is unchangeable, i.e., cil = Cu'gl( . d, =
€l
C¢ . —¢, we have
L(ty)
q 61—1
Zy = Z (Z Qi <C§l(el) éz(h)> Zﬂlh ( &) ( ey 6))
I=1 \h=1 h=t,
+mlelc§l(q) + (ng(tl) §z(el) )
When dl increases by ¢, and dl is unchangeable, i.e. dl &z( » Jl = Cu'gm : + &, we have
€l l
e —1
Z (Z Qlh ( 51(el) 5Z(h)> Z 6”‘ ( ﬁz(h) < vl(tl) +5>>
=1 \h=1 h=t;+1

+ml0lo€l(el) + mﬂ% (Ogl(tl) + €~ Cgl(el)> > '

By using the typical small perturbation technique, we have
q my
Z — 23 = Z <—5ltl€ - ( Z Bin — mﬂ%) e) <0
=1 h=t;+1

and
q

m
Z—Z4: E ( E ﬁlhe—ml"ﬁle> <0.

1=1 \h=t;+1
Hence, ZZZQH Bin < myy < th:ltlﬂ Bin + Bu,. Since Py, is a non-negative number, it

can obviously see that ZZZ f1 Blh < mlzél. Thus, Lemma 3.2 holds. O
Next, the target function will be discussed in two cases.
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Case 1: 51 < él. According to Lemmas 3.1 and 3.2,

dy =0, (4)
~ 17}
D=d=5+3+ Pél(k)‘él( ), (5)
k=1
El(h) - 0’ <6)
h
> B k), >,
Tﬁuz(h) o k=t;+1 1w (7)
0, h <t.

Combining Equations (4)-(7), the total cost of all jobs in the G; under & can be given by
Z (5[) = Zﬁzh & T myid

= Z Bin ( Z gl(k>gl(kf)) +myd, (Sl + 5 + Z e It k:)>

h=t;+1 k=t;+1

-5 (m) 0+ (sz+sz+z )
h=t;+1
fz(h) Z (Zﬁlk> §l(h>gl )—’_mﬂél <§l+§l>

Il
g
E
Sec
g;

h=1 h=t;+1 =
my
= D¢ Doy T 0, (Sl + 3l> (8)
h=1
where
mygi(k), h <1,
Dp = [0 (9)
i (Z 551:) ai(k), h>t.
k=h
Case 2: 51 > él. According to Lemmas 3.1 and 3.2,
Sl + 3 + Z fl(k) (10)
SH—SH—Z 0 Ji (11)
~ 2
Di=di—di= ) F, ak), (12)
k=e;+1
; > b, ailk), h<e,
51(h) - k=h+1 " (13)

0, h > €r,
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L(h) k=t;+1

0, h <t.

Combining Equations (10)-(14), the total cost of all jobs in the G} under & can be given
by

< ) Zam G T Zﬁm &m T mybyd; + myd; <Czl — CZl)

h=1
e;—1 e
S (3 ra) ¢ 3 (3 a0)
h=1 k=h-+1 h=t;+1 k=t;+1
(&3] t
+ my 0, <Sz + 8 +ZPEl(k>§l<k)> + myv; Z B, 0i(k)
k=1 k=e;+1
e h—1
3 () 00 3 (o) 700
h=1 \k=1 h=t;+1 \k=h
€l
+ b, < LS+ Zpgl(k gl ) +mﬂ9[ Z §1(k>gl
k=1 k=e;+1
e h—1 t;
= Z (mlel —+ ( dlk)) Pél(h)ﬁl(}w -+ Z mlﬁngl(h)gl(h)
h=1 k=1 h=e;+1
+ b, (vz + 5 ) Z (Z 5lk> ey 1 (1)
h=t;+1 k=h

- Z El(h) fz + mlél (gl + §l> ) (15)

(mlgl + (Z Oém)) gi(h), h<e,

mﬂ%f]l(h), e+ 1< h < t, (16)

(Z Blk) gi(h), h>t.
( \k=n

19

From Equations (8) and (15), Z (&) can be represented by a united form as follows:

where

K

gl(h) -

my
Z (fl) = Zq)ém)PEl(h) + my min {19;, 9;} (Sl + §z> : (17)
h=1

If 5‘1 < él, égl(h) is determined by Equation (9); otherwise, égl(h) is determined by Equa-
tion (16). As can be seen from Equation (17), under the optimal due-window allocation

strategy, the first item ", only depends on the internal job sequence of group

P
El(;) &in)
G, and has nothing to do with the processing sequence of other groups, while the second
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item is independent of the internal work order of each group. Based on the above analysis,
combined with the following lemma, the Hungarian method can be applied to determine
the optlmal job order within each group.

Let Xy = 1 if job J is processed in the kth position under group Gy and Xy, = 0

otherwise. For the CODW, from Equations (9) and (16), for the group Gy, the optlmal job

sequence ful of the problem 1|GT, PDPT, CODW |3 {_ >, <dlhE£z<h) + Blh £ + 6,d,

+ 5‘115[) can be provided by following assignment problem:

mp my

min Zl = Z Z lethlhk (18)

h=1 k=1

my
lehkzla h:1727"'7ml7

SH R QNG (19)
Zthkzl, k:1,2,...,ml,
L thk =0or 1,
in which, if 1§l < él
mo P, Gi(k), k<t,
Qe = (20)
Z/Blh e, di(k), k>,
if 1§l > él
( k—1
(ml9z + (Z dm)) Py ai(k), k<e,
h—1
Qe = mzvlpv Lai(k), e+ 1<k<4, (21)

(Z 5lh> e, J1(k k> t.

Let m = Y o, pgl(h)f]l(h) for l =1,2,...,q, h = 1,2,...,m;. The optimal group se-
quence can be formulated by the following lemma.

Lemma 3.3. For the problem 1|GT, PDPT, CODW| iy Sty (dn B, + nTy, -+ bl

1(h)

+ 19,Dl> , the optimal group sequence is assigned the groups by the non-decreasing order of
S+7

my min{¥;,0;}

Proof: Let ¢ be the optimal group schedule for the problem

1|GT, PDPT, CODW|> L >, (dlhEgl(h) + BZthl(h) + G,d; + 151151)

and it dissatisfies this lemma. Let group G (<) and group G (<) be two adjacent groups,
supposed that G; (<) is prior to G, (<), and the start time of group under ¢ be S. Ex-

changing the groups G; and G to construct another schedule ¢! while leaving the other
groups unchanged. Then by Equatlon (17), we have

20 +7%@) - (4 +2 ()
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To show that ¢ is better than ¢!, we have
4+ 2, = (%) + 2 (M) <o,
then
This completes the proof. O
Based on the above analysis, the optimal algorithm can be described as follows.

Algorithm 1

Input: pun, Gi(k)s Guny Bins Oy 00 3 (L=1,2, 00, h =12, omy, k= 1,2,...,my)
Output: The optimal sequence e, t;, £, <*, Z, Z*, dj, Dy

Step 1. According to Lemmas 3.1 and 3.2, calculate the ¢, t;.

Step 2. According to Equations (20) and (21), calculate the i for (h=1,2,...,my,
k= 1,2,...,ml).

Step 3. The optimal job sequence £*(1) can be provided by Hungarian method (18)-(21)
within each group.

Step 4. The optimal group sequence ¢* can be provided by Lemma 3.3 between groups.
Step 5. Calculate Zvl* by using Equation (17).

Step 6. Calculate df = éfz( ) and Dj.
el

Theorem 3.1. The problem 1|GT, PDPT, CODW |~/ >, (dlh ao t 51hT wT 0,d,
—H?llu?l) can be solved by Algorithm 1 in O(m?) time.

Proof: In Algorithm 1, Step 1 needs O(gm) time; Steps 2 and 3 for each group,
solving the assignment problem requires O(m?) time; in Step 4 for each group, solving
the problem requires O(mlog(m)) time; gm and mlog(m) are less than m3. Hence, the
time complexity of Algorithm 1 is O(m?). O

4. Example. In this section, Algorithm 1 is applied to solve
l|GT, PDPT, CODW |37, 3001, <dlh G T 5lhT , T Ondy + 19le>

Example 4.1. Assume a common due-window assignment problem with m = 10 jobs

which are classified into ¢ = 2 groups and the relevant parameters of jobs are given in
Tables 1-4, where g1(k) =k and go(k) = k™2 fork=1,2,...,m

TABLE 1. Values of group-dependent parameters

{ (9[ 19[ §l
1 5 4 20
2 1 3 10
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TABLE 2. Values of lf’lh

Pp=0\h 1 2 3 45
1 4 8 10 5 2
2 11 6 2 9 3

TABLE 3. Values of dqy,

am=0Nh 1 2 3 4
1 6 2 3 4
2 2 417

QU = Ot

TABLE 4. Values of Blh

Brn=0\h 1 2 3
1 375
2 625

4
8

—_
—_
= O] Ot

Depending on Step 1, for G’l, J, < (91, thus er =20, on the basis of Lemmas 3.1 and 3.2,
t, =3,4,5. For Gg, i accordance with 192 > 6’2 and Lemmas 3.1 and 3.2, e = 0,1,2,3,4
and ty = 4,5.

Depending on Steps 2 and 3, the following Tables 5 and 6 are given.

TABLE 5. Results of group él

er b £(ersth) Z(e1, 1)
0 3 (Js1,J22,J13, J54, Jus5) 1121
0 4 (ng,JQQ,Jlg,J54,J45) 1145
0 5 (ng, JQQ, J43, J14, J55) 1340

The bold numbers are the optimal solution 5 *

TABLE 6. Results of group ég

g(eg,tg) Z(Gg,tg)
(ng, J52, J23, J44, J15) 61.4475
(ng, J52, Jgg, J44, J15) 41.4475
(ng, JQQ, J53, J44, J15) 35.6975
(J31, Js2, Joz, Jua, J15)  34.2808
(J317J527J237J447J15) 32.5933
)

)

)

)

D
[\o}

~~
[}

(J31, Js2, Jos, Jua, Ji5)  66.2875
<J31> J527 J23, J44, J15 462875
(J?;l; J22, J53, J44, J15 40.5375
(J31,J52,J23,J44,J15 39.1208
(J317 J52, J23, J44, J15) 374333

The bold numbers are the optimal solution 5 *

B W= O R W~ O
O R R N

ot

Depending on Step 4, the optimal group sequence §* = {él — ég}
Depending on Steps 5 and 6, Z* = 1183. 5933, d* =0, D* = 58, d* =76, D* = 0.
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Remark 4.1. In this example, the application of Algorithm 1 to solve the problem is
demonstrated. Consider a scenario with 10 jobs grouped into 2 groups, each with specific
job parameters. By following the steps outlined in the algorithm and using Lemmas 3.1
and 3.2, we determine the optimal due-window start and finish times for each group. See
Tables 5 and 6 for details.

5. Summary and Future Research. In this paper, we studied common due-window as-
signment with position-dependent weights under group scheduling on the single-machine.
The objective is to determine the optimal group sequence, the optimal job sequence,
and the optimal due-window assignment to minimize the total cost including early and
late penalties, common due-window start time, and common due-window size costs. We
demonstrated that the common due-window assignment problem can be solved in O(m?)
time. Future research may consider scheduling with learning effects in flow shop setting
(Li et al. [24] and Jung and Kim [25]), study parallel machine scheduling with group
technology (Yang [26]) or deal with scheduling with deteriorating jobs (Zhang et al. [27]
and Lv et al. [28]).

Acknowledgment. This work was supported by the Innovation and Entrepreneurship
Training Program for University Students [grant no. S202310143050].
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