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ABSTRACT. As all phenomena in nature are nonlinearity, and almost the existing linear
control theory is suited only for linear system, to develop the advanced control theory
for nonlinear system, one new strateqy is needed for nonlinear controller design based
on the idea of differential geometry during some practical engineers. More specifically,
consider an aircraft flight system, corresponding to one nonlinear closed loop system with
nonlinear aircraft system and nonlinear controller simultaneously, differential geometry is
proposed to design that nonlinear controller directly after that nonlinear aircraft system is
transformed into one special nonlinear piecewise form through some interesting nonlinear
transformations. The merit of nonlinear control is to generate one nonlinear controller
directly, without any linearizing process. Additionally, the sequent nonlinear stability is
analyzed through our own mathematical derivations for our considered nonlinear closed
loop system. Finally, a practical simulation erxample is given to show our theoretical
results. Generally, this paper considers two important aspects from the nonlinear control
theory, i.e., nonlinear control design and nonlinear stability analysis.

Keywords: Nonlinear aircraft control, Nonlinear stability, Differential geometry

1. Introduction. With the continuous improvement and complexity of battlefield en-
vironment and mission requirements, the basic mode of future war is moving towards
unmanned, intelligent and information-based. However, single aircraft is limited by its
own conditions in the face of complex and diverse application environment. For civilian
use, the scanning range of a single aircraft is limited by the on-board scanning sensors,
making it impossible to complete tasks, such as forest patrol and surveying and mapping
in a single voyage, resulting in inefficiency. For military use, when a single aircraft carries
a limited amount of its own fuel, offensive weapons, etc., it will have a limited lethality,
unable to form a sustained and beneficial strike force, and also unable to continue its
mission due to a malfunction, a problem that ultimately leads to the loss of aircraft and
affects the entire battle plan. As aircraft is popular in military or our normal life, the
researches on aircraft are ongoing from different aspects, such as aircraft control, aircraft
detection and aircraft attacking.

As aircraft control is to guarantee the considered aircraft fly according to the desired
trajectory or path, while considering other flight missions, for example, minimum flight
time or minimum short flight trajectory, this paper concerns on aircraft control for one
general case, i.e., nonlinear control, after linearizing the original nonlinear aircraft system,
and then based on this linearized state space system, the existing knowledge about lin-
ear quadratic Gaussian control or adaptive control can be applied directly. During these
recent, years, one innovative control method is studied very popularly, i.e., data driven
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control strategy. As data-driven control only needs input-output data analysis process,
it is also strongly supported in the control field. [1] designed the optimal output sta-
ble control strategy using the input-output data of the system. [2] identified the aircraft
parameters using frequency-domain response combined with American commercial soft-
ware, and designed a linear quadratic controller for attitude control, while the position
controller is designed based on Lyapunov and backstepping theory. [3] designed a class
of nonlinear discrete single input and single output systems using pseudo-gradients and
input-output data, which have good robustness. [4] used the Kalman filter to estimate
the parameters of the longitudinal model in detail, and then designed the linear quadratic
controller based on the minimum energy principle. [5] used the excitation signal as input
signal to identify the linear parameter varying model, and redesigned the position and at-
titude controller according to the cascade structure. [5] identified disturbances generated
by changes in wind and load and predicted the output results. [6] combined data-driven
and consistency principles, then a data-driven distributed optimal consistent controller is
designed for unknown systems with input time-delay [7], and the optimal control of finite
time periods is applied in time-delay systems [8]. [9] used an echo state network approach
to predict the system’s speed and angular speed based on identification of aircraft pa-
rameters. [10] used the system black box identification to obtain the mathematical model
of aircraft attitude loop, and designed a robust controller, whose attitude control preci-
sion is superior to proportion integration differentiation control [11]. All above mentioned
references consider aircraft controller design based on the mature linear system or linear
control, but here the more extended nonlinear system or nonlinear control is studied for
aircraft control.

During recent years, our team also obtains some new contributions about aircraft con-
troller design. For example, our paper [12] proposed one nonlinear data driven control
from theoretical analysis and practical engineering, i.e., aircraft formation flight system.
[13] combined the direct data driven control and other safety property to form an inno-
vative direct data driven safety control for aircraft flight system. In [14], a novel iterative
learning data driven control strategy was established to efficiently design the flight con-
troller for closed loop aircraft flight system, while avoiding the modeling process for that
unknown aircraft system. Roughly speaking, above existing results about controller design
for aircraft system are divided into two steps, i.e., the first linearization process and the
second controller design process. More specifically, the considered aircraft system and the
unknown controller are both linearized as their corresponding linear forms, then the ex-
isting results about linear controller design methods are applied directly, as there are lots
of literature about linear control theory, i.e., the number of literature about linear control
theory is vast. The formulation about nonlinear controller design for nonlinear aircraft
system can be seen in [15], where a preliminary about the control process is given.

As all phenomena in nature are nonlinearity, meaning linear system does not exist, our
considered aircraft is also one nonlinear system. Consider the problem of controller design
for nonlinear aircraft system, it brings our studied nonlinear controller design without
linearizing it as a linear controller. Based on our previous contributions about aircraft
control, we design the nonlinear controller for nonlinear aircraft system, while not firstly
approximating it with one linear controller. From above description, this paper propos-
es the nonlinear controller design for nonlinear aircraft flight system from theory and
practice, respectively. More specifically, firstly after the detailed aircraft flight system is
introduced into one classical closed loop system, including the nonlinear aircraft system
and nonlinear controller simultaneously, differential geometry is applied to designing that
nonlinear controller through feedback, i.e., the yielded controller is one nonlinear form,
being deemed as the feedback part, while lie brace and lie derivative are used explicitly.
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Moreover, this nonlinear controller is exemplified to achieve the goal of perfect tracking.
Secondly, it is useless for unstable system, so to guarantee the nonlinear closed loop system
is stable, nonlinear stability analysis is considered through our mathematical derivation,
while here nonlinear stability means our defined finite gain stability. The sufficient con-
ditions, guaranteeing the finite gain stability, are formulated into two theories. Thirdly,
our proposed nonlinear controller is applied into one practical example.

Generally, the main contributions of this paper are formulated as follows. 1) For non-
linear aircraft system, existing in one nonlinear closed loop system, nonlinear controller is
designed from the point of differential geometry, while the perfect tracking is achieved. 2)
Consider above nonlinear closed loop flight system with nonlinear controller and nonlinear
aircraft system, nonlinear stability condition is derived to satisfy the finite gain stabili-
ty, which is equivalent to small gain theorem. 3) Apply our considered nonlinear control
strategy into one practical aircraft control system.

The remainder of this paper is organized as follows. In Section 2, we review aircraft flight
system and point out the main flight control system structure, corresponding to one closed
loop system with nonlinear aircraft system and nonlinear controller simultaneously. To
design this unknown nonlinear controller directly without linearization process, differential
geometry is applied to yielding one nonlinear controller in Section 3. Furthermore, the goal
of perfect tracking is also talked about within the circumstance of nonlinearity. Section
4 considers the nonlinear stability analysis to guarantee nonlinear closed loop system
satisfying the finite gain stability. Section 5 gives one practical example to show the
efficiency of our considered nonlinear controller. Finally, Section 6 generalizes conclusion
and points out our future work.

2. Aircraft Flight System. The physical principle of aircraft flight control system is
similar to that process of human pilot. Specifically, firstly the measurement device parts
collect or measure the flight state of aircraft, then secondly the integrated computation
device parts start to compare and compute according to the given instructions or orders.
Thirdly the control signals are sent to the actuator parts in order to drive the steering
surface, generating the aerodynamic forces and torques to control the flight state or mode
of aircraft.

Classical aircraft flight control system includes three feedback loops [16], i.e., rudder
loop, stabilization loop and control loop, plotted in the following Figure 1.
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FIGURE 1. Aircraft flight control system
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In above Figure 1, three feedback loops are explained in detail as follows. 1) Rudder
loop is to improve the performance of rudder, so that the requirements of flight control
system are satisfied. The output signals of rudder are returned back to the input part, and
then one servo system with a negative feedback loop is constructed. Generally, rudder loop
includes three units, i.e., rudder, feedback unit and amplifier. 2) Measurement device parts
collect the accurate attitude information of aircraft. The measurement unit of attitude
and rudder loop are combined together to be the autopilot. The autopilot and the aircraft
control system constitute a stable loop, used to stabilize and control the aircraft attitude.
3) Control loop is composed of the stabilization loop, the measurement unit for gravity
center position and the aircraft motion kinematics, describing the geometric relation or
aircraft space. Its function is to stabilize and control the flight trajectory.

In order to better understand the detailed aircraft flight control system, we take an ex-
ample of aircraft flight trajectory planning, i.e., aircraft trajectory control system, based
on the attitude angle motion control system. The feedback loop of the trajectory control
system can be closed in aircraft or through the ground equipment. The important stabili-
ty and control of flight attitude play an important role in flight formation, cruise landing,
terrain following and carrier based aircraft landing. In addition, the static attitude dif-
ference exists in the constant disturbance torque, so it brings attitude drift, meaning not
applied into the altitude stabilization and control. Therefore, in the altitude stabilization
and control system, it is necessary to measure the altitude direct by virtue of altitude dif-
ference sensor, controlling the aircraft altitude directly and changing the flight trajectory,
and then the closed loop stability control is achieved for the flight height. For the sake of
illustration, the aircraft flight control system is plotted in Figure 2.

‘ Disturbance ‘

Amplifier - —»( —> Rudder loop —b@—» Aircraft
A A
Velocity loop

Vertical gyroscope

\

Altitude sensor

FIGURE 2. Aircraft altitude control system

3. Nonlinear Controller Design. From Figure 2, we see three feedback loops exist in
that complete aircraft flight control system. As the inner loop includes one controller,
needed to be designed, and other two loops are only unit feedback loops, the problem of
controller design concerns on that inner loop.
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For clarity of presentation, that inner loop in Figure 2 is extracted to show many
physical variables, seeing the following Figure 3, where P(z) is the aircraft kinematic, and
C(z) is the unknown controller. r(t) is the given input signal, and wu(t) is the input for
aircraft P(z). yo(t) is the aircraft output without disturbance or noise (t), i.e., noiseless
output. Noise g(t) corresponds to the external effect, such as wind or atmosphere. y(t)
is the corrupted output, and e(t) is the error signal, i.e., e(t) = r(t) — y(t). z is the shift
operator.

O e(r)

F1GURE 3. Inner loop system

Here as aircraft system P(z) and unknown controller C'(z) are all nonlinearity, we
cannot figure out their linear transfer function forms, meaning their appropriate forms
be P(z,u(t)) and C(z,u(t)). Observing that nonlinear aircraft system P(z), from the
nonlinear control or nonlinear system theory, it can be changed into one special nonlinear
form through some nonlinear transformation from the point of differential geometry. This
special nonlinear form is piecewise with respect to its input variable u(t), i.e., shown as

#(t) = f(x(t) + g(x(®)u(t); y(t) = h(xz(t)) (1)
where z(t) means the corresponding state vector, used to embody the internal variables
for aircraft system, for example, position, velocity and acceleration.

Based on above nonlinear internal relation (1) for aircraft system P(z), Figure 3 is
replotted in Figure 4. In our previous paper [14], these two forms in Figure 4 are proven

(1)

) * e(r) . u(t) x=f(x)+g(x)ult) volt) ;

v(1)
-
y=h(x)

(1) Unit feedback and forward controller

3(2)
r(t - x=f(x)+g(x)u(t) Yolr) L{:}_

u(r}
y=h(x)

c(z)

(2) Equivalent structure

F1GURE 4. Considered inner loop system
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to be equivalent to each other. Consequently, our main concern is to design that nonlinear
controller C'(z) in case of that special nonlinear aircraft system (1).

For notational simplicity, time variable ¢ is neglected in latter mathematical derivations,
i.e., Equation (1) is rewritten as

&= f(z) +g(z)u; y=h(z) (2)
where f(z), g(x) are smooth vector fields and h(z) a smooth nonlinear function, i.e., f(z),
g(x), h(z) are all infinity differentiable functions.
Taking the partial derivative with respect to time variable ¢, it holds that

Oh i — O 4 (2) + glau] = Lyh(a) + Lyh(x)u (3)

Y= 0" " oz
where L¢h(x) and Lyh(z) are Lie derivatives of h(z) with respect to f(z) and g(x),
respectively, so Lyh(z) is a function, giving the rate of change of h(x) along the flow
of the vector field f(x). If Lyh(x) is bounded away from zero, the state feedback law is
chosen by

Lgh(l') (—th<£L‘) +U) (4)

From the differential geometry theory, nonlinear controller C'(2) is designed in three
steps.
Step 1: differential output y until input u appears.
Step 2: choose u to cancel the nonlinearities and guarantee the expected goal, for
example, perfect tracking.
Step 3: study the nonlinear stability of the nonlinear closed loop system.

Observing Equation (4), if Lyh(z) = 0 for all =, then we differentiate ¢ to obtain

y? = Lfch(x) + L,Lh(z)u (5)
Iterative above differentiate operation until for some integer r, satisfying that LgL;_lh(x)
#0,i.e.,
Y = Lih(x) 4+ Ly L h(z)u (6)
then the nonlinear control law is chosen as
5 = LgL;f_lh (~Ih(z) +v) (7)
Substituting Equation (7) into Equation (6), we see
y" = 8)
Remark 3.1. Variable v must be chosen approximately as follows. Let
v=—kqy" Y — s — kg — koy (9)
where coefficients {k;}i_i are chosen such that the following polynomial
k(z) = 2"+ ke_12" P+ k2 + kg (10)

has all its roots strictly in the left haaf plane.

Substituting Equation (9) into Equation (7), the actual nonlinear control law is
1

= ——— (=L"hz) — k" Y — o — Ry — k 11
u LgL’}lh( th(z) 1Y 19 — koy) (11)
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Observing Equation (8), it holds that similarly
Yy = kY — o — kg — ky (12)

which means that nonlinear control law (11) gives a locally asymptotically stable closed
loop system.

Comment: By construction, consider the problem of perfect tracking a given expected
trajectory yq(t), and let

fa = [yd Ya * - yc(;_l)] (13)
Define the tracking error vector by
i) =p@t) —pa=1[yy - y" ] - [yd Yo - yf[_l)] (14)
Choose that nonlinear control law as
1 < (r) N -
U= ——— L +y; —krfy —---— koﬂl) (15)
LgLf 1/111 f d
where
vy -y =l ]
R e T e (16)

The detailed explanation about comment is seen the knowledge of differential geometry.
Equation (15) gives one nonlinear control law to achieve the goal of perfect tracking, i.e.,

{y(i) — yc(li)} , depending on the tracking error vector explicitly.
1

Combiningﬁhose two nonlinear control laws (7) and (15), nonlinear closed loop system

structure is replotted in the following Figure 5, where that derived nonlinear controller
is in the feedforward path with unit feedback or in the feedback path. Whatever feed-
forward path or feedback path, their equivalence can be proved only through the simple
computation.

¥(1)
r(r) * e(t) ;(_L};Hv) “(q i=f(x)+g(x)u(t) Yolt) y(1)

r—1 — -
Lgﬂf h = h(x}

(1) Unit feedback and forward controller

¥(r)
r(t i=f(x)+g(x)u(t) ¥o(t) L{‘-}'

u(t)
¥y =h(x)

Y

1 .
—(Lh+v)

e f

(2) Equivalent structure

FIGURE 5. Nonlinear control law
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4. Nonlinear Stability Analysis. Stability is an index for the considered system, as
the unstable system is useless. Stability means the output trajectory will converge to
one equilibrium point or move around one region with the time increases. To analyze
the stability of closed loop system, plotted in Figure 4, firstly the concept of finite gain
stability is defined.

Definition 4.1. [Finite gain stability]: A causal nonlinear operator f is said to be finite
gain stable if for given input x, the output f(x), there exist k, 3 > 0 such that for given
x, the output trajectory f(x) satisfies

f(z)] < klz| + 5 (17)
where notation |x| denotes one norm.

4.1. Preliminary. Based on above definition about finite gain stability, two useful the-
orems are important in our later nonlinear stability analysis.

Theorem 4.1. Consider one interconnected feedback system with input r1, ro and output
Y1, Yo in Figure 6. Assume that the systems P, C' are both causal and finite gain stable,
that is there exist ki, ko, b1, o such that

|P(e)| < kilex| + B1; [Clea)| < kalea| + Bo (18)

Provide that if kiks < 1, then the closed loop system is also finite gain stable from ry, ro
to Y1, Ya-

FIGURE 6. Interconnected feedback system

Proof: From Figure 6, we have easily
er=r1—ya=11—Clez); ea=y1+r2=r2+ Ple1) (19)
Using the priori known condition (18), it holds that
ler] < || + kalea| + B2;  lea| < |ra| + kaled] + B (20)
Through the common substitution operation obtain
ler| < [ri| + kalro| + kikaled| + kaBi + Bo;
lea] < |ro| + kikalea| + ki|ri| + k152 + 51 (21)
ie.,

71| + Ka|ro| 4 ko By + Bo

<
fer] < 1= ks
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Then the output ¥, satisfies that
ki|ri| + kikao|ra| + k181 + Bo
1 — kiks

According to Definition 4.1, the closed loop system is finite gain stable from 71,79 to ;.
Similarly, the closed loop system r1, ry to - is also finite gain stable.

lyr| = |P(er)| < kiler] + 81 <

(23)

Theorem 4.2. Consider that feedback loop in Figure 6 again, set the input ro = 0, suppose
that there exist constants koy, k1, Pa1, B1 with koy, kv > 0 such that

|CP(e1)| < karler| + Bar;  |Pler)] < Ealed| + B (24)
Provide that if koy < 1, then the system has finite gain stable from ry # 0 to ey, y.

Proof: (1) In case of r, = 0.
It is easy to see that

ee=r1—C(yy) =r1 —CP(e1); 1 =¢€1+CP(ey) (25)
and
| = |Pler)| < kaler| + 81 = ka|ri — C(yn)| + Bus
le] = |r1 = CP(e1)| < [ri| + [CP(er)| < [r1] + kailed] + B (26)
Then
71| + B
< = 2
or] < P 0
Substituting Equation (27) into Equation (26), we have
k k k1B — kik
1| < [P(er)] < Kafes] + B < k’1|rl|;ﬁ21 + k11 < 1l + kB + k= bk (28)
1-— /{521 1— k21
From Definition 4.1, the closed loop system from r; to y; is finite gain stable.
(2) In case of 5 # 0.
Similarly, we have
ey =11 —Clex) =11 —C(ra+ P(e1)); ea =19+ Pley) (29)

Then
ler] = [r1 = Cry + P(er))| < [ri| +[Cre + Pler))| < [ri| + [Cr2)| + [CP(ed)l;
ler] < |r1] + |C(r2)| + karler| + 51 (30)

Similarly, the latter proof is the same as above case of r, = 0.

4.2. Our stability analysis. Section 3 proposes the knowledge of differential geome-
try into designing one nonlinear controller after the considered nonlinear aircraft system
is changed to one special form through some nonlinear transformations. When to do
nonlinear stability analysis for that nonlinear closed loop system, and for the sake of com-
pleteness, our preliminaries about finite gain stable are formulated into two theorems.
Now we start to analyze that nonlinear stability with our own derivations.

To better understand the latter analysis, we plot Figure 4 again and do some adaptation
in Figure 7.

In Figure 7, {7(t),y(t)} are two kinds of disturbances or noises, existing in input and
output part, respectively.

If 7(t) = 0, then Figure 7 is reduced to Figure 4. ro(t) and yo(¢) are noiseless input
and noiseless output. Our main result about the nonlinear stability analysis for nonlinear
closed loop system in Figure 7 is yielded into the following Theorem 4.3.
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()

FiGURE 7. Adaptive nonlinear closed loop system

Theorem 4.3. Consider that nonlinear closed loop system in Figure 7 with two kinds of
noises, suppose that there exist constants ky, ko, B1, P2 such that

[Cly()] < kaly(t)| + 25 |P(e(t)] < Kale(t)] + B (31)
Provide that if k1ko < 1, then that nonlinear system has finite gain stable from r(t) to
y(t).
Proof: Observing Figure 7, we have

e(t) = ro(t) — C(z,y(t)) = r(t) — 7(t) — C(z,y(1))

y(t) = yo(t) +5(t) = P(z,e(t) + y(t) (32)
Using Equation (31) yield that
le@)] < [r(®)] + |70 + kaly ()] + B2 [y()] < Fale(@)] + [5(8)] + B (33)
Furthermore, we have
le()] < |r@)] + [7(8)] + kahale(t)] + k2|5 (£)] + k251 + b2 (34)

i.e.,

t r(t koly(t k
o) < POLE QLT RO+ ko +
1 — kyko
so the output trajectory y(t) satisfies that

Bl (t)] + a7+ (0] + oy + B — oy
y(®)l < e (36)

In practice, two noises {7(t),g(t)} are bounded, so from our previous Definition 4.1,
Theorem 4.1 and Theorem 4.2, the output trajectory y(¢) from input r(¢) is finite gain
stable.

(35)

5. Simulation Example. To prove our above theoretical results about cooperative dis-
tributed model predictive control, we use aircraft control framework to achieve it. One
practical real aircraft is seen in Figure 8, which is a real product for air force in our lab.
Before to apply nonlinear control, one mathematical model of aircraft is needed through
physical principle or system identification method. For convenience, Figure 9 gives a de-
tailed force effect diagram. Through some forces analysis, we use the classical Lagrangian
tool to construct the force balance equation. More specifically, in Figure 9, Fp, is lift, D
is drag, Y is side force, and G is gravity. Furthermore, V.., denotes air velocity, V} is
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228

Xg

FIGURE 9. Force effect diagram

relative speed, and V, represents speed of aircraft relative to the earth. If the thrust is
moved to the center of mass, then the thrust is denoted by T', and the equivalent torque
Mo is caused by the thrust movement.

The motion of aircraft in air can be divided into two parts, i.e., the translational motion
of aircraft’s center of mass and the fixed point rotation of aircraft around the center of
mass. Under certain assumptions, Newton’s second law leads to the vector form of aircraft

dynamics equation.
dN
F=m— 37
Then vector forms along three axis are
F=Fi+Fj+Fk V=u+uvj+wk (38)
w=pi+qj+rk; M=Li+Mj+ Nk

Due to a symmetrical plane on aircraft, its dynamical equations are listed as follows.
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F,=m(t—vr+wq); F,=m(d—wp+ur); F,=m(w—up+vp)
L = a:p - Ixzr + ([z - Iy)qr - Iwsza M = yq + (Ix - [z>pr + Ixz (p2 - 72) (39)
L=17—1L.,+(l,— I,)pq+ L..qr
Furthermore, the thrust component and deflection angle in airframe coordinate system
satisfy the following geometric relations.

T, T,
T2:Tx2+Ty2+Tz2’ tanﬁT:Ti; taIlOészTx (40)
Then the three axis components of the thrust are expressed as
T, T (1 + tan’ar + tan?f7r)
T, | = | T(1+ tan’ar + tan?Sr) tan fr (41)
T. T (1 + tan’ar + tan?Br) tan ar

In practice, flight velocity V is chosen as state variable, and then the relation between
flight velocity V' and velocity component in body coordinate is as follows.

U \%4
v = Sba 0 (42)
w 0
After differentiating both sides of Equation (42), it holds that
U 14 Vcosacosﬁ—BVcosasinﬁ
U | = Sp VB = Vsin 8 + BV cos f3 (43)
w V cos B V'sin B cos 8 + &V cos a.cos 8
Choose the state variable as
X =(V,8,a,u,v,w) (44)
Then the nonlinear model for aircraft is
f(@,z,u) =0 (45)

Equation (45) corresponds to one dynamical model for only one aircraft. Now five aircrafts
are used to form a formation mode, where these five aircrafts have the same physical
devices. That formation mode is given in Figure 10, where the front aircraft is deemed as
the leader, and the other four aircrafts are followers.

During the whole simulation, the maximal aircraft velocity is 80 m/s, maximal accelera-
tion is 10 m/s?, and communication radius is 300 m. The expected velocity is 60 m/s, and

UAV2 UAV3

UAV4 UAVS

FIGURE 10. Formation mode
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the expected yaw angle is 45°. Set the adjoint distance between two aircrafts as 200 m.
The original position and original velocity of each aircraft are yielded randomly based on
Gaussian white noise, i.e., [-100,100] m x [—100,100] m and [0,30] m/s x [0,30] m/s.

Suppose the desired formation in the time interval [0 s, 200 s] is v-shaped. The forma-
tion task changes to horizontal formation in [200 s, 400 s], and the formation task changes
again in [400 s,600 s]. The desired formation is circular formation. The randomly giv-
en initial position distribution of the cluster is shown in Figure 11, where the red cross
marked as the virtual navigator at position [0, 0] on the x-y axis, and the green triangles
represent randomly selected navigation information in different neighborhoods. The black
triangle is the followers, and the triangles indicate that there is information interaction
between aircrafts, and that the followers in different alliances do not have information
interaction, as the alliances are divided by neighborhood.

600 5500
400 A > 5000 J—
200k " > 4500 e Y v
- N -« v o
e 0 . v - ;
~— = 4000 «
= 2200 yﬂ = -«
«
3500
-400 4 v
< A <
o : 3000 v
600 « -
-800 s . : 2500 : ; v, ;
-600 -400 -200 0 200 400 600 800 2500 3000 3500 4000 4500 5000 5500
x/m x/m
(a) Original position (b) Formation mode in V
1.55°10° 2.24710¢
l -5(] [ " 2'22 | ’ - _7-'\.
v 2.204 - -
1.45} ~ > 4 ¥
-, 2.18L <
140} v 2.16! o < |
£ - - *
« =
= 135 . S 214 + <
- . v
130} Y, 212 - v
125 v“ 2.10 ‘\" "' ]
’ . 2.08} - :
1.15} Y 2.06 Ve w<v v
-, 061 -
1.20 N 204 . .
1.15 1.20 1.25 1.30 1.35 1.40 1.45 1.50 1.55 2.04 2.06 2.08 2.10 2.12 2.14 2.16 2.18 2.20 2.22

x/m

(¢) Formation mode in line

x10¢

x/m
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FIGURE 11. (color online) Different formation modes

Figure 11 tells us that those aircrafts can switch their different formation modes freely
by virtue of cooperative distributed model predictive control strategy, meaning each air-
craft is controlled by its own distributed controller. This merit of switching formation
mode corresponds to our first guaranteed safety property, i.e., stability.

Next, we need to testify the second guaranteed safety property, i.e., positively invari-
ance. Let aircrafts fly within a tube or limited range, so aircrafts cannot cross the upper
and lower boundary of the required tube in Figure 12. Our goal is to design each controller
for each aircraft in order to fly during that tube as one by one, not crash together and
cross the boundary.
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FIGURE 14. Aircraft trajectory in limited range

From our goal above, we design each distributed controller for each aircraft to guar-
antee that safety property. Each aircraft trajectory is observed in one computer screen,
where aircraft trajectory corresponds to one irregular curve in Figure 13. Additionally,
the detailed analysis of each aircraft trajectory is seen in Figure 14, where aircraft starts
from one original point and stops at one final point. Combining Figures 13 and 14, we
apply our proposed nonlinear differential geometry controller in devising each distributed
nonlinear controller for each aircraft. Based on this nonlinear controller, after giving the
expected flight route information and mission requirement, aircraft will take off in several
seconds and then fly perfectly within the desired flight trajectory.

6. Conclusion. This paper considers two important aspects from the control theory,
i.e., nonlinear control design and nonlinear stability analysis. First, after the detailed
aircraft flight system is introduced into one classical closed loop system, including the
nonlinear aircraft system and nonlinear controller simultaneously, differential geometry is
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applied to designing that nonlinear controller through feedback. Moreover, this nonlinear
controller is exemplified to achieve the goal of perfect tracking. Second, to guarantee the
nonlinear closed loop system is stable, nonlinear stability analysis is considered through
our mathematical derivation. As this paper is our first work about nonlinear differential
geometry control, latter in future we will study the nonlinear direct data driven control
strategy from the theory and practice respectively, paving a new road for future research
about nonlinear control system.
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