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ABSTRACT. Many measurement cases use a limited number of sensors to estimate an
original signal. It causes incomplete samples that make the estimated signal degraded.
Therefore, it needs a signal processing method to improve the quality of the estimated
signal. We proposed magnitude difference averaging, which aims to improve total varia-
tion (TV) performance in reconstructing an image from an incomplete frequency sample.
In our experiments, this TV can clear the object structure visually but still has noise.
After combining with our proposed magnitude difference averaging, 85.71% of TV results
show better performance in object structure or noise conditions.

Keywords: Image reconstruction, Incomplete frequency, Total variation, Magnitude
difference averaging

1. Introduction. Measurement applications have the purpose of capturing objects that
are not directly visible. It works by putting in some sensors to receive signals from the
objects. The image quality depends on the number of sensors and noise that interfere
with the signals. Using many sensors may take an expensive budget. This reason causes
some measurement cases with a limited number of sensors. As a result, it works using
a few sampling points and gets the image quality degraded. Therefore, we need a signal
processing method to increase the image quality.

The degraded quality of imaging because of the limited sampling points is popularly
known as an inverse problem. First-order total variation (TV) in [1] offers a solution
to answer this inverse problem. However, it has drawbacks in the form of noise in the
reconstruction result, named as staircasing effect [2]. Some researchers [3-6] present high-
order TV to overcome the noise. However, high-order TV has a disadvantage in its ability
to solve jump discontinuities [2]. Speckle artifacts appear when dealing with high-order
TV regularizers [7].

This paper demonstrates an image reconstruction using first-order TV to finish an
incomplete frequency sample. We contribute by proposing magnitude difference averaging
to reduce some noise, although it increases the cost of time. In addition, we also find that
the proposed method yields benefits to sharpen the object structure. This article’s layout
is as follows. We present the TV and the proposed magnitude difference averaging in
Section 2. Next, we discuss the yields of the proposed combination method compared to
TV alone in Section 3. Last, in Section 4, we give the conclusions.
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2. Research Method. Our proposed method in Figure 1 consists of a learning and a
testing process. The learning process aims to save the magnitude difference averaging of
some learning images. Meanwhile, the testing process aims to estimate a reconstruction
result from a testing image. The bold arrow indicates the relationship between the two
processes. The magnitude difference averaging obtained from the learning process is need-
ed when we want to reconstruct an image in the testing process.

Save the @
17 magnitude

difference
Take the dirty image

‘ k=1 ‘ ‘ k=k+1 ‘ Take a pair of of a testing data
| training image
at k iteration ¥
1 T Total E.-’Tir}iat'lon
k<N Take the ground Determine the dirty

- truth image image from the
k=N ¥

Total Variation

Determine the

Determine the (Tv) magnitude 10
magnitude — +
difference averaging EET 2D FFT 2D
the magnitude
Determine the Determine the dlfferenoe
magnitude 1D magnitude 1D averaging
Combine with
- the phase and
¥ convert to 2D
L
Ly
IFFT 2D

FIGURE 1. Learning process (left) and testing process (right)

In the left side of Figure 1, the learning process is repeated iteratively as N learning
images. A pair of learning images consists of a ground truth image and its dirty beam.
The dirty beam role is as its measurement results in incomplete frequency. We determine
its dirty image using a 2D inverse fast Fourier transform directly from its dirty beam. We
then use total variation (TV) to improve the dirty image. This TV method needs input
from the dirty image of a ground truth image. As stated in [1], we can define the TV of

d:
ld|lrv = Z Z \/|dk+1,l — d|* + |dg 141 — i) (1)
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We have an image d with the size of n x n and dj; as pixels in coordinate (k,[). Or we
can write these three operators:
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then the TV of d is
ldllrv = \/(Ph;kzd)2 + (Poad)> = || Pradl|2- (5)
kl kil

We can use TV regularization with equality constraints [8] to find the recovered image:
min 7V (d) subject to Ad = c. (6)

We have a measurement matrix A and observation result ¢. In this learning process, we
take two important 1D magnitude values. The first and second are from 2D fast Fourier
transform results of the ground truth and the TV image, respectively. We then subtract
the magnitude of the ground truth image from the magnitude of the TV image to obtain
a magnitude difference from a pair of learning images. When looping is finished for N
learning images, we save the magnitude difference averaging from N learning images.

On the right side of Figure 1, the testing process consists of some steps. First, we take
a dirty image of the testing data. Second, we improve the dirty image using TV. Third,
we perform a 2D fast Fourier transform to the output of the TV. Fourth, we arrange to
1D and separate the magnitude and the phase. Fifth, we sum the magnitude with the
magnitude difference averaging results from the learning process. Sixth, we give back the
phase to the new magnitude and arrange it to 2D. Seventh, we perform a 2D inverse fast
Fourier transform to get the reconstruction result.

3. Results and Analysis. The first step in the experimental setup is how to generate
the measurement of the ground truth image both in the learning and testing processes.
This measurement indicates a process to get the incomplete sample in the frequency
domain. We name the incomplete sampling result as the dirty beam. We use a binary
image in the first column of Figure 2 for getting the dirty beam. Black colors indicate
the positions in which we take the samples.

We use five grayscale data from [9] with the image size of 70 x 70 in the learning process.
One data consists of a pair of images: the ground truth image and the corresponding total
variation (TV) image. Figure 2 shows it from columns two and three. The left panel shows
the ground truth image. Meanwhile, the right panel shows the corresponding TV image.
Our idea comes from observing a pair of images in the frequency domain between the
ground truth image and the corresponding TV image, especially observing the magnitude
value. We find a similar pattern of magnitude difference among five pairs of images in
the learning data. We show the pattern of the magnitude difference of data one to five in
Figure 3. Therefore, according to the similar pattern, in the testing process, we can use
the magnitude difference averaging of five learning data as the key to reconstruct a dirty
image, obtaining the estimated reconstruction result.

In the testing process, we used 28 grayscale data with the image size of 70 x 70 also from
[9] to reconstruct the dirty images. Note that these 33 data for learning and testing are
ground truth images and can be downloaded directly in [9]. They are quasar images, the
center of active galaxies in astronomy. We then measure it in the experimental setup to get
the dirty beam. We perform a 2D inverse Fourier transform to get the dirty image. The
dirty image is the input in the testing before applying TV and the magnitude difference
averaging. Evaluating the quality of the reconstruction result to the ground truth image,
we use the structural similarity (SSIM) index as follows [11]:

(zuxljl/y + Cl) (QO'xy + CQ) (7)
(12 + p2 4+ C1) (02 + 02 + Cy)’
where x is the reconstruction result, and y is the ground truth image. In this equation,
we have the mean of image intensity

SSIM (x,y) =
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1 M
U = M;%, (8)

the standard deviation

, M 1/2
o= (i) o
and the cross covariance
1 M
Ouy = 72 (@ — o) (i = 1)- (10)

i=1

The value of (' and Cy are small enough. Higher SSIM shows better results.

FiGURE 2. The first column shows the sampling pattern to measure the
ground truth image, modified from [10]. The second and third columns show
our learning images. The second column is ground truth images while the
third column is the corresponding TV images.
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FI1GURE 3. Pattern of magnitude difference in five learning data. The first
row shows the magnitude difference from data one and two. The second
row shows the magnitude difference from data three and four. The last row
shows the magnitude difference from data five. The x-axis indicates the
sample or pixel, while the y-axis indicates the magnitude value.

We present SSIM results from 28 data of testing in Table 1. We have the reconstruction
results of using TV as the baseline method. Meanwhile, in the combination of TV and
magnitude difference averaging, we use three, four, and five learning data to know whether
more learning data can give better results. We find that 12 of 28 (42.86%) data did not
have higher SSIM in more learning data. They are data of testing 4, 5, 6, 11, 12, 13,
14, 16, 19, 21, 24, and 26. They have fluctuating SSIM when using three, four, and five
learning data, although the difference is small enough. There is a decline in SSIM result
after adding training image when its magnitude difference made the averaging keep away
from the magnitude difference of the ground truth image.
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TABLE 1. SSIM results

Data of | SSIM SSIM TV.+ magnitude dif.ference .averagin.g
. Three learning  Four learning  Five learning
testing TV . . .

images images images
1 0.8599 0.9363 0.9409 0.9428
2 0.9810 0.9699 0.9728 0.9752
3 0.8639 0.9146 0.9159 0.9185
4 0.8095 0.6887 0.6843 0.6824
5 0.8487 0.8639 0.8634 0.8639
6 0.7743 0.7963 0.7954 0.7971
7 0.8538 0.9609 0.9654 0.9696
8 0.8926 0.8560 0.8587 0.8606
9 0.5758 0.6793 0.6796 0.6800
10 0.8482 0.9703 0.9726 0.9752
11 0.8385 0.8619 0.8612 0.8640
12 0.7826 0.5361 0.5280 0.5258
13 0.8113 0.6708 0.6663 0.6659
14 0.7272 0.5455 0.5375 0.5343
15 0.8583 0.9152 0.9168 0.9198
16 0.8608 0.7751 0.7742 0.7741
17 0.8621 0.9309 0.9309 0.9322
18 0.8552 0.9666 0.9702 0.9736
19 0.6905 0.5512 0.5483 0.5492
20 0.8490 0.9475 0.9527 0.9564
21 0.9037 0.8272 0.8235 0.8224
22 0.8479 0.9514 0.9564 0.9596
23 0.8582 0.9270 0.9317 0.9350
24 0.7137 0.6697 0.6658 0.6657
25 0.8437 0.9397 0.9450 0.9491
26 0.8476 0.9265 0.9263 0.9279
27 0.8427 0.8936 0.8949 0.8971
28 0.8410 0.9371 0.9432 0.9467

Presented in Table 1, we observe the SSIM results from a combination of TV and
magnitude difference averaging, compared to TV alone. We have 10 of 28 (35.71%) data
that give lower SSIM than TV. They are data of testing 2, 4, 8, 12, 13, 14, 16, 19, 21, and
24. We then present the visual results in Figures 4-8 to see the difference between both
methods in terms of object structure and noise. We categorize three groups of results:
First, compared to TV, the proposed method made the data of testing 2 and 8 cleaner in
noise, but it gave a bigger size in the object structure. Second, the data of testing 4, 12,
13, 16, 19, and 24 has a better object structure, but it still has noise. Third, the data of
testing 14 and 21 give almost the same results in object structure and have noise. Among
these three groups, visually, we observe that the proposed method can give better results
than TV only in the second group, although the SSIM is lower. Meanwhile, observing
the other data of testing that get higher SSIM, we have 18 of 28 (64.29%) data that give
better results in object structure than TV. Moreover, some can yield lower noise. Finally,
taking from these 18 objects and the second group, the proposed method can give better
results on 24 of 28 data (85.71%).
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F1GURE 4. Reconstruction results of data 1 to 6. Left to right: ground
truth image, TV, and proposed.
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FicUure 5. Continued reconstruction results of data 7 to 12. Left to right:
ground truth image, TV, and proposed.
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FI1GURE 6. Continued reconstruction results of data 13 to 18. Left to right:
ground truth image, TV, and proposed.
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F1GURE 7. Continued reconstruction results of data 19 to 24. Left to right:
ground truth image, TV, and proposed.
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F1cURE 8. Continued reconstruction results of data 25 to 28. Left to right:
ground truth image, TV, and proposed.

4. Conclusions. We have proposed a magnitude difference averaging, an additional
method to improve the total variation (TV) performance. We utilize the magnitude dif-
ference TV result and ground truth signal in the training images. A similar pattern of
the magnitude difference is also found in the testing image. This method’s benefit suits
some measurement applications with similar object structures. Therefore, in this paper,
we applied this method to quasar images. In this study, we only have one sampling pat-
tern. In case of different sampling patterns, we must train the images again. The images
with specific sampling patterns of measurement cannot be reconstructed using different
sampling patterns used in the training. We can only use the same sampling pattern in
the training and testing. That is the limitation of this study.
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