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Abstract. In this paper, our focus is on a class of nonlinear time-varying switched sto-
chastic delay systems. By using one integral Halanay inequality, Lyapunov function and
dwell time, sufficient conditions are provided, respectively, to ensure the input-to-state
stability and the stochastic input-to-state stability for nonlinear time-varying switched
stochastic delay systems. The feasibility of the result derived is checked by one example.
Keywords: Nonlinear stochastic switched systems, Time-varying delay, Input-to-state
stability

1. Introduction. Nonlinear stochastic systems (SS) have been widely used in many
fields such as financial systems and population dynamical model [1], and the stochastic
stability has been extensively investigated over the past few decades [2, 3, 10, 11, 12]. In [2],
Kusher has systematically introduced some methodologies, which were further developed
by Khasminskii in [3] to investigate the stochastic stability of nonlinear SS. Additionally,
there exists time delay in some dynamical models such as chemical reaction-diffusion
processes, aerodynamic vehicles and communication networks, which is an important
source of systems’ instability [4, 5, 6, 7, 8, 9]. In [10], Mao has provided some results to
analyze the stochastic stability of nonlinear stochastic delay systems (SDS). Some results
on the stochastic stability of nonlinear SDS have been successively presented, see [11, 12]
and the references therein.

The continuous-time switched systems (CTSS) [13] can be seen as one of the hybrid
continuous-time dynamical systems. The CTSS consist of a family of continuous-time
subsystems and a rule orchestrating the switching between the subsystems. Some results
on the stability analysis of CTSS have been presented in [14, 15] and the references
therein. When the time delay and the stochastic perturbation are also considered in
CTSS, the stability has been extensively analyzed in recent few years in [16, 17]. For
example, in [16], by using the Razumikhin theorem, the stability of delay CTSS was
analyzed. Three techniques have been provided to investigate the stability of delay CTSS
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with time delay, which are the dwell time in [18], the average dwell time in [19], and the
mode-dependent average dwell time in [20]. The multiple Lyapunov functions mixed with
these three techniques can obtain some less conservative stability criteria to some extent,
respectively.
The input-to-state stability (ISS) and the integral input-to-state stability (iISS) were

initially formulated by Sontag in [21]. Usually, the initial value and the input external
disturbance can be fully reflected in these two stability concepts [22]. Some results have
been presented on the ISS and iISS of nonlinear delay CTSS in [23, 24] and the refer-
ences therein. The CTSS is a special case of non-autonomous systems [13]. Compared
with autonomous systems, analyzing the stability of non-autonomous systems is more
complicated [25]. The most obvious difference is that for autonomous linear systems, the
eigenvalue analysis of its system matrix can establish its stability and give a complete
answer. However, for non-autonomous linear systems, the stability is not guaranteed by
the eigenvalue of its system matrix. Time-varying CTSS have considerable practical sig-
nificance in many engineering applications such as robotic arm manipulations, spacecraft
navigation system, and precision positioning of servo system of swing cylinder [26]. Thus,
analyzing the stability of time-varying CTSS is a more challenging work. In [27], by using
the Rauzmikhin theorem and the average impulsive interval, the ISS/iISS of impulsive
time-varying CTSS with time delay have been studied. Note that although the stability
analysis of non-autonomous delay systems has been discussed in [28], the results obtained
are suitable for small time-varying delay. In [29], the problems on the ISS/iISS of delayed
stochastic CTSS of neutral-type have been considered by using the Lyapunov function
and the algebraic integral Halanay inequality, when the Lyapunov monotonicity does not
have a sign-changed and unbounded time-varying coefficient. Under such situation, some
results on stability analysis have been given in [30, 31]. To our knowledge, when the
Lyapunov monotonicity does not have a sign-changed and unbounded time-varying coef-
ficient, there are few papers which investigate the problems on the ISS/iISS of delayed
stochastic CTSS.
This paper will consider the problems regarding the ISS/SISS of nonlinear switched

SDS, when the external disturbance is absent. Note that in this paper, the Lyapunov
monotonicity condition has a sign-changed and unbounded time-varying coefficient. One
integral Halanay inequality will be established in Lemma 3.1, which can pave the way
for studying the ISS/SISS. Finally, the feasibility of the result derived is checked by one
example.
The following content of this paper is organized. The problem formulation and some

preliminaries are given in Section 2; Section 3 presents the main results, in which the
input-to-state stability for nonlinear stochastic time-varying switched delay systems is
analyzed; Section 4 gives one example to show the feasibility of the theoretical result
obtained; Finally, Section 5 gives conclusion.
Notation: Throughout this paper, unless otherwise specified, the notation used in this

paper is the same as the one given in [30].

2. Problem Statement and Preliminaries. In this paper, we consider the following
highly nonlinear stochastic switched time-varying systems with time-varying delay:

dx(t) = fχ(t)(t, x(t), x(t− τ(t)), ϖ(t))dt+ gχ(t)(t, x(t), x(t− τ(t)))dω(t), t ≥ t0, (1)

with the initial value {x(θ) : t0 − τ ≤ θ ≤ t0} = ξ ∈ PC ([t0 − τ, t0];R
nx) and χ(t0) ∈ N ,

whereϖ(t) ∈ L∞ denotes the bounded disturbance input, x(t) = [x1(t), x2(t), . . . , xnx(t)]
T

∈ Rnx and x(t− τ(t)) = [x1(t− τ(t)), x2(t− τ(t)), . . . , xnx(t− τ(t))]T ∈ Rnx are the state
vector and the delayed state vector, respectively. N = {1, 2, . . . ,N} denotes the index
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set, in which N is a positive integer denoting the number of modes. χ(·) : [t0,+∞) → N
represents a non-random switching signal, which is assumed to be piecewise-continuous
constant function from the right hand. For χ(t), the switching sequence is denoted as
{(ι0, t0), (ι1, t1), . . . , (ιk, tk), . . . |ιk ∈ N , k ∈ N}, in which the ιkth subsystem is only active
when t ∈ [tk, tk+1) (k ∈ N). τ(t) is the time-varying delay, which is a bounded function
with 0 ≤ τ(t) ≤ τ . For any χ(t) = i ∈ N , fi(·, ·, ·, ·) : [t0,+∞)×Rnx ×Rnx ×Rnϖ → Rnx

and gi(·, ·, ·) : [t0,+∞)×Rnx ×Rnx → Rnx×m are two measurable functions, which denote
the drift coefficient vector and the diffusion coefficient matrix in (1), respectively. Let
x(t, t0, ξ, χ(t0)) be the solution of systems (1) when ϖ(t) = 0. For simplicity, x(t) =
x(t, t0, ξ, χ(t0)).

Hypothesis 2.1. For any k > 0, there exists a nonnegative function lki (t) with lki (·) ∈
L1([t0,+∞); [0,+∞)) such that |fi(t, x, y, 0) − fi(t, x̄, ȳ, 0)| ∨ |gi(t, x, y) − gi(t, x̄, ȳ)| ≤
lki (t)(|x−x̄|+|y−ȳ|) for all (t, i) ∈ [t0,+∞)×N , x, y, x̄, ȳ ∈ Rn with |x|∨|y|∨|x̄|∨|ȳ| ≤ k,
and fi(t, 0, 0, 0) = 0, gi(t, 0, 0) = 0.

Remark 2.1. Hypothesis 2.1 is also a local Lipschitz condition. Only under such con-
dition, for any i ∈ N , the solution of (1) may be explode at finite time [3]. In order
to guarantee the existence and uniqueness for the global solution to systems (1), in this
paper, the linear growth condition on fi(·, ·, ·, 0) and gi(·, ·, ·) (i ∈ N ) is replaced by the
Lyapunov monotonicity condition. The existence and uniqueness for the global solution to
systems (1) can be shown when Hypothesis 2.1 and the Lyapunov monotonicity condition
(see condition (b) in Theorem 3.1) are satisfied, see [10].

Definition 2.1. [30]: The global solution of systems (1) is said to be input-to-state sta-
bility (ISS) in the pth(p ≥ 2)-moment, if for any ξ ∈ PC([t0 − τ, t0];R

nx) and χ(t0) ∈ N ,
there exist ΘL-function ϱ(·, ·) and Θ-function ρ(·) satisfying E{|x(t)|p} ≤ ϱ

(
∥ξ∥pC, t−t0

)
+

ρ
(
∥u∥[t0,t)

)
, for any t ≥ t0.

Definition 2.2. [30]: The global solution of systems (1) is said to be stochastic input-to-
state stable (SISS), if for any ε ∈ (0, 1), there exist ΘL-function ϱ(·, ·) and Θ-function ρ(·)
such that for any ξ ∈ PC ([t0 − τ, t0];R

nx) and χ(t0) ∈ N , P
{
|x(t)|p < ϱ

(
∥ξ∥pC, t − t0

)
+

ρ
(
∥u∥[t0,t)

)}
≥ 1− ε.

Definition 2.3. [18]: Let the minimum dwell time of switching systems (1) be Tmin =
infk=1,2,...{tk − tk−1} > 0. For any t ≥ s ≥ t0, Nχ(t)(t, s) ≤ t−s

Tmin
+ 1, where Nχ(t)(t, s)

denotes the number of discontinuities of χ(t) over (s, t).

3. Main Results.

Lemma 3.1. Suppose that z(·) is a nonnegative function from [t0 − τ,+∞) → [0,+∞),
ϖ(·) is an nϖ-dimensional real value function defined on [t0,∞), and φ(·) : [0,+∞) →
(0,+∞) is a Θ∞-class function. Let τ(·) be a bounded function defined [t0,+∞) with 0 ≤
τ(t) ≤ τ (τ > 0). Assume that there exist two integrable functions λ0(·) : [t0,+∞) → R

and λ1(·) : [t0,+∞) → (0,+∞), three constants λ̂i > 0 (i = 0, 1, 2) such that the following
inequality

z(t) ≤

{
λ̂0e

∫ t
t0

λ0(s)ds +

∫ t

t0

e
∫ t
s
λ0(u)duλ1(s)zτ (s)ds+ λ̂1

∫ t

t0

e
∫ t
s
λ0(u)duφ(|ϖ(s)|)ds, t ≥ t0,

λ̂2, t ∈ [t0 − τ, t0],
(2)

is satisfied, where zτ (t) = supθ∈[−τ,0] z(t+ θ).
Furthermore, if there exist three constants γ1 > 0, µ1 > 0, and c1 ∈ R such that

µ1e
c1 ∈ (0, 1), for any t0 ≤ s < t,

∫ t

s

[
λ0(u) +

λ1(u)
µ1

]
du ≤ c1 − γ1(t − s), then z(t) ≤



750 H. CHEN, P. SHI AND I. RUDAS

M̄0e
−λ∗(t−t0)+M̄1

∫ t

t0
e−λ∗(t−s)φ(|ϖ(s)|)ds holds for any t ∈ [t0− τ,+∞), where λ∗ ∈ (0, ς)

with ς = min
{
γ1,

1
τ
ln(1/(µ1e

c1))
}
> 0, M̄0 = max

{
λ̂2,

λ̂0ec1

µ1ec1+λ∗τ

}
, and M1 ≥ λ̂1ec1

1−µ1eλ
∗τ+c1

.

Proof: Since µ1e
c1 ∈ (0, 1) and 1

τ
log (1/ (µ1e

c1)) > 0. Thus, ς > 0. Define a function

H(λ) = µ1e
λτ+c1 − 1 with its being a strictly increasing function on [0,+∞), H(0) < 0

and lim supλ→∞ H(λ) = ∞. Consequently, there exists λ0 ∈ (0,+∞) such that H(λ0) = 0
with λ0 = 1

τ
log (1/ (µ1e

c1)). Thus, λ∗ ∈ (0, ς), and µ1e
λ∗τ+c1 ∈ (0, 1). Besides, for any

ε > 0, define M̄0,ε = max
{
λ̂2 + ε, λ̂0ec1+ε

µ1eλ
∗τ+c1

}
> 0. Now, in order to prove the desired

result, it is only required to show that for any t ≥ t0 − τ ,

z(t) ≤ M̄0,εe
−λ∗(t−t0) + M̄1

∫ t

t0

e−λ∗(t−s)φ(|ϖ(s)|)ds. (3)

For any t ∈ [t0 − τ, t0], z(t) ≤ λ̂2 < M̄0,ε is satisfied, which implies that Inequality (3)
holds for any t ∈ [t0−τ, t0]. If Inequality (3) does not hold for any t ≥ t0, then there exists

t∗ > t0 satisfying t∗ = inf
{
t > t0 : z(t) > M̄0,εe

−λ∗(t−t0) + M̄1

∫ t

t0
e−λ∗(t−s)φ(|ϖ(s)|)ds

}
.

Consequently, for any t ∈ [t0 − τ, t∗), z(t) ≤ M̄0,εe
−λ∗(t−t0) + M̄1

∫ t

t0
e−λ∗(t−s)φ(|ϖ(s)|)ds

and z(t∗) = M̄0,εe
−λ∗(t∗−t0) + M̄1

∫ t∗

t0
e−λ∗(t∗−s)φ(|ϖ(s)|)ds.

However, from the first inequality in (2), we have

z(t∗) ≤ λ̂0e
c1−γ1(t∗−t0)− 1

µ1

∫ t∗
t0

λ1(s)ds + M̄0,εe
λ∗τ+c1

∫ t∗

t0

e
−γ1(t∗−s)− 1

µ1

∫ t∗
s λ1(s)ds

×λ1(s)e
−λ∗(s−t0)ds

+ M̄1e
λ∗τ+c1

∫ t∗

t0

e
−γ1(t∗−s)− 1

µ1

∫ t∗
s λ1(s)dsλ1(s)

∫ s

t0

e−λ∗(s−u)φ(|ϖ(u)|)duds

+ λ̂1e
c1

∫ t∗

t0

e
−γ1(t∗−s)− 1

µ1

∫ t∗
s λ1(s)dsφ(|ϖ(s)|)ds. (4)

The estimates of two terms in Inequality (4) can be obtained as

M̄0,εe
λ∗τ+c1

∫ t∗

t0

e
−γ1(t∗−s)− 1

µ1

∫ t∗
s λ1(s)ds × λ1(s)e

−λ∗(s−t0)ds

≤ M̄0,εµ1e
λ∗τ+c1e−λ∗(t∗−t0) − M̄0,εµ1e

λ∗τ+c1e
−γ1(t1−t0)− 1

µ1

∫ t∗
t0

λ1(s)ds,

and

M̄1e
λ∗τ+c1 ×

∫ t∗

t0

e
−γ1(t∗−s)− 1

µ1

∫ t∗
s λ1(s)dsλ1(s)

∫ s

t0

e−λ∗(s−u)φ(|ϖ(u)|)duds

< M̄1µ1e
λ∗τ+c1

∫ t∗

t0

e−λ∗(t∗−s)φ(|ϖ(s)|)ds.

Furthermore, it yields from Inequality (4) that

z(t∗) <
[
λ̄0 − M̄0,εµ1e

λ∗τ
]
e
c1−γ1(t∗−s)− 1

µ1

∫ t∗
s λ1(s)ds + M̄0,εµ1 × eλ

∗τ+c1e−λ∗(t∗−t0)

+
[
M̄1µ1e

λ∗τ+c1 + λ̂1e
c1
] ∫ t∗

t0

e−λ∗(t∗−s)φ(|ϖ(s)|)ds.

From the definitions of M̄0,ε and M̄1, we have λ̄0e
c1 −M̄0,εµe

λ∗τ+c1 < 0 and M̄1µ1e
λ∗τ+c1 +

λ̂1e
c1 ≤ M̄1. Then, due to the fact that µ1e

λ∗τ+c1 ∈ (0, 1), z(t∗) < M̄0,εe
−λ∗(t∗−t0) +
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M̄1

∫ t∗

t0
e−λ∗(t∗−s)φ(|ϖ(s)|)ds holds, which contradicts with inequality z(t∗)=M̄0,εe

−λ∗(t∗−t0)

+ M̄1

∫ t∗

t0
e−λ∗(t∗−s)φ(|ϖ(s)|)ds. Therefore, Inequality (3) holds for any t ≥ t0 − τ . As

ε → 0+ in Inequality (3), the desired result is obtained. �
Theorem 3.1. Let Hypothesis 2.1 be satisfied. Suppose that there exist multiple Lyapunov
functions Vιk(·, ·) ∈ C1,2([t0,+∞) × Rnx ; (0,+∞)), ρ1(·) ∈ VΘ∞, ρ2(·) ∈ CΘ∞, some
functions λ0,ιk(·) : [t0 − τ,+∞) → R, λ1,ιk(·) : [t0 − τ,+∞) → [0,+∞) and ϕιk(·) ∈ Θ∞,
some constants βιk > 0, ς > 0, cιk ∈ R, γιk > 0, and µιk ≥ 1 (ιk ∈ N ) such that

(a) for any x ∈ Rnx, and i ∈ N , ρ1(|x|p) ≤ Vιk(t, x) ≤ ρ2(|x|p) (p ≥ 2);
(b) for any t ∈ [tk, tk+1) (k = 0, 1, 2, . . .), x, y ∈ Rnx and ϖ ∈ Rϖ, LVιk(t, x, y,ϖ) ≤

λ0,ιk(t)Vχ(t)(t, x) + λ1,ιk(t)Vιk(t− τ(t), y) + ϕιk(|ϖ|), where LV·(·, ·, ·, ·) is given in [29];

(c) for any k ∈ N, Vχ(tk)(tk, x(tk)) ≤ µιkVχ(t−k )

(
t−k , x

(
t−k
))
;

(d) for any tk ≤ s < t < tk+1 (k = 0, 1, 2, . . .),
∫ t

s
[λ0,ιk(u) + λ1,ιk(u)/βιk ] du ≤ cιk −

γιk(t− s), where βιke
cιk ∈ (0, 1);

(e) Tmin ≥ max {τ, ln (ϱιk) /ς} and ς ∈
(
0,minιk∈N

{
λ∗
ιk

})
, where ϱιk = max

{
e
λ∗
ιk−1

τ
,

µιk

βιk
e
cιk

+λ∗ιk τ

}
, and λ∗

ιk
∈
(
0,min

{
γιk ,

1
τ
ln(1/(βιke

cιk ))
})

(k = 1, 2, . . .).

Then, for any ξ ∈ PC([t0 − τ, t0];R
nx) and σ(t0) ∈ N , the global solution of systems

(1) is ISS and SISS.

Proof: The proof of this theorem is divided into three steps, as follows.
Step 1: For any ιk ∈ N (k = 0, 1, 2, . . .), we can define a functionHιk(λ) = βιke

cιk+λτ−1.
Since βιke

cιk ∈ (0, 1), Hιk(0) = βιke
cιk − 1 < 0, lim supλ→∞ Hιk(λ) = ∞, and Hιk(·) is a

strictly increasing function on [0,∞). Hence, for any ιk ∈ N (k = 0, 1, 2, . . .), there exists
one corresponding value λιk such that βιke

cιk+λιk
τ ∈ (0, 1), i.e., λιk = 1

τ
log (1/βιke

cιk ) > 0.
Then, for any ιk ∈ N , λ∗

ιk
∈ (0,min{λιk , γιk}). Consequently, for any ιk ∈ N , λ∗

ιk
< γιk

and βιke
cιk+λ∗

ιk
τ ∈ (0, 1).

Step 2: For any t ∈ [tk, tk+1), χ(t) = ιk ∈ N (k = 0, 1, 2, . . .), let M1,ιk ≥ ecιk

1−βιk
e
cιk

+λ∗ιk τ

andM0,ι0 = max

{
supθ∈[t0−τ,t0] E{Vι0(θ, ξ(θ))},

E{Vι0 (t0,x(t0))}
βιk

e
cι0+λ∗ι0τ

}
. Now, it is necessarily shown

that for any t ∈ [tk, tk+1), when χ(t) = ιk,

E{Vιk(t, x(t))}

≤ M0,ι0

k∏
l=1

ϱιle
−

∑k−1
i=0 λ∗

ιi
(ti+1−ti)−λ∗

ιk
(t−tk) +

k−1∑
l=0

M1,ιl

k∏
m=l+1

ϱιme
−

∑k−1
i=l+1 λ

∗
ιi
(ti+1−ti)

×
∫ tl+1

tl

e−λ∗
ιl
(tl+1−s)φιl(|ϖ(s)|)dse−λ∗

ιk
(t−tk) +M1,ιk

∫ t

tk

e−λ∗
ιk
(t−s)φιk(|ϖ(s)|)ds. (5)

For systems (1), define one Lyapunov-Krasovskii function e
−

∫ t
t0

λ0,χ(s)(s)dsVι0(t, x(t)) (t ∈
[t0, t1)). By using the Itô formula and taking the mathematical expectation in turn, we
have

e
−

∫ t
t0

λ0,χ(s)(s)dsE{Vι0(t, x(t))}

≤ E{Vι0(t0, x(t0))}+
∫ t

t0

e
−

∫ s
t0

λ0,χ(s)(u)duλ1,χ(s)(s) sup
θ∈[−τ,0]

E{Vι0(s+ θ, x(s+ θ))}ds

+

∫ t

t0

e
−

∫ s
t0

λ0,χ(s)(u)du × ϕι0(|ϖ(s)|)ds,
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where condition (b) is used, which yields that for any t ∈ [t0, t1),

E{Vι0(t, x(t))}

≤ E{Vι0(t0, x(t0))}e
∫ t
t0

λ0,χ(s)(s)ds +

∫ t

t0

e
∫ t
s λ0,χ(u)(u)duλ1,χ(s)(s)

× sup
θ∈[−τ,0]

E{Vι0(s+ θ, x(s+ θ))}ds+
∫ t

t0

e
∫ t
s λ0,χ(s)(u)duϕι0(|ϖ(s)|)ds. (6)

In addition, for any t ∈ [t0 − τ, t0], E{Vι0(t, x(t))} ≤ supθ∈[t0−τ,t0] E{Vι0(θ, ξ(θ))}. Fur-
thermore, from Lemma 3.1, for any t ∈ [t0 − τ, t1), it yields from condition (d) that

E{Vι0(t, x(t))} ≤ M0,ι0e
−λ∗

ι0
(t−t0) +M1,ι0

∫ t

t0

e−λ∗
ι0
(t−s)φι0(|ϖ(s)|)ds, (7)

where λ∗
ι0
∈ (0,min{γι0 , λι0}) with λι0 =

1
τ
log(1/βι0e

cι0 ) > 0.
When t = t−1 , from (7), it follows that

E{Vι0(t
−
1 , x(t

−
1 ))} ≤ M0,ι0e

−λ∗
ι0
(t1−t0) +M1,ι0

∫ t1

t0

e−λ∗
ι0
(t1−s) × φι0(|ϖ(s)|)ds.

From condition (c), it yields that E{Vι1(t1, x(t1))} ≤ M0,ι0µι1e
−λ∗

ι0
(t1−t0) + M1,ι0µι1 ×∫ t1

t0
e−λ∗

ι0
(t1−s)φι0(|ϖ(s)|)ds. Besides, for any t ∈ [t1 − τ, t1), we have E{Vι1(t, x(t))} ≤

M0,ι0e
λ∗
ι0
τe−λ∗

ι0
(t1−t0) + M1,ι0e

λ∗
ι0
τ
∫ t1
t0

e−λ∗
ι0
(t1−s)φι0(|ϖ(s)|)ds. Thus, when t ∈ [t1, t2) and

χ(t) = ι1, similar to the reasoning process used in (6) and (7), it gives that

E{Vι1(t, x(t))}

≤ E{Vι1(t1, x(t1))}e
∫ t
t1

λ0,χ(s)(s)ds +

∫ t

t1

e
∫ t
s λ0,χ(u)(u)duλ1,χ(s)(s)

× sup
θ∈[−τ,0]

E{Vι1(s+ θ, x(s+ θ))}ds+
∫ t

t1

e
∫ t
s λ0,χ(s)(u)duϕι1(|ϖ(s)|)ds, (8)

and for any t ∈ [t1 − τ, t1],

E{Vι1(t, x(t))} ≤ M0,ι0 max
{
µι1 , e

λ∗
ι0
τ
}
e−λ∗

ι0
(t1−t0) +M1,ι0 max

{
µι1 , e

λ∗
ι0
τ
}

×
∫ t1

t0

e−λ∗
ι0
(t1−s)φι0(|ϖ(s)|)ds.

In view of Lemma 3.1 again, for any t ∈ [t1 − τ, t2), from (8), we have

E{Vι1(t, x(t))}

≤ M0,ι0ϱι1e
−λ∗

ι0
(t1−t0)−λ∗

ι1
(t−t1) +M1,ι0ϱι1e

−λ∗
ι1
(t−t1)

∫ t1

t0

e−λ∗
ι0
(t1−s)φι0(|ϖ(s)|)ds

+M1,ι1

∫ t

t1

e−λ∗
ι1
(t−s)φι1(|ϖ(s)|)ds, (9)

where λ∗
ι1
∈ (0,min{γι1 , λι1}).

When t = t−2 , from (9), it follows that E{Vι1(t
−
2 , x(t

−
2 ))} ≤ M0,ι0ϱι1e

−λ∗
ι0
(t1−t0)−λ∗

ι1
(t2−t1) +

M1,ι0ϱι1 × e−λ∗
ι1
(t2−t1)

∫ t1
t0

e−λ∗
ι0
(t1−s)φι0(|ϖ(s)|)ds+M1,ι1

∫ t2
t1

e−λ∗
ι1
(t2−s)φι1(|ϖ(s)|)ds. From

condition (c), it yields that

E{Vι2(t2, x(t2))} ≤ M0,ι0µι2ϱι1e
−λ∗

ι0
(t1−t0)−λ∗

ι1
(t2−t1) +M1,ι0µι2ϱι1e

−λ∗
ι1
(t2−t1)

∫ t1

t0

e−λ∗
ι0
(t1−s)
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×φι0(|ϖ(s)|)ds+M1,ι1µι2

∫ t2

t1

e−λ∗
ι1
(t2−s)φι1(|ϖ(s)|)ds.

From (9) again, it gives that for any t ∈ [t2 − τ, t2),

E{Vι2(t, x(t))} ≤ M0,ι0ϱι1e
λ∗
ι1
τe−λ∗

ι0
(t1−t0)−λ∗

ι1
(t2−t1) +M1,ι0ϱι1e

λ∗
ι1
τe−λ∗

ι1
(t2−t1)

∫ t1

t0

e−λ∗
ι0
(t1−s)

×φι0(|ϖ(s)|)ds+M1,ι1e
λ∗
ι1
τ

∫ t2

t1

e−λ∗
ι1
(t2−s)φι1(|ϖ(s)|)ds.

Consequently, for t ∈ [t2 − τ, t2],

E{Vι2(t, x(t))} ≤ M0,ι0ϱι1 max
{
µι2 , e

λ∗
ι1
τ
}
e−λ∗

ι0
(t1−t0)−λ∗

ι1
(t2−t1)

+M1,ι0ϱι1 max
{
µι2 , e

λ∗
ι1
τ
}
e−λ∗

ι1
(t2−t1)

∫ t1

t0

e−λ∗
ι0
(t1−s)

×φι0(|ϖ(s)|)ds+M1,ι1 max
{
µι2 , e

λ∗
ι1
τ
}∫ t2

t1

e−λ∗
ι1
(t2−s)φι1(|ϖ(s)|)ds.

From Lemma 3.1 again, for any t ∈ [t2 − τ, t3), we have

E{Vι2(t, x(t))} ≤ M0,ι0ϱι1ϱι2e
−λ∗

ι0
(t1−t0)−λ∗

ι1
(t2−t1)

× e−λ∗
ι2
(t−t2) +M1,ι0ϱι1ϱι2

∫ t1

t0

e−λ∗
ι0
(t1−s)φι0(|ϖ(s)|)de−λ∗

ι1
(t2−t1)−λ∗

ι2
(t−t2)

+M1,ι1ϱι2

∫ t2

t1

e−λ∗
ι1
(t2−s)φι1(|ϖ(s)|)ds

× e−λ∗
ι2
(t−t2) +M1,ι2

∫ t

t2

e−λ∗
ι2
(t−s)φι2(|ϖ(s)|)ds,

where λ∗
ι2
∈ (0,min{γι2 , λι2}).

Suppose that Inequality (5) is satisfied for any t ∈ [tk−1, tk) and χ(t) = ιk−1. When
t ∈ [tk, tk+1) and χ(t) = ιk (k = 0, 1, 2, . . .), similarly, from condition (b), we have

E{Vιk(t, x(t))} ≤ E{Vιk(tk, x(tk))} × e
∫ t
tk

λ0,χ(s)(s)ds

+

∫ t

tk

e
∫ t
s λ0,χ(u)(u)duλ1,χ(s)(s) sup

θ∈[−τ,0]

E{Vιk(s+ θ, x(s+ θ))}ds

+

∫ t

tk

e
∫ t
s λ0,χ(s)(u)duϕιk(|ϖ(s)|)ds.

In addition, for any t ∈ [tk−1 − τ, tk],

E{Vιk(t, x(t))}

≤ M0,ι0

k−1∏
l=1

ϱιl max
{
µιk , e

λ∗
ιk−1

τ
}
e−

∑k−2
i=0 λ∗

ιi
(ti+1−ti) × e

−λ∗
ιk−1

(t−tk−1)

+
k−1∑
l=0

M1,ιl

k−1∏
m=l+1

ϱιm max
{
µιk , e

λ∗
ιk−1

τ
}
e−

∑k−2
l=l λ∗

ιl
(tl+1−tl)

∫ tl+1

tl

e−λ∗
ιl
(tl+1−s)φιl(|ϖ(s)|)ds

+M1,ιk−1
max

{
µιk , e

λ∗
ιk−1

τ
}∫ t

tk−1

e
−λ∗

ιk−1
(t−s)

φιk−1
(|ϖ(s)|)ds.
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Furthermore, from Lemma 3.1, it yields that for any t ∈ [tk − τ, tk+1) and χ(t) = ιk,

E{Vιk(t, x(t))} ≤ max

{
sup

θ∈[tk−τ,tk]

E{Vιk(θ, x(θ))},
E{Vιk(tk, x(tk))}

βιke
cιk+λ∗

ιk
τ

}
e−λ∗

ιk
(t−tk)

+M1,ιk

∫ t

tk

e−λ∗
ιk
(t−s)φιk(|ϖ(s)|)ds (10)

which implies that Inequality (2) is satisfied.

Step 3: From condition (e), it gives that Tmin ≥ log(ϱιk )

ς
. Then, ϱιk ≤ eς(tk−tk−1) (k =

1, 2, . . .). Furthermore, it concludes from (10) that for any t ≥ t0,

E{Vχ(t)(t, x(t))} ≤M0,ι0e
−λ∗(t−t0) +M1

∫ t

t0

e−λ∗(t−s)φ̄(|ϖ(s)|)ds, (11)

where λ∗= minιk∈N{λ∗
ιk
−ς} > 0,M1 = maxιk∈N{M0,ιk} and φ̄(|ϖ|) = maxιk∈N{φιk(|ϖ|)}.

Then, by using Jensen’s inequality, from condition (a) and Inequality (11), it follows
that for any t ≥ t0,

E{|x(t)|p} ≤ ρ−1
1

(
2 supθ∈[t0−τ,t0] E{ρ2(|ξ(θ)|

p)}
βι0e

cι0+λ∗
ι0

e−λ∗(t−t0)

)
+ ρ−1

1

(
2M1

λ∗ ∥φ̄∥[0,t]
)
, (12)

which concludes that the global solution of systems (1) is ISS in p-moment. For any ϵ > 0,

let ϱ(x, t − t0) = 1
ϵ
ρ−1
1

(
2ρ2(x)

βι0e
cι0+λ∗ι0

e−λ∗(t−t0)

)
and ρ(y) = ρ−1

1

(
2M1

λ∗ y
)
, where ϱ(·, ·) ∈ ΘL

and ρ(·) ∈ Θ. By using Chebyshev’s inequality and Inequality (12), it yields P{|x(t)|p
≥ ϱ

(
supθ∈[−τ,0] E{|ξ(θ)|p}, t− t0

)
+ ρ(∥ϖ∥[0,t])} ≤ E{|x(t)|p}

ϱ(supθ∈[−τ,0] E{|ξ(θ)|p},t−t0)+ρ(∥ϖ∥[0,t])
≤ ϵ,

which means that P
{
|x(t)|p < ϱ

(
supθ∈[−τ,0] E{|ξ(θ)|p}, t− t0

)
+ ρ

(
∥ϖ∥[0,t]

)}
≥ 1 − ϵ.

Thus, the global solution of system (1) is SISS. �

4. Example.

Example 4.1. We consider the following one-dimensional highly nonlinear stochastic
time-varying switched delay systems:

dx(t) = fχ(t)(t, x(t), x(t− τ(t)), ϖ(t))dt+ gχ(t)(t, x(t), x(t− τ(t)))dω(t), (13)

on t ≥ t0 = 0, with the initial value {x(t) : t0−τ ≤ t ≤ t0} = ξ ∈ PC([t0−τ, t0];R) (τ > 0),
where the switching signal χ(t) takes its value on N = {1, 2}, x(t), x(t − τ(t)) ∈ R,

f1(t, x, y,ϖ) = (−t − 0.3)x − t| cos(t)|x3 + 0.5ty + sin2(t)ϖ, gi(t, x, y) =
√

2| cos(t)|x2,

f2(t, x, y,ϖ) = (−t−t2−0.4)x−t| sin(t)|xy2+0.6ty+cos2(t)ϖ, and g2(t, x, y) = 0.9
√
tx+√

t| sin(t)|xy. In (13), ϖ(t) denotes the external bounded disturbance.

For systems (13), two Lyapunov functions are taken as V1(t, x) = |x|2 and V2(t, x) =
0.9|x|2, respectively, with µιk = 1.12 (ιk ∈ N ). By computing the Itô differentiable oper-
ator, we have LV1(t, x, y,ϖ) ≤ λ0,1(t)|x|2 + λ1,1(t)|y|2 + sin2(t)|ϖ|2, and LV2(t, x, y,ϖ) ≤
λ0,2(t)|x|2+λ1,2(t)|y|2+0.9 cos2(t)|ϖ|2, where λ0,1(t) = −1.5t−0.1−0.5 cos(2t), λ1,1(t) =
0.5t, λ0,2(t) = −1.46t− 0.27 + 0.45 cos(2t), and λ1,2(t) = 0.54t. Note that since functions
λ0,1(t) and λ0,2(t) have variable signs and are unbounded, the operators LV1(t, x, y,ϖ) and
LV2(t, x, y,ϖ) are indefinite. When ϖ(t) = 0, it can readily be verified that fi(t, x, y, 0)
and gi(t, x, y) (i ∈ N ) both satisfy Hypothesis 2.1 and condition (b) in Theorem 3.1. Let
β1 = 0.5 and β2 = 0.6, for any tk ≤ s < t ≤ tk+1 (k = 0, 1, 2, . . .), we have∫ t

s

[λ0,i(u) + λ1,i(u)/βi]du ≤
{

c1 − γ1(t− s), if i = 1,

c2 − γ2(t− s), if i = 2,
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with c1 = 0.5, γ1 = 0.1, c2 = 0.45, γ2 = 0.27, β1e
c1 = 0.8243 ∈ (0, 1), and β2e

c2 =
0.9409 ∈ (0, 1). Furthermore, λ∗

1 ∈ (0, 0.1) and λ∗
2 ∈ (0, 0.06). Consequently, λ∗

1 = 0.099,
λ∗
2 = 0.059 and ς ∈ (0, 0.059). Thus, ϱ1 = 1.2428 and ϱ2 = 1.1287. When ς = 0.058,

we have Tmin ≥ 3.6841. Then, the ISS and the SISS of systems (13) are guaranteed.
It is found that the theoretical results given in [29] are not suitable, since the Lyapunov
monotonicity condition has a sign-changed and unbounded time-varying coefficient in this
example. When the bounded external disturbance ϖ(t) = sin(t), τ(t) = 0.6| sin(t)|+ 0.3,
the initial value x(t) = −1.0 (t ∈ [−0.9, 0]) and χ(0) = 1 ∈ N , Figure 1 shows the
switching signal χ(t) used in systems (13), and Figure 2 and Figure 3 show the dynamical
responses on the ISS in mean square and SISS of systems (13), respectively.
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Figure 1. Switching signal χ(t) in systems (13)
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Figure 2. Dynamical response on the ISS of systems (13)

5. Conclusion. This paper has studied the ISS/SISS for the solution of time-varying
nonlinear switched SDS. We have established the result on the ISS/SISS of such systems by
using the Lyapunov-Khasminskii technique. The general monotonicity condition can have
a sign-changed and unbounded time-varying coefficient. We have provided a theoretical
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Figure 3. Dynamical response on the SISS of systems (13)

framework to analyze the ISS/SISS of time-varying switched SDS, which has been well
shown by one example. In the future, we will devote ourselves to discussing the event-
triggered control and sampled-data control for time-varying switched SDS.
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[5] S. Dong, K. Liu, M. Liu and G. Chen, Cooperative time-varying formation fuzzy tracking control

of multiple heterogeneous uncertain marine surface vehicles with actuator failures, IEEE Trans.
Cybernet., vol.54, no.2, pp.667-678, 2024.

[6] C. Zhu, H. Yang, X. Jin, K. Xu and H. Li, Multilayer online sequential reduced kernel extreme learn-
ing machine-based modeling for time-varying distributed parameter systems, IEEE Trans. Cybernet.,
vol.54, no.1, pp.624-634, 2024.

[7] Q. Wang, Y. Hua, X. Dong, P. Shu, J. Lv and Z. Ren, Finite-time time-varying formation track-
ing for heterogeneous nonlinear multiagent systems using adaptive output regulation, IEEE Trans.
Cybernet., vol.54, no.4, pp.2460-2471, 2024.

[8] C.-J. Li, G.-P. Liu, P. He, F. Deng and H. Li, Relative states-based consensus for sampled-data
second-order multiagent systems with time-varying topology and delays, IEEE Trans. Cybernet.,
vol.54, no.6, pp.3406-3416, 2024.

[9] J. Li, Y. Niu and D. W. C. Ho, Dynamic coding-based control scheme under lossy digital network: An
optimized time-varying packet length approach, IEEE Trans. Cybernet., vol.54, no.5, pp.2955-2965,
2024.

[10] X. Mao, Stochastic Differential Equations and Applications, 2nd Edition, Woodhead Publishing,
2011.

[11] A. Rodkina and M. Basin, On delay-dependent stability for a class of nonlinear stochastic delay-
differential equations, Math. Control Signal Syst., vol.18, pp.187-197, 2006.



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.21, NO.3, 2025 757

[12] P. H. A. Ngoc and L. T. Hieu, A novel approach to mean square exponential stability of stochastic
delay differential equations, IEEE Trans. Automat. Control, vol.66, no.5, pp.2351-2356, 2021.

[13] D. Liberzon, Switching in Systems and Control, Systems & Control: Foundations & Applications,
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