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ABSTRACT. This paper explores the role of N -structures within BCC-algebras, partic-
ularly those induced by hyperfuzzy structures. We introduce and define the concept of
Ni-fuzzy BCC-subalgebras, for k € {1,2,3,4}, and analyze their fundamental proper-
ties. Additionally, we delve into the relationships between Ny -fuzzy BCC-subalgebras and
(i, 7)-hyperfuzzy BCC-subalgebras, where i, j, k € {1,2,3,4}.

Keywords: BCC-algebra, N-function, Hyperfuzzy set, Hyperfuzzy structure, (i,7)-
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1. Introduction. The hyperstructures theory (also called multialgebras) was introduced
in 1934 by Marty [1] at the 8th Congress of Scandinavian Mathematicians. Hyperstruc-
tures have many applications to several sectors of both pure and applied parts of mathe-
matics. A good reference for the theory of hyperstructures and its applications to math-
ematics and computer science can be found in [2, 3].

The study of hyperstructures has seen significant progress, particularly in applications
to algebraic systems like fuzzy logic and decision-making models. Changphas and Davvaz
[4] introduced bi-hyperideals and quasi-hyperideals in ordered semihypergroups, provid-
ing a foundation for further exploration. Building on this, Pibaljommee and Davvaz [5]
characterized simple and regular semihypergroups using fuzzy bi-hyperideals, while Tang
et al. [6] extended this work by introducing fuzzy interior hyperideals. Kehayopulu [7]
explored fuzzy hypersemigroups, adding depth to the understanding of their structure.
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Sanpan et al. [8] advanced the field with interval-valued Q-fuzzy I'-hyperideals, empha-
sizing flexibility in handling uncertainty. Lekkoksung et al. [9] generalized hyperideal con-
cepts with (m, n)-hyperideals and n-interior hyperideals, providing new insights into ideal
elements. Recently, Tangtragoon et al. [10] introduced bi-interior hyperideals, further re-
fining the structure of hypersemigroups. These contributions highlight the importance of
hyperstructures in managing complexity and uncertainty across diverse fields, with ongo-
ing research promising further advancements in algebraic theory and its applications.

Tampan [11] introduced a new algebraic structure, which is called UP-algebras, as a
generalization of KU-algebras. He studied ideals and congruences in UP-algebras. Ro-
mano [12] applied the hyperstructures to UP-algebras and introduced the concept of
hyper UP-algebras, which is a generalization of UP-algebras and investigated some relat-
ed properties. They also introduced the concept of several types of hyper UP-ideals. In
2020, lampan et al. [13] introduced the concept of UP-hyperalgebras and the concepts of
UP-hypersubalgebras, UP-hyperideals of types 1 and 2, and s-UP-hyperideals of types 1
and 2 in UP-hyperalgebras. The notion of UP-algebras (see [11]) and the notion of BCC-
algebras (see [14]) are the same, as shown by Jun et al. [15] in 2022. We will refer to it
as BCC instead of UP in this article as a sign of respect for Komori, who first described
it in 1984.

In this paper, we explore the concept of A -structures in BCC-algebras derived from hy-
perfuzzy structures. Specifically, we introduce the notion of Aj-subalgebras within BCC-
algebras for k € {1,2,3,4} and examine their fundamental properties. Additionally, we
analyze the relationships between Nj-subalgebras induced by hyperfuzzy sets and (i, j)-
hyperfuzzy BCC-subalgebras within BCC-algebras, where i, j,k € {1,2,3,4}. Through
this investigation, we aim to enhance the understanding of how hyperfuzzy structures in-
teract with BCC-algebras, providing insights into their algebraic behaviour and potential
applications.

2. Preliminaries. The concept of BCC-algebras (see [14]) can be redefined without the
condition (6) as follows.

Definition 2.1. [16] An algebra X = (X, *,0) of type (2,0) is called a BCC-algebra if it
satisfies the following conditions:

(Va,y, 2 € X)((y* 2) * ((zx y) * (v % 2)) = 0) (1)
(Vx e X)(0xx =x) (2)
(Vz € X)(z*0=0) (3)
Ve,ye X)(xxy=0=y*xx =z =y) (4)

Example 2.1. [17] Let N be the set of all natural numbers with two binary operations o

and e defined by

0 otherwise

and

(Vo yE]N)(x.y:{?/ if x>y 07‘3::07)

0 otherwise
Then (N, 0,0) and (N, e,0) are BCC-algebras.

For more examples of BCC-algebras, see [18, 19, 20, 21, 22, 23, 24, 25].
After this, we assign X instead of a BCC-algebra (X, *,0) until otherwise specified.
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We define a binary relation < on X as follows:

Ve,ye X)(x <y xxy=0) (5)
In X, the following assertions are valid (see [11]).

(Vr € X)(x < x) (6)

Ve,y,z€e X)(z<y,y<z=2z<2) (7)

(Vo,y,ze€ X)(z <y=zxx < z%xy) (8)

Ve,y,ze X)(z<y=yxz<xx2) 9)

(Vr,y,z € X)(z < yx*x, in particular, y x 2 < z x (y x 2)) (10)

Ve,ye X)(yxzx <z & x=yx*x) (11)

(Vo,y € X)(z <yx*y) (12)

(Va,z,y,2 € X)(xx (y*2) Sazx((axy)*(axz)) (13)

(Va,z,y,z € X)(((a* x) * (axy)) x 2z < (xxy) * 2) (14)

(Vo,y,z € X)((z*xy) x 2 < yx*2z) (15)

Vr,y,ze X)(z<y=zx<zxy) (16)

(Vo,y,z€ X)((z*xy)xz < xx(yx*2)) (17)

(Va,z,y,2 € X)((z*y) x 2 <y = (ax2)) (18)

Definition 2.2. [11] A nonempty subset S of X is called a BCC-subalgebra of X if

(Ve,y € S)(zxy € 9) (19)

Definition 2.3. [26] A negative fuzzy set (briefly, N-fuzzy set) in a nonempty set X (or
a negative fuzzy subset (briefly, N -fuzzy subset) of X ) is an arbitrary function from the
set X into [—1,0], where [—1,0] is the unit segment of the real line.

Definition 2.4. [27] Let X be a nonempty set. A mapping [ : X — P([0,1]) is called a
hyperfuzzy set over X, where P([0,1]) is the family of all nonempty subsets of [0,1]. An

ordered pair (X , f) 15 called a hyperfuzzy structure over X. Given a hyperfuzzy structure

(X, f) over a nonempty set X, we consider two fuzzy structures (X, ﬁnf> and (X, fsup)

over X in which

Fur: X = 0,12 — inf{f(x)},
fsup : X = [0,1]; 2 — sup {f(:c)} )

3. Ni-Fuzzy BCC-Subalgebras Based on Hyperfuzzy Structures. In this section,
we introduce the notions of N;-fuzzy BCC-subalgebras, Ns-fuzzy BCC-subalgebras, Ns-

fuzzy BCC-subalgebras, and N,-fuzzy BCC-subalgebras of hyperfuzzy structure (X , f)
over a BCC-algebra (X, *,0).

Definition 3.1. Given a hyperfuzzy structure (X, f) over a BCC-algebra (X, *,0), we
define an N -function on (X, *,0) as follows:

J?N X = [_170];‘75 = ﬁnf<'r> - J?Sup(x)v
which is called an induced N -function from (X, f) on (X, *,0).

Definition 3.2. A hyperfuzzy structure (X, f) over a BCC-algebra (X, *,0) is called an
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(1) Ni-fuzzy BOC-subalgebra of X if (Vz,y € X) (fN(x xy) > min {fN(x), ()
(2) No-fuzzy BCC-subalgebra of X if (Va,y € X) (fN(x xy) < min {fN(x), ()
(3) Ny-fuzzy BCC-subalgebra of X if (Va,y € X) (fN(x %) > max {fN(J;), Fn(y)
(4) Ni-fuzzy BCC-subalgebra of X if (Va,y € X) (fN(x xy) < max {fN(x), Fv(y)

Proposition 3.1. For a hyperfuzzy structure (X, f) over a BCC-algebra (X, *,0), we
have the following:

(1) if (X, f) is an Ni-fuzzy BCC-subalgebra of X, then
(va € X) (F(0) = (@),
(2) if (X, f) is an Na-fuzzy BCC-subalgebra of X, then

(va € X) (Fu(0) < (@) |
(3) if (X, f) is an Ny-fuzzy BCC-subalgebra of X, then
(va € X) (fw(0) = f(@)).
(1) if (X, f) is an Ni-fuzzy BCC-subalgebra of X, then
(va € X) (Jwl0) < ().
Proof: (1) If (X, f) is an \Vj-fuzzy BCC-subalgebra of X, then for all z € X, fa(0) =
fa(x +2) > min {J?N(x)a fN(@} = fn(@).
(2) It (X, f“) is an Ny-fuzzy BCOC-subalgebra of X, then for all 2 € X, fa(0) =
Tt = @) < min { fu(@), Jvle) b = (o).
(3) If (Xf) is an Ni-fuzzy BCC-subalgebra of X, then for all z € X, fa(0) =
Ja(x % ) > max {fN(fE), J?N(x)} = fx(a).
(4) It (X, f) is an Ny-fuzzy BOC-subalgebra of X, then for all z € X, fa(0) =
fota s 2) < max { fie(@), fu(@) | = (o). -
Theorem 3.1. For o hyperfuzzy structure (X, f) over a BCC-algebra (X, *,0), we have

the following:

(1) every N3-fuzzy BCC-subalgebra of X is an Ni-fuzzy BCC-subalgebra,
(2) every Na-fuzzy BCC-subalgebra of X is an Ny-fuzzy BCC-subalgebra.

Proof: (1) Assume that (X, f) is an N3-fuzzy BCC-subalgebra of X. Let x,y € X.

Then fu(z *y) > max {fj\/(aﬁ), fN(y)} > min {f/\/(:c), fN(y)} Hence, (X, f) is an M-
fuzzy BCC-subalgebra of X.
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(2) Assume that (X, f) is an Na-fuzzy BCC-subalgebra of X. Let z,y € X. Then

Jaotw +y) < min { fu@), fu(y) } < max{f(@), fw(y) }. Hence, (X, F) is an Ni-fuzzy
BCC-subalgebra of X. O
The following example shows that the converse of Theorem 3.1 is not true in general.

Example 3.1. Consider a BCC-algebra X = {0,1,2,3,4} with the binary operation
which s given as follows:

(vl ev il ev il ev i en] Nan)
NN DND
DN O DN NN
WO W W WwWw
OO OO -

=W N~ O %

(1) Let (X, f) be a hyperfuzzy structure over (X, x,0) in which ]7 is given as follows:

0.2,0.7] ifz € {0,1,2}

f: X — P([O’ 1]);‘T = { (0.1’0_9] if v € {3,4}.

Then the induced N -function from (X, f) 1s given as follows:

]7 B 0 1 2 3 4
N=\-05 —-05 —05 —08 —0.8)"

Then (X, f) is an Ni-fuzzy BCC-subalgebra of X. We see that fN(O *3) = —0.8 #

—0.5 = max{—0.5, —0.8} = max {fN(O), fN(B)} Thus, (X, f) is not an N3-fuzzy BCC-
subalgebra of X.
(2) Let (X, f) be a hyperfuzzy structure over (X, *,0) in which f 1s given as follows:

((0.1,0.8] ifz=0
(0.1,0.3) ifx=1
F:X = P(0,1]);2— { [0.3,05] ife=2

(0.2,04] ifzx=3
[ (0.1,0.9] ifz=4.

Then the induced N -function from <X, f) s given as follows:

(0 12 3
N7 \-07 02 —02 -02 —08)°
Then (X, f) is an Ny-fuzzy BCC-subalgebra of X. We see that fN(O x2) = —0.2 £

—0.7 = min{—0.7,—0.2} = min {fN(O), fN(Q)} Thus, <X, f) is not an Na-fuzzy BCC-
subalgebra of X.

Theorem 3.2. A hyperfuzzy structure (X, f) over a BCC-algebra (X, x,0) is an Na-fuzzy
BCC-subalgebra of X if and only if it is constant.
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Proof: Assume that (X, f) is an No-fuzzy BCC-subalgebra of X. Then fN(O) < fN(x)
for all z € X. By (2), we have fy(z) = fa(0 % z) < min {fN(O), fN(:c)} = fu(0) for all
x € X. Thus, fN(:U) = fN(O) for all x € X, so fis constant. Hence, (X, f) is constant.

Conversely, assume that (X , f) is constant. Then fN(x) = fN(O) for all x € X. Let
2,y € X. Then fu(wsy) = fu(0) < Jur(0) = min { fu(0), fv(0) } = min { fur(@), fiv() }.
Therefore, (X , f) is an No-fuzzy BCC-subalgebra of X. O
Theorem 3.3. A fuzzy structure (X, f) over a BCC-algebra (X, x,0) is an N3z-fuzzy
BCC-subalgebra of X if and only if it is constant.

Proof: Assume that <X, f) is an NV3-fuzzy BCC-subalgebra of X. Then fN(O) > ]‘j\/(az)
for all z € X. By (2), we have fa(z) = far(0 % ) > max {fN(O), fN(x)} — F\r(0). Thus,
f/\/(a:) = fN(O) for all x € X, so fis constant. Hence, (X, f) is constant.

Conversely, assume that <X , f> is constant. Then fN(O) = fN(x) for all z € X. Let x,
y € X. Then fy(a+y) = Ji(0) = fu(0) = max { fu(0), fu(0) } = max { fir(@), v (o) }.

Therefore, (X , f) is an N3-fuzzy BCC-subalgebra of X. O

By Theorems 3.2 and 3.3, we obtain that N-fuzzy BCC-subalgebras, N3-fuzzy BCC-
subalgebras, and constant fuzzy structures coincide. The relationships among the N-
subalgebras can be summarized in the following diagram.

N, -fuzzy BCC-subalgebra  Ni-fuzzy BCC-subalgebra

! 1

N;-fuzzy BCC-subalgebra  N,-fuzzy BCC-subalgebra

f f
|

Constant

FIGURE 1. Nj-fuzzy BCC-subalgebras

Definition 3.3. For any i,j € {1,2,3,4}, a hyperfuzzy structure (X, f) over a BCC-
algebra (X, *,0) is called an (i,j)-hyperfuzzy BCC-subalgebra of X if a fuzzy structure
(X, ﬁnf> is an i-fuzzy BCC-subalgebra of X and a fuzzy structure (X, J?sup> 1S a j-fuzzy
BCC-subalgebra of X.

Theorem 3.4. Given a BCC-subalgebra S of a BCC-algebra (X,*,0) and By, By €
P([0,1]), let <X, f) be a hyperfuzzy structure over X given by

BQ Zfl’GS

f:X = P([0,1]);2 — { By otherwise.

If By C By, then <X, f) is an Ny-fuzzy BCOC-subalgebra of X. Also, if By C By, then
(X, f) is an Ni-fuzzy BCC-subalgebra of X .
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Proof: If z € S, then f(z) = By and so fa(z) = fue(a) — ﬁup(x) = inf {f(x)} -
sup {f(:c)} = inf By — sup Bs.

If 2 ¢ S, then f(z) = By and so fux(z) = fint(z) —]?Sup(x) = inf {f(:c)} —sup {f(:c)} =
inf B; — sup Bj.

Assume that By C By. Then inf By — sup By < inf B; — sup B)'
Case 1: Let 2,y € S. Then fy(z) = inf By — sup By and fa(y) = inf B, — sup B.

Thus, max {fN( ), fN( )} inf By —sup Bs. Since S is a BCC-subalgebra of X, we have
rxy € S and so fN(x * y) = inf By — sup By. Thus, }VN(ZB xy) = inf By — sup By <
inf By — sup By = max {f/\/( ), fv(y )}

Case 2: Let x,y ¢ S. Then fy(z) = inf By — sup By and fa(y) = inf By — sup By, so
max {fN( ), Iy )} inf By —sup By. Thus, fy(z*y) < inf B; —sup By = max{fN( ),
f/v(y)}-

Case 3: Let z ¢ S and y € S. Then fy(z) = inf B; — sup By and fu(y) = inf By —
sup By, so max {fN(x),fN(y)} = inf By — sup B;. Thus, f/\/(a: xy) < inf By —sup By =
max {fN(I), fN(y)}-

Case 4: Let x € S and y ¢ S. Then fy(x) = inf By — sup By and fy(y) = inf By —
sup By, so max {f/\/( )7]?N(y)} = inf B; — sup B;. Thus, f/\/(x xy) < inf By —sup By =

maX{fN( ), iy )}

Hence, fy is an Nj-fuzzy BCC-subalgebra of X.
Assume that By C Bj. Theg sup By — inf By < sup By — inf B;.
Case 1: Let x,y € S. Then fy(z) = inf By —sup By and fN( ) = inf By —sup Bs. Thus,

min {fN(x), fN(y)} = inf By—sup By. Since S is a BCC-subalgebra of X, we have zxy € S
and so f/\/(x*y) = inf By —sup B,. Thus, ]?N(:L**y) = inf By —sup By > inf By —sup By =
min{f/\/( ), Fx(y )}

Case 2: Let 2,y ¢ S. Then fy(z) = inf By — sup By and fa(y) = inf B, — sup By, so
min {fN( ), fv(y )} inf By — sup By. Thus, fy(z*y) > inf B; —sup B; = min {f/\/( )
Inly )}

Case 3: Let x ¢ S and y € S. Then fN( ) = inf B; — sup B; and fN(y) = inf By —
sup Bs, so min {fN( ), fN( )} inf By — sup B;. Thus, f;\/(a: xy) > inf By —sup By =

min{f/v( ), Fn(y )}
Case 4: Let 2 € S and y ¢ S. Then fy(z) = inf By — sup By and fy(y) = inf B; —
sup Bi, so min {fN( ), fN( )} inf B; — sup B;. Thus, fN(aj xy) > inf By —sup By =

min { fu(2), fu(y) |-
Hence, fN is an Nj-fuzzy BCC-subalgebra of X. a

Remark 3.1. The hyperfuzzy structure (X , f) in Theorem 3./ is neither Na-fuzzy BCC-
subalgebra nor N3-fuzzy BCC-subalgebra of (X, *,0). Consider a BCC-algebra X = {0, 1, 2,
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3,4} in Example 3.1, and take a BCC-subalgebra S = {0,1,2} of X. Let (X, f) be a hy-
perfuzzy structure over X given by
(0.2,0.7) ifz €S

[ X = P(0,1]);2 { [0.3,0.7]  otherwise.

Then (X, f> is an Ny-fuzzy BCC-subalgebra of X by Theorem 3.4. However, it is not an
Na-fuzzy BCC-subalgebra of X since fy (3% 1) = fa(2) = —0.5 > —0.4 = min{ fa(3),
(D)}, Let (X, f) be a hyperfuzzy structure over X given by

(0.4,0.6) ifzxe S

f:X = P(0,1]);2 — { 0.2,0.9]  otherwise.

Then (X, f~> is an Ni-fuzzy BCC-subalgebra of X by Theorem 3.4. However, it is not
an Ns-fuzzy BCC-subalgebra of (X, *,0) since far(2 % 3) = fu(3) = —0.7 < —0.2 =
max{fy(2), fx(3)}-

Definition 3.4. Given a hyperfuzzy structure (X, f) over (X, *,0) and t € [—1,0], con-

sider the following sets:
Uv (Ft) = {z e X |[Fv(@) 2t}
Ly <f,t> = {:v eX ‘fN(x) < t}.
Theorem 3.5. A hyperfuzzy structure (X,f) over a BCC-algebra (X, *,0) is an Ni-

fuzzy BCC-subalgebra of X if and only if the set Uy (]?, t) is a BCC-subalgebra of X for
all t € [~1,0] with Uy (f, t) £0.

Proof: Assume that <X, f> is an Nj-fuzzy BCC-subalgebra of X. Let ¢ € [—1,0] be
such that Uy (f, t) # () and let z,y € Uy (f, t). Then f/\/(x) >t and fN(y) > t. Since
(X, f) is an N -fuzzy BCC-subalgebra of X, we have fy (z+y) > min {f/\/(x), fN(y)} > t.
Thus, zxy € Uy <f, t>. Hence, Uy <f, t) is a BCC-subalgebra of X.

Conversely, assume that for all t € [—1, 0], the set Uy (f, t) is a BCC-subalgebra of X if
Un <f, t) # (. Let x,y € X. Then fN(x), fN(y) € [-1,0]. Chooset = min{f/\/(:ﬂ), f;\/(y)}
Thus, f/\[(l’) >t and fN(y) >tand so z,y € Uy (f, t) # (). By the assumption, we have
Upr (f, t) is a BCC-subalgebra of X and so x xy € Uy (f, t>. Thus, fN(x xy) >t =
min {fN(x), fN(y)} Hence, (X, f) is an Nj-fuzzy BCC-subalgebra of X. O

Corollary 3.1. If (X, f) is an N3-fuzzy BCC-subalgebra of a BCC-algebra (X, *,0), then
the set Uy <f, t) is a BCC-subalgebra of X for allt € [—1,0] with Uy (f, t) # .

Proof: It is straightforward by Theorems 3.1 (1) and 3.5. O
The following example shows that the converse of Corollary 3.1 is not true in general.
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Example 3.2. Let X = {0,1,2,3,4} be a BCC-algebra with the binary operation * which
s given in the following table:

*x0 1 2 3 4
0/0 1 2 3 4
110 0 2 00
2/0 00 0O
3101 2 0 4
410 1 2 3 0
Let (X, f) be a hyperfuzzy structure over (X, *,0) in which f 1s given as follows:

(0.2,0.4] ifz=0
(0.4,0.6) ifz=1
F:X =5 P0,1]);2 — < [0.1,0.7] ifx=2

0.2,0.9) ifz=3
[ (0.1,0.8] ifx=4.

Then the induced N -function from (X, f) 15 given as follows:

. 0 1 2 3 4
N= 02 —02 —-06 —-07 —0.7)"

Thus,
() if t € (—=0.1,0]
{0} ift € (—0.2,—0.1]
Uy (ﬁ t) —{ {02}  ifte(—0.6,-0.2]
{0,1,2} ift e (—0.7,-0.6]
| X ifte|-1,-0.7).

Then Upr (f, t> is a BCC-subalgebra of X for allt € [—1,0] with Uy (]7, t) # (). Howewver,
<X, f/> is not an N3-fuzzy BCC-subalgebra of X, that is, (X, f) is not an N3-fuzzy BCC-
subalgebra of X, since far(0%4) = —0.7 # —0.2 = max {fN(O), fN(4)}

Theorem 3.6. A hyperfuzzy structure (X,f) over a BCC-algebra (X, *,0) is an Njy-
fuzzy BCC-subalgebra of X if and only if the set Ly (f, t) is a BCC-subalgebra of X for
all t € [-1,0] with Ly (f, t) #0.

Proof: Assume that <X, f) is an N;-fuzzy BCC-subalgebra of X. Let ¢t € [—1,0] be
such that L (f, t) # () and let x,y € Ly (f, t). Then f/\/(x) <t and f/\/(y) < t. Since
<X, f) is an Ny-fuzzy BCC-subalgebra of X, we have fy(z*y) < max {fj\/(x), fN(y)} <
t. Thus, x xy € Ly (f, t). Hence, Ly <f, t) is a BCC-subalgebra of X.

Conversely, assume that for all t € [—1,0], the set Ly (f, t) is a BCC-subalgebra of X if
Ly (]7, t) £ 0. Letx,y € X. Then fu(z), fy(y) € [~1,0]. Choose t = Inax{f/\/(az), fN(y)}
Thus, fN(x) <t and ]?N(y) <tandsoz,y € Ly <]7, t) # (). By the assumption, we have
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Ly (f, t) is a BCC-subalgebra of X and so x xy € Ly <f, t>. Thus, fN(x xy) <t
max {fN(x), fN(y)} Hence, <X, f) is an N;-fuzzy BCC-subalgebra of X.

O

Corollary 3.2. If (X, f) is an Na-fuzzy BCC-subalgebra of a BCC-algebra (X, *,0), then
the set Ly (f, t) is a BCC-subalgebra of X for allt € [—1,0] with Ly (fN', t) #0.

Proof: It is straightforward by Theorems 3.1 (2) and 3.6. O
The following example shows that the converse of Corollary 3.2 is not true in general.

Example 3.3. Consider a BCC-algebra X = {0,1,2,3,4} in Ezample 3.1. Let (X, f)
be a hyperfuzzy structure over X in which f is given as follows:
(10.1,0.7] ifx=0
(0.2,0.5] ifz=1
f:X —=P(0,1]),z — ¢ [0.1,0.5] ifx=2
0.1,0.3) ifz=3
[ (0.1,0.3] ifx=4.

Then the induced N -function from <X, fj s given as follows:

Fom 0 1 9 3 4
N=\_06 —03 —04 —02 —02)°

Thus,
(0 ift € [-1,—0.6)
{0} ift € [-0.6,—0.4)
Ly (f, t) =< {0,2} ifte[-0.4,-0.3)
{0,1,2} ift €[-0.3,-0.2)
[ X ift € [-0.2,0].

Then Ly (f, t) is a BOC-subalgebra of X for allt € [1,0] with Ly (f, t) £ 0. However,
(X, f) is not an Na-fuzzy BCC-subalgebra of X, that is, (X, f) is not an Na-fuzzy BCC-
subalgebra of X, since fN(O %3) = —0.2 £ —0.6 = min {fN(O), fN(B)}

Theorem 3.7. Let <X,f> be a hyperfuzzy structure over a BCC-algebra (X,*,0) in
which <X, ﬁnf> satisfies the following condition:
(v.T, y e X)(finf(x * y) S min{finf(x)’ flnf(y)}>

If <X,f> is a (k,1)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}, then it is an
Ny-fuzzy BCC-subalgebra of X .

Proof: Assume that (X, f) is a (k,1)-hyperfuzzy BCC-subalgebra of (X, x*,0) for
k€ {1,2,3,4} in which (X , ﬁnf> satisfies the condition

(Vz,y € X)(fint(z * y) < min{ fine(2), finr(v)})-
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Then ﬁnf(x xy) < ﬁnf(x) and ﬁnf(x xy) < ﬁnf(y) for all z,y € X. Since (X, finf) is a
1-fuzzy BCC-subalgebra of X, we have

fa(ay) = fu(w*y) = fan(zy)
< Furlo xy) = min { fup @), Funlv) }
= max { fur (@ % 1) = Foup (@), Fur (@ 5 9) = Fown() |
< ma { e () = foun(@), fue () = Feun(v) |
= max { Fu(@), Futy) }

for all x,y € X. Therefore, (X , f) is an NV;-fuzzy BCC-subalgebra of X. a

Corollary 3.3. Let (X,f) be a hyperfuzzy structure over a BCC-algebra (X, *,0) in
which <X, ﬁnf> satisfies the following condition:
(\V/ZL’,y S X)(finf<m * y) S min{finf('r)a flnf(y)}>

If <X,f> is a (k,3)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}, then it is an
Niy-fuzzy BCC-subalgebra of X.

In general, any Ny-fuzzy BCC-subalgebra may not be a (k, 1)-hyperfuzzy BCC-subalge-
bra of (X, *,0) for k € {1,2,3,4} as seen in the following example.

Example 3.4. In Example 3.1, the Ny-fuzzy BCC-subalgebra (X, f) of X is not a (k,1)-
hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4} since

.Enf<2 * 2) - ﬁnf(0> =0.1 <0.3 =min {ﬁnf(2)7 ﬁ11f<2)} ’
Fue(3+ 1) = Fur(2) = 0.3 > 0.1 = min { fur(3), Fue(1) }
ﬁnf(z * 2) - ﬁnf(o) = 0.1 <0.3 = max {ﬁnf(2)7 ﬁnf(Q)} )

Fur(3%1) = fue(2) = 0.3 > 0.2 = max {f{nf(?)), f{nf(l)} .

We consider a condition for an N,-fuzzy BCC-subalgebra to be a (k,1)-hyperfuzzy
BCC-subalgebra for k € {1,2,3,4}.

Theorem 3.8. If (X, f) is an Ny-fuzzy BCC-subalgebra of a BCC-algebra (X, *,0) in

which, ﬁnf is constant on X, then it is a (k,1)-hyperfuzzy BCC-subalgebra of X for k €
{1,2,3,4}.

Proof: Assume that (X , f) is an Ny-hyperfuzzy BCC-subalgebra of (X, *,0) in which
ﬁnf is constant. It is clear that (X , ﬁnf> is a k-fuzzy BCC-subalgebra of X for k €
{1,2,3,4}. Let fue(z) =t for all 2 € X. Then

falaxy) = finf(f xy) — foup(2 % y)
=t— fsup(x * y)
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>t — max {fN(IL fN(?J)}
= min {t - fN(I),t - f/\/(y)}
= min { fup(®), Feun(v) }

for all x,y € X. Thus, (X , ﬁnf) is a 1-fuzzy BCC-subalgebra of X. Therefore, <X , f) is
a (k, 1)-hyperfuzzy BCC-subalgebra of X. O

Corollary 3.4. If (X, f) is an Na-fuzzy BCC-subalgebra of a BCC-algebra (X, *,0)

in which ﬁnf is constant on X, then it is a (k,1)-hyperfuzzy BCC-subalgebra of X for
ke {1,234}

Theorem 3.9. Let <X,f> be a hyperfuzzy structure over a BCC-algebra (X,*,0) in
which <X, f;up> satisfies the following condition:
(Va, y € X)(foup(z * ) = max{ foup (), foup(¥)})-

If <X,f> is a (4, k)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}, then it is an
Ni-fuzzy BCC-subalgebra of X .

Proof: Assume that (X, f) is a (4, k)-hyperfuzzy BCC-subalgebra of (X, x*,0) for
ke {1,2,3,4} in which (X, f;up> satisfies the condition
(V.Z',y S X)(finf(x * y) > maX{finf(a:)v flnf(y)})

Then fsup(x *y) > fsup(x) and ]Eup(:c *y) > fsup(y) for all x,y € X. Since (X, ﬁup) is a
4-fuzzy BCC-subalgebra of X, we have

Iv(axy) = fus(@xy) = faplz +y)
< fint(x * y) — min {f;up(x), ﬁup(y)}
= max { fur (2 ) = Foupl). Jioe( ) = Fanv) }
< max { Fue(@) = Fao (@), Jus(W) — Faun(v) |
= max {fN(JI), fN(y)}
for all 2,y € X. Therefore, (X, f) is an N-fuzzy BCC-subalgebra of X 0

Corollary 3.5. Let (X, f) be a hyperfuzzy structure over a BCC-algebra (X, *,0) in
which (X, ]Zup> satisfies the following condition.

(Vo,y € X) (fsup(x *y) > max {fsup(x)a fSup(y)}) .

If <X,f> is a (2, k)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}, then it is an
Ni-fuzzy BCC-subalgebra of X .
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Theorem 3.10. If (X, f) is an Ny-fuzzy BCC-subalgebra of a BCC-algebra (X, x,0)

in which ﬁup is constant on X, then it is a (4, k)-hyperfuzzy BCC-subalgebra of X for
ke {1,234}

Proof: Assume that (X, f) is an NV;-fuzzy BCC-subalgebra of (X, x,0) in which jzup is

constant. It is clear that <X, };up> is a k-fuzzy BCC-subalgebra of X for k € {1,2,3,4}.
Let fuop(a) = ¢ for all 2 € X. Then
ﬁnf(x*?/) = /) S (@ * )‘{’f;up(x*y)

<m X{f/\/( ), f/v(y)} +1

= max {]?N(fﬂ) +t, fuly) + 75}

max {fmf(x), ﬁnf(iy)}

for all x,y € X. Thus, <X, ﬁnf> is a 4-fuzzy BCC-subalgebra of X. Therefore, <X, f/> is
a (4, k)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}. O

Corollary 3.6. If <X,f> is an Na-fuzzy BCC-subalgebra of a BCC-algebra (X, *,0)

in which f:up is constant on X, then it is a (4, k)-hyperfuzzy BCC-subalgebra of X for
ke {l1,2,3,4}.

Theorem 3.11. Let (X,f) be a hyperfuzzy structure over a BCC-algebra (X, *,0) in
which <X, ﬁnf> satisfies the following condition:
(vx7y S X)(finf(x * y) Z Inax{finf(‘r)v flnf(y)})

If <X,f> is a (k,4)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}, then it is an
Ni-fuzzy BCC-subalgebra of X .

Proof: Assume that (X,f) is a (k,4)-hyperfuzzy BCC-subalgebra of (X, *,0) for
k€ {1,2,3,4} in which <X, ﬁnf> satisfies the condition
(Vz,y € X)(fint (2 * y) > max{ finr(z), fint (y)})-

Then finf(x k) > fmf(x) and finf(x *y) > ﬁnf<y) for all x,y € X. Since (X, fsup> is a
4-fuzzy BCC-subalgebra of X, we have

Pu(@ s y) = fur(w * y) = fap(@ *y)

> Ful ) = max { Foup (), Joun(v) }
min { Fo (% 9) = Foup (@), Fur (& % 9) = Feun(0) |
{fmf ~ Fanle). Fu) - Fow(w) }
(et

)

for all x,y € X. Therefore, (X f) is an Np-fuzzy BCC-subalgebra of X. O

| \/

= min
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Corollary 3.7. Let <X, f) be a hyperfuzzy structure over a BCC-algebra (X, *,0) in
which <X, ﬁnf> satisfies the following condition:
(Vo,y € X)(fint(z * y) > max{ fint(7), fint(¥)})-

If <X,f> is a (k,2)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}, then it is an
Ni-fuzzy BCC-subalgebra of X .

Theorem 3.12. If (X, f) is an N1-hyperfuzzy BCC-subalgebra of a BCC-algebra (X, *,0)

in which [ is constant on X, then it is a (k,4)-hyperfuzzy BCC-subalgebra of X for
ke {1,2,3,4).

Proof: Assume that (X , f) is an Ni-hyperfuzzy BCC-subalgebra of (X, *,0) in which

fint 18 constant. It is clear that (X , ﬁnf) is a k-fuzzy BCC-subalgebra of X for k£ €
{1,2,3,4}. Let fine(x) =t for all z € X. Then
Faw(@+y) = fue(z*y) = f(z*y)

<t —min {fx\/(ﬁ), fN(y)}

= max {t = fu(@).t = Fv(v) }

= max { fap (@), (1) }

for all z,y € X. Thus, (X fsup> is a 4-fuzzy BCC-subalgebra of X. Therefore, (X f)
is a (k, 4)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}.

Corollary 3.8. If (X, f> is an N3-hyperfuzzy BCC-subalgebra of a BCC-algebra (X, *,0)

in which finf is constant on X, then it is a (k,4)-hyperfuzzy BCC-subalgebra of X for
ke {1,2,3,4}.

Theorem 3.13. Let <X, f) be a hyperfuzzy structure over a BCC-algebra (X, *,0) in
which (X, f;up> satisfies the following condition:

(Vz,y € X)(fine(z * y) < min{ finr(2), finr(9)})-

If <X, f) is a (1, k)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}, then it is an
Ni-fuzzy BCC-subalgebra of X .

Proof: Assume that (X,f) is a (1, k)-hyperfuzzy BCC-subalgebra of (X, x*,0) for
k€ {1,2,3,4} in which (X, f;up> satisfies the condition
(VZE,y S X)(finf<x * y) S min{finf(x)a flnf(y>}>

Then ﬁup(x xy) < f;up(:c) and fsup(:c xy) < ﬁup(y) for all x,y € X. Since <X, ﬁnf> is a
1-fuzzy BCC-subalgebra of X, we have

e xy) = fur(z+y) = fap(z+y)
> min { Fur(w), Fur(0) } = Foun(@ % 9)
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— min {ﬁnf(x) — Fap(@ % Y), Fint (y) — Faup( y)}
> min { Fiur(@) = Faun @), fu(4) = Feun(v) |
= min { fi(2), ()}
for all 2,y € X. Therefore, (X, f) is an A/;-fuzzy BCC-subalgebra of X. 0

Corollary 3.9. Let (X, f) be a hyperfuzzy structure over a BCC-algebra (X, *,0) in
which (X, f;up> satisfies the following condition:

(Va,y € X)(foup(@ * y) < min{ foup (@), foup(y)})-
If <X,f> is a (3, k)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}, then it is an
Ni-fuzzy BCC-subalgebra of X.

Theorem 3.14. If (X, f) is an Ni-fuzzy BCC-subalgebra of a BCC-algebra (X, x,0)

in which ﬁup is constant on X, then it is a (1, k)-hyperfuzzy BCC-subalgebra of X for
ke {1,234}

Proof: Assume that (X, f) is an NV;-fuzzy BCC-subalgebra of (X, x,0) in which f:up is
constant. It is clear that <X, Jzup> is a k-fuzzy BCC-subalgebra of X for k € {1,2,3,4}.
Let ﬁup(x) =t for all z € X. Then

fint(@ # y) = fr(@ % y) + fap(@ *y)
> t 4 min {f/\/(x), fN(?J)}
= min {t+ fu(e),t+ fuly)}
= min { far(@), fur(v) |
for all x,y € X. Thus, <X, finf) is a 1-fuzzy BCC-subalgebra of X. Therefore, (X, f> is
a (1, k)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}. O

Corollary 3.10. If (X, f) is an Ns-fuzzy BCC-subalgebra of a BCC-algebra (X, *,0)

i which f;up is constant on X, then it is a (1,k)-hyperfuzzy BCC-subalgebra of X for
ke {1,2,3,4}.

Theorem 3.15. If (X, f) is an Na-fuzzy BCC-subalgebra of a BCC-algebra (X, *,0)

in which ﬁnf is constant on X, then it is a (k,3)-hyperfuzzy BCC-subalgebra of X for
ke {l1,2,3,4}.

Proof: Assume that (X , f) is an Na-fuzzy BCC-subalgebra of (X, x,0) in which ﬁnf is

constant. It is clear that <X, ﬁnf> is a k-fuzzy BCC-subalgebra of X for k € {1,2,3,4}.
Let fu¢(z) =t for all z € X. Then

Jzup(x *y) = ﬁnf - f/\/’(x *Y)
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>t — min {fN(x), fN(y)}

= max {t — fv(@)t = fN(y)}

= max { fup(@), fou(v) }
for all x,y € X. Thus, <X , };up> is a 3-fuzzy BCC-subalgebra of X. Therefore, (X , f)
is a (k, 3)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}. O

Theorem 3.16. If (X, f) is an N3-fuzzy BCC-subalgebra of a BCC-algebra (X, *,0)

in which ﬁnf is constant on X, then it is a (k,2)-hyperfuzzy BCC-subalgebra of X for
ke {l,2,3,4}.

Proof: Similar to the proof of Theorem 3.15. a
Theorem 3.17. Let (X, f) be a hyperfuzzy structure over a BCC-algebra (X, *,0) in
which <X, ﬁnf> satisfies the following condition:

(Va,y € X)(fine( * y) = max{ finr(2), fine (¥)})-

If (X, f) is a (k,2)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}, then it is an
Ns-fuzzy BCC-subalgebra of X .

Proof: Assume that (X, f) is a (k, 2)-hyperfuzzy BCC-subalgebra of (X, %, 0) in which
<X , ﬁnf> satisfies the condition

(Vz,y € X) (fir( * y) = max{ fine(2), fine(y)}) -

Then ﬁnf(x *y) > fmf@) and ﬁnf(:v *y) > finf(y) for all z,y € X. Since <X, ﬁup> is a
2-fuzzy BCC-subalgebra of X, we have

el xy) = fur(@xy) = Jap(e = y)
> Far(w+y) = min { Fup(@), Foun() }
= ma { e ) = Fap(2). Fur (2 5 v) = Fan(v) |
> max { () = Foup(@), Fue(w) = Founl®) |
= max {J?N(x)v fN(y)}

for all z,y € X. Therefore, (X, f) is an N3-fuzzy BCC-subalgebra of X. O

Theorem 3.18. Let (X, f) be a hyperfuzzy structure over a BCC-algebra (X, *,0) in
which <X, ﬁnf> satisfies the following condition.
(\V/ZE,y € X)(finf<x * y) S min{finf(x)u flnf(y>})

If <X,f> is a (k,3)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}, then it is an
Ns-fuzzy BCC-subalgebra of X .

Proof: Similar to the proof of Theorem 3.17. O
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Theorem 3.19. Let (X, fv) be a hyperfuzzy structure over a BCC-algebra (X, *,0) in
which <X , Jzup> satisfies the following condition:
(Va,y € X)(foup (% y) = max{ foup (), foup(y)})-

If (X,f) is a (2, k)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}, then it is an
Ns-fuzzy BCC-subalgebra of X.

Proof: Assume that (X , f) is a (2, k)-hyperfuzzy BCC-subalgebra of (X, %, 0) in which
<X , fsup> satisfies the condition
(V,y € X)(foup (€ % y) = max{ foup (), foup(y)})-

Then f;up(x *y) > };up(x) and fsup(x ky) > f;up(y) for all z,y € X. Since (X, ﬁnf> is a
2-fuzzy BCC-subalgebra of X, we have

fN('T*y) flnf(m*y) fsup(x*y
< mln{ 1nf 7 mf } fsup T *x y

min { Fur(®) = Fupl 5 9), Jue(w) = Feupl 9) }
{fmf fsup (), finf(y) - Jéup(y)}
Ut

)

for all z,y € X. Therefore, (X, f) is an Ns-fuzzy BCC-subalgebra of X. O

= min

Theorem 3.20. Let (X, f) be a hyperfuzzy structure over a BCC-algebra (X, *,0) in
which <X , f;up) satisfies the following condition:
(Va,y € X) (faup(@ * y) < min { faup (), foup(¥)}) -

If <X,f) is a (3, k)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}, then it is an
N3-fuzzy BCC-subalgebra of X.

Proof: Similar to the proof of Theorem 3.19. a

Theorem 3.21. If (X, f) is an Na-fuzzy BCC-subalgebra of a BCC-algebra (X, *,0)

in which f:up is constant on X, then it is a (2, k)-hyperfuzzy BCC-subalgebra of X for
ke {1,2,3,4}.

Proof: Assume that <X, f) is an Na-fuzzy BCC-subalgebra of (X, x,0) in which ﬁup
is constant. It is clear that (X, fsup) is a k-fuzzy BCC-subalgebra of (X, x,0) for k €
{1,2,3,4}. Let fup(z) =t for all z € X. Then

fui(@ % y) = farlw = ) + fap(e # y)
= fil(wxy) +t
< min { fu(@), fuy) | +1
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= min { fi(@) +1 fuly) +1}
= min {finf(a7)a finf(y>}

for all x,y € X. Thus, (X, ﬁnf) is a 2-fuzzy BCC-subalgebra of X. Therefore, (X, f) is
a (2, k)-hyperfuzzy BCC-subalgebra of X for k € {1,2,3,4}. O

Theorem 3.22. [f (X, f) is an N3-fuzzy BCC-subalgebra of a BCC-algebra (X, x,0)

in which fsup is constant on X, then it is a (3, k)-hyperfuzzy BCC-subalgebra of X for
ke {1,2,3,4}.

Proof: Similar to the proof of Theorem 3.21. O

4. Conclusions. In this paper, we introduced the concept of N-structures in BCC-
algebras derived from hyperfuzzy structures, along with the notion of N;-fuzzy BCC-
subalgebras for k € {1,2,3,4}. We investigated several key properties of these subalge-
bras and provided concrete examples to illustrate how these structures function in prac-
tice. Additionally, we examined the relationships between N-fuzzy BCC-subalgebras and
(1, 7)-hyperfuzzy BCC-subalgebras in BCC-algebras for i, j,k € {1,2,3,4}, demonstrat-
ing how these relationships help refine the algebraic structure. By simplifying complex
descriptions and offering examples, we aim to make the theoretical results more accessible
and applicable to readers interested in fuzzy logic and algebraic structures.

To further advance this field, future research could focus on expanding the applica-
tions of N-fuzzy BCC-subalgebras in real-world problems, such as optimization in fuzzy
systems, machine learning algorithms for handling uncertain data or modelling decision
processes under uncertainty. Additionally, investigating more complex relationships be-
tween higher-dimensional fuzzy sets and their algebraic counterparts could lead to new
insights into multi-level fuzzy logic systems. Another promising area of exploration is
the extension of these concepts to other algebraic structures, such as lattice theory or
non-commutative algebras, to broaden their applicability across various domains.
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