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Abstract. An interferometric radio telescope imaging system can produce an image of
an observed astronomical object. In practice, the number of telescopes, baseline length,
and atmospheric attenuation limit the measurements. As a result, the measurements
are incomplete and corrupted with noise. To get a better image quality, we can apply a
reconstruction method that relies on sparsity called polarized SARA (sparsity averaging
reweighted analysis), which is combined with our new proposed parameter to speed up
sparsity. By applying this method, the reconstruction results can be improved in terms of
reduced number of iterations and increased image quality. In the experiments, compared
with polarized SARA, the method can obtain results faster by an average of 49.35%
iteration difference and better image quality by an average of 20.35% difference in signal
quality.
Keywords: Interferometric, High angular resolution, Image processing, Polarized SARA

1. Introduction. Signal processing is an important part of astronomical imaging using
radio interferometry. It aims to obtain a reconstructed image from the results of a few
samples. The number of telescopesN spread over various locations on the Earth affects the
number of samples N(N − 1). The fewer telescopes used, the fewer sampling points that
can be obtained. The number of telescopes, baseline length, and atmospheric attenuation
affect the quality of the reconstructed image. The baseline is a straight line connecting two
telescopes, as seen from the source. A longer baseline yields a higher angular resolution
that can be obtained. However, the longest possible baseline is only along the diameter
of the Earth. In addition, atmospheric attenuation causes the sampling results to be
corrupted with noise.

In radio interferometry, we can use the compressive sensing (CS) method [1-6] to re-
construct an image based on only a few samples. Candes et al. [7] developed a reweighted
ℓ1 norm to reduce the solution space in the reconstruction process, which was effectively
applied to radio interferometric imaging by [8]. Because it is more effective than ℓ1 mini-
mization, Carillo et al. [9-11] also used the reweighted ℓ1 norm to Stokes I imaging, known
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as sparsity averaging reweighted analysis (SARA). They proposed the SARA method re-
lying on the assumption that astrophysical signals are sparse in many bases (Dirac basis or
wavelet bases), so it becomes powerful when using average sparsity over multiple bases.
Moreover, the SARA method is defined on the convex optimization framework, signif-
icantly enhancing the reconstruction speed. The SARA method performs better than
some fast reconstruction methods with built-in signal sparsity and convex optimization
frameworks. However, this SARA method can only be used on Stokes I imaging. This
gap encourages the appearance of the following algorithm performing on one Stokes and
others. Therefore, for use in polarimetric imaging, Birdi et al. [12,13] added polarization
constraints and developed the joint algorithm in all Stokes images I, Q, U , and V by
using an iterative primal-dual algorithm [14-20]. This joint algorithm, polarized SARA,
also adopted the epigraphical projection-based splitting technique previously proposed by
[21] to overcome the minimization problem with four constraints. The polarized SARA
performs better than the ℓ1 and total variation (TV) regularizations proposed by [22].
We note that several astronomical sources were found to have a structural change on

shorter timescales [23]. Also, the next-generation radio interferometry will produce large
amounts of data [13]. In the future, these encourage the need for a reconstruction method
with a faster computation time, even if we have limited computing resources. The con-
vex optimization-based reconstruction method deals with this condition and can support
reconstruction with good speed. In this paper, we choose polarized SARA because the
process comes from the convex optimization framework and supports imaging for Stokes
I, linear, and circular polarization. However, developed for Stokes images I, Q, U , and
V causes consume expensive computation time. This background motivates us to modify
the code of polarized SARA to introduce a new parameter named µ value to perform
Stokes I and linear polarization imaging faster. By adjusting this parameter, our results
suggest better image quality can be obtained in fewer iterations. In the experiments, we
demonstrate that we can get a better signal quality (SQ) in fewer iterations of polarized
SARA.

2. Polarized SARA. By using polarized SARA method, we can get four Stokes images:
I, Q, U , and V . These images have intensity distribution characteristics coming from
the observed object. All these Stokes are real-valued. The radio emissions have a total
intensity that is represented in Stokes I, while Stokes Q, U , and V are the polarization of
electromagnetic radiations received from the observed object. Stokes Q and U are linear
polarization while Stokes V is circular polarization. The four Stokes have the following
relationship √

Q2 + U2 + V 2 ≤ I. (1)

In the previous study on the polarized SARA method, this Stokes relationship was
added as a constraint to determine the reconstruction results [12].
The discrete measurement results in radio interferometer are modeled as follows

Y = Φ
(
S̄
)
+ E, (2)

with Y ∈ CM×4 as the measurement result, E ∈ CM×4 as random additive noise, S̄ =
[s̄1, s̄2, s̄3, s̄4] ∈ RN×4 as the Stokes matrix, and Φ : CN×4 → CM×4 as the measurement
operator. By this definition, Stokes I, Q, U , and V can be expressed as s̄1, s̄2, s̄3, s̄4 ∈ RN .
Therefore, the polarization constraint in Equation (1) can be written as

∀n ∈ {1, . . . , N}, −Sn,1 + ∥Sn,2:4∥2 ≤ 0, (3)
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with Sn,1 as the nth component of Stokes I and Sn,2:4 as the nth component of Stokes Q,
U , and V . Birdi et al. [12] added a polarization constraint (3) to solve problem (2) in the
polarized SARA method.

Overall, polarized SARA has the following minimization problem

minimize
S∈RN×4

f(Φ(S)) + g
(
Ψ†S

)
+ fU(S) + fV(S). (4)

In Equation (4), fU(S) states that the Stokes matrix must be real, with U = RN×4. Then,
fV(S) states that the Stokes matrix must meet the polarization constraint criterion√

Q2 + U2 + V 2 ≤ I, with V =
{
S ∈ RN×4|(∀n ∈ {1, . . . , N})∥Sn,2:4∥2 − Sn,1 ≤ 0

}
. Af-

ter that, f(Φ(S)) is a constraint to meet the problem modeling criteria in Equation (2),
where f(Φ(S)) = fB(Y,E)(Φ(S)) with B(Y,E) = {Φ(S) ∈ CM×4 : ∥Φ(S) − Y ∥2 ≤ E}.
Lastly, g

(
Ψ†S

)
is a weighted ℓ1 norm which is defined as follows:

g
(
Ψ†S

)
=
∥∥Ψ†S

∥∥
W,1

=
4∑

i=1

J∑
j=1

Wj,i

∣∣∣(Ψ†S
)
j,i

∣∣∣ . (5)

In this equation, (.)j,i is the coefficient on the jth row and ith column of the argument,
W ∈ RJ×4

+ is the weighted matrix, Ψ ∈ CN×J is the dictionary, Ψ†S is the sparse represen-
tation of signal S in the dictionary Ψ, and Ψ† is the adjoint of Ψ. We might want to write
a minimization problem using two constraints. In Equation (2), if we reconstruct the sig-
nal S from the degraded signal Y without considering fU(S) and fV(S), the minimization
problem can be written as

minimize
S∈RN×4

f(Φ(S)) + g
(
Ψ†S

)
= minimize

S∈RN×4

∥∥Ψ†S
∥∥
W,1

subject to ∥Y − Φ(S)∥2 ≤ E, (6)

or

minimize
S∈RN×4

µ
∥∥Ψ†S

∥∥
W,1

+
1

2
∥Y − Φ(S)∥22. (7)

Meanwhile, polarized SARA is a minimization problem with four constraints.
To solve the resultant minimization problem (4), Birdi et al. [12] proposed polarized

SARA below.
Polarized SARA.
Input: Y ∈ CM×4

Output: S ∈ RN×4

1. initiate S(0) ∈ RN×4, A(0) ∈ RJ×4, B(0) ∈ RM×4, C(0) ∈ RN×4, D(0) ∈ RN×2,
Z(0) ∈ RN×2, γW ∈ RJ×4

+ ,
2. update the solution S(k+1) = PU

(
S(k) − τ

(
ΨA(k) +Φ† (B(k)

)
+C(k)

))
,

3. update Z(k+1) = PV
(
Z(k) − τD(k)

)
,

4. calculate Â(k) = A(k) + ρ1Ψ
† (2S(k+1) − S(k)

)
,

then update A(k+1) = Â(k) − ρ1TγW/ρ1

(
Â(k)

ρ1

)
,

5. calculate B̂(k) = B(k) + ρ2Φ
(
2S(k+1) − S(k)

)
,

then update B(k+1) = B̂(k) − ρ2PB(Y,E/ρ2)

(
B̂(k)

ρ2

)
,

6. calculate Ĉ(k) = C(k) + ρ3
(
2S(k+1) − S(k)

)
and D̂(k) = D(k) + ρ3

(
2Z(k+1) −Z(k)

)
,

7. calculate

(
C

(k+1)
:,1

D
(k+1)
:,1

)
=

(
Ĉ

(k)
:,1

D̂
(k)
:,1

)
− ρ3PE1

(
1
ρ3

[
Ĉ

(k)
:,1

D̂
(k)
:,1

])

and

(
C

(k+1)
:,2:4

D
(k+1)
:,2

)
=

 Ĉ
(k)
:,2:4

D̂
(k)
:,2

− ρ3PE2

(
1
ρ3

[
Ĉ

(k)
:,2:4

D̂
(k)
:,2

])
,
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8. repeat steps 2 to 7 until convergence.

The primal stage updates function to update variables S and Z (steps 2 and 3). Mean-
while, the dual stage updates function to update variables A, B, C and D (steps 4 to
7). In step 2, PU(X) functions to retrieve the real part of X. Then, in step 3, Z ∈ RN×2

is a value to satisfy fV(S) in the minimization problem (4). The fV(S) states that the

Stokes matrix must meet the polarization constraint criterion
√

Q2 + U2 + V 2 ≤ I, with
V =

{
S ∈ RN×4|(∀n ∈ {1, . . . , N})− Sn,1 + ∥Sn,2:4∥2 ≤ 0

}
. We have −Sn,1 ≤ Zn,1 and

∥Sn,2:4∥2 ≤ Zn,2 so that Zn,1 + Zn,2 ≤ 0. If ∀U ∈ RN×2, PV(U) = Ũ (∀n ∈ {1, . . . , N}),
then Ũ ∈ RN×2 is defined as follows:(

Ũn,1, Ũn,2

)
=

 (Un,1, Un,2), if Un,1 + Un,2 ≤ 0,
1

2
(Un,1 − Un,2, Un,2 − Un,1), otherwise.

(8)

In step 4, Ψ is a basis that is used as the dictionary. The first basis uses a Dirac basis
while the other eight use Daubechies wavelets Db1-Db8 as in [6,24]. Then, using soft-

threshold γW ∈ RM×4
+ , TγW/ρ1

(
Â(k)

ρ1

)
in step 4 is a soft-thresholding operation with the

following definition (
∀Â ∈ RM×4

)
TγW/ρ1

(
Â(k)

ρ1

)
= H. (9)

In this definition, H ∈ RM×4 is

(∀i ∈ {1, 2, 3, 4}) H:,i = prox(ρ−1
1 γW)

:,i
∥.∥1

(
Â:,1

)
, (10)

with j ∈ {1, . . . ,M}, and then Hj,i can be written as follows:

Hj,i =


−Âj,i +

γWj,i

ρ1
, if Âj,i < −γWj,i/ρ1,

0, if − γWj,i/ρ1 ≤ Âj,i ≤ γWj,i/ρ1,

Âj,i −
γWj,i

ρ1
, otherwise.

(11)

Step 5 aims to satisfy the constraint f(Φ(S)) in Equation (4), with PB(Y,E/ρ2)

(
B̂(k)

ρ2

)
defined as follows:

PB(Y,E/ρ2)

(
B̂(k)

ρ2

)
=



[
θ

(
B̂(k)

ρ2
−Y

)
∥∥∥ B̂(k)

ρ2
−Y

∥∥∥
2

]
+ Y, if

∥∥∥ B̂(k)

ρ2
− Y

∥∥∥
2
> θ,

B̂(k)

ρ2
, otherwise.

(12)

In Equation (12), we have a radius θ = E
ρ2
. E is the noise level that can be set by the user,

and ρ2 is as a constant value. Steps 6 and 7 aim to perform an epigraphical projection

[21]. For (c, d) ∈
(
RN
)2
, in step 7, we have PE1(c, d) =

(
ĉn, d̂n

)
1≤n≤N

with

(
ĉn, d̂n

)
=


(cn, dn), if cn + dn ≥ 0,(
(cn − dn)

2
,
(dn − cn)

2

)
, otherwise.

(13)

Then, for
(
R ∈ RN×3, d ∈ RN

)
, in step 7, we have PE2(R, d) =

(
R̂n,:, d̂n

)
1≤n≤N

with
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(
R̂n,:, d̂n

)
=


(0, 0), if ∥Rn,:∥2 < −dn,

(Rn,:, dn), if ∥Rn,:∥2 < dn,

αn(Rn,:, ∥Rn,:∥2), otherwise,

(14)

and αn = 1
2

(
1 + dn

∥Rn,:∥2

)
. Lastly, as in [19], the algorithm converges under the condition

1
τ
− ρ1∥Ψ∥2sp − ρ2∥Φ∥2sp − ρ3 ≥ 0, with the spectral norm denoted by ∥ · ∥sp.

3. Proposed Method. In step 5, polarized SARA performs

B(k+1) = B̂(k) − ρ2PB(Y,E/ρ2)

(
B̂(k)

ρ2

)

to update B(k+1). Our idea is to speed up the process by increasing PB(Y,E/ρ2)

(
B̂(k)

ρ2

)
. We

assume µ =
∥∥∥ B̂(k)

ρ2
− Y

∥∥∥
2
when calculating PB(Y,E/ρ2)

(
B̂(k)

ρ2

)
, referring to Equation (12).

Iteration by iteration at each Stokes, polarized SARA calculates this µ value. We note

that this µ value is the second-order norm of the difference B̂(k)

ρ2
and Y . We know that the

constant ρ2 and the measurement signal Y do not change in each iteration. So, we choose
to increase B̂(k) to make changes to update B(k+1). To adjust B̂(k), in polarized SARA,
we added a constant a in step 5 so that the equations change to

B̂(k) = B(k) + aρ2Φ
(
2S(k+1) − S(k)

)
, (15)

and

B(k+1) = B̂(k) − aρ2PB(Y,E/ρ2)

(
B̂(k)

ρ2

)
. (16)

According to Equation (12) in step 5, note that µ =
∥∥∥ B̂(k)

ρ2
− Y

∥∥∥
2
, increasing B̂(k)

without changing ρ2 and Y indicates an increasing this µ value and SQ. To test these
indicators, we use the forward-jet model image [26,27] to check the preliminary recon-
struction results on Stokes I imaging during 2,000 iterations. This image has a size of
100× 100 pixels. Measurement is done using realistic u-v coverage in the top left panel of
Figure 1. This measurement is claimed to be under the real conditions on a VLBI array
with six stations [22,25]. In this preliminary reconstruction results, in the bottom left
and bottom right panel of Figure 1, the µ value will increase and the residual value will
decrease if the value of a increases.

Presented by [28], in convex optimization, we note that the residual value affects the
convergence rate. The faster the residual value reaches a minimum, the faster the con-
vergence. It showed fewer iteration or computation time when it got minimum residual
value faster. In our results, in the top right panel of Figure 1, the signal quality (SQ) of
a = 15, 25, 50 reaches a plateau when the residual value already minimum. We estimate
that polarized SARA (a = 1) will still reach a same plateau, so using a > 1, we can get
a similar SQ faster than polarized SARA. We then test this hypothesis on the simulated
data used by [12,22]. In Figure 1, we use the definition of signal quality (SQ) as follows:

SQ = 20 log10


∥∥∥Ŝ∥∥∥

2∥∥∥S − Ŝ
∥∥∥
2

 , (17)

with Ŝ as the true image and S as the corresponding reconstructed image. Higher SQ
indicates better quality.
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Figure 1. First row shows u-v coverage used in [12,22,25] and SQ results
of the forward-jet model in Stokes I image using a = 1, 15, 25, 50 during
2,000 iterations. Second row shows the µ values and the residual values of
the forward-jet model in Stokes I image using a = 1, 15, 25, 50 during 2,000
iterations.

4. Results. In simulation, we use two models of ground truth images (shown in the left
column of Figure 2) to numerically simulate the M87 horizon-level shape measurements
based on certain parameters and then evaluate the reconstruction results based on these
ground truth images. The first ground truth image is named forward-jet model image in
[12], and was presented in [27] and previously proposed in [26]. The second ground truth
image is named counter-jet model image in [12], and was constructed in [29] based on
general relativistic magneto-hydrodynamic. For these two models, we choose the image
with size of 100 × 100 pixels. Then, we consider field of view of 200 µas so the scale of
event horizon radius is corresponded to a resultant pixel size of 2 µas. We use the noisy
measurements on Equation (2) while the measurement operator is defined by

Φ
(
S̄
)
= φS̄L, (18)

with φ = GFZ. An operator L ∈ C4×4 functions to give the brightness matrix on the
Stokes matrix S̄. Then, the image located in each column of the brightness matrix S̄L is
oversampled by a zero padding operator Z ∈ CαN×N with a factor of α in each dimension.
Once the oversampled images obtained, a matrix F ∈ CαN×αN is used to act fast Fourier
transform on the oversampled images that are sampled by the interferometer. We then
have a matrix G ∈ CM×αN to degrade the discrete Fourier coefficients to the continuous
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samples. We use scaling and oversampling in the matrix Z because the matrix G may
have the interpolation errors. With these simulation settings, we perform measurements
on the realistic u-v coverage in Figure 1. We consider a Gaussian noise with σ = 5× 10−3

Jansky to corrupt each column of the brightness matrix S̄L. We can determine a radius

or a noise bound E in Equations (6) and (12) from the σ as E2 = σ2

2

[
8M + 2

√
2(8M)

]
.

In the top right panel of Figure 1, we have SQ results of the forward-jet model image
using a = 1, 15, 25, 50 during 2,000 iterations. In this figure, we want to compare the
existing polarized SARA method a = 1 with the proposed method a = 15, 25, 50. As for
a = 15, 25, 50, the results show that SQ are increasing with 200-300 iterations and reach
some plateau afterwards with similar SQ results. We predict the SQ of a = 1 can still
increase and also reach the similar SQ because its residual value in the bottom right panel
of Figure 1 has not reached a minimum level. Then, we deliver the SQ result of a = 1 on
more iterations compared with a = 50 to take the best SQ of this both a value. A best
SQ is taken when it does not change more than 1 percent within next 100 s iterations
indicating reaching a plateau. We choose a = 50 to compare with a = 1 because it has a
higher SQ in early iterations than a = 15, 25 and a higher SQ graph slope at iterations
approaching 2,000. In Table 1, we perform not only for the forward-jet model but also
the counter-jet model, including Stokes I image and linear polarization image.

Table 1. SQ does not change more than 1 percent within next 100 s
iterations: The forward-jet model and the counter-jet model.

Forward-jet model

Image
SQ Iteration

a = 1 a = 50 Difference a = 1 a = 50 Difference
Stokes I 28.15 27.84 −1.1% 2,152 590 72.58%

Linear polarization 17.86 25.79 44.4% 541 308 43.07%
Counter-jet model

Image
SQ Iteration

a = 1 a = 50 Difference a = 1 a = 50 Difference
Stokes I 12.79 15.22 19.00% 1,371 708 48.36%

Linear polarization 12.94 15.41 19.09% 1,302 867 33.41%

Observing the SQ and iteration results on Stokes I image of the forward-jet model
reconstruction in Table 1, we have the similar SQ among a = 1, 50 but fewer iteration
using a = 50. The consistent result in getting fewer iteration is also obtained for the
counter-jet model reconstruction on Stokes I image. Moreover, we have a higher SQ
result 2.43 dB or 19.00% when using a = 50. We then can observe the SQ and iteration
results on linear polarization image of both the forward-jet and the counter-jet model
reconstruction in Table 1. Compared with a = 1, it shows not only fewer iteration but
also higher SQ when using a = 50.

To see visual comparison of these tests, we present Stokes I and linear polarization
intensity image between ground truth image, reconstruction result using a = 1, and
a = 50 in Figure 2. The first column shows the ground truth image, whereas the second
and third columns show the results for a = 1 and a = 50, respectively. The reconstructed
images using a = 1 and a = 50 are taken based on the SQ results in Table 1. Comparing
between using a = 1 and a = 50 in Stokes I intensity image of the forward-jet model
in the first row of Figure 2, we can see that the hole formed clearer when using a = 50
although it has the lower SQ of 0.31 dB or 1.1%. The clearer hole result also appears in
Stokes I intensity image of the counter-jet model in the third row of Figure 2. Then, if
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Figure 2. Reconstruction results of simulated data. Left to right: ground
truth image, a = 1, and a = 50. The first and second rows are Stokes I and
linear polarization intensity image of the forward-jet model while the third
and fourth rows are from the counter-jet model. The electric vector polar-
ization angle (EVPA) overlays on the linear polarization intensity image,
shown by the green bars.

we observe the difference in linear polarization intensity image, the hole of the forward-jet
model in the second row of Figure 2 starts appearing when using a = 50. Significantly
better hole result is also seen on the counter-jet model in the fourth row of Figure 2.

5. Conclusion. This paper contributes to radio interferometry imaging in terms of ob-
taining a better quality of image with a significant fewer number of iterations by adjusting
the µ value of polarized SARA. This µ value can be adjusted by adjusting the value of
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a in Equations (15) and (16). In testing the data, after comparing the image results and
the number of iterations between our proposed method and the polarized SARA, both
in Stokes I and linear polarization intensity, our proposed method is proven to get the
improved image in fewer iterations. The image has the shape of hole clearer. Because of
the ability to reduce number of iterations, our proposed method probably has the speed
at which the convergence to the SQ is achieved. The level of residual value may influence
this convergence. This topic becomes an important challenge in future work. In addition,
Polca SARA [30] that presents a global convergence guarantees may also be adopted to
improve the quality.
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