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ABSTRACT. In this paper, the stability of discrete-time neural networks with time-varying
delays is further investigated. First, an N-dependent general free-weight-matriz summa-
tion inequality (NGFWMSI) is proposed to involve coupling information on additional
state variables by additional free matrices and free vectors, which can relax the derived
stability conditions. Second, a novel N-dependent Lyapunov-Krasovskii functional (LKF)
1s constructed, which contains not only the coupling information between the delay inter-
vals and the state variables, but also the coupling information between the nonlinear terms
and the delays and other state variables. Then, combining the N-dependent LKF with
the NGFWMSI, the stability criteria derived reduce the conservatism of some published
results. And the stability criteria are hierarchical, that is, the higher level of hierarchy,
the less conservatism of the stability criteria. Finally, several numerical examples are
presented to show the validity and superiority of the proposed methods.

Keywords: Discrete-time, Lyapunov, Linear matrix inequality (LMI), Neural networks,
Stability, Time-delayed system

1. Introduction. Time delay is regarded as the main cause of system instability, poor
performance and oscillation [1]. Lyapunov stability theory is the main method to ana-
lyze the stability of time-delayed systems. The main purpose of this method is to derive
stability criteria with less conservatism based on LMI, which mainly focuses on two as-
pects: i) In the stability range of the system, the maximum allowable delay upper bound
(MADUB) is determined as large as possible; ii) The derived stability criterion reduces the
conservatism and the number of decision variables in LMIs, so as to reduce the solution
complexity. In order to achieve this purpose, a large number of mathematical techniques
have developed along these two directions. It is mainly reflected in the following aspects.
a) The corresponding LKF is augmented to include as much information on the state
variable and the time-varying delay as possible. An LKF with a quadratic polynomial
matrix is introduced for the stability of continuous-time and discrete-time systems with
time-varying delays [2]. A delay-product-type LKF is constructed in [3], in which the in-
formation on time-varying delays and system states is taken into full consideration. The
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authors of [4] construct an augmented indefinite LKF, and prove that the LKF has in-
definite derivatives by using simple integral inequalities. Beside, there are LKF based on
delay partitioning technique [5], delay-square-dependent LKF [5], and so on. b) Derive
tight integral summation inequalities as much as possible, so that the derivative terms of
the LKF get a tight upper bound, for example, the delay-product-type integral inequality
6], the generalized integral inequalities based on free matrices [7], the Bessel summation
inequalities [8, 9], the Jensen’s summation inequality [10], the auxiliary-function-based
inequality [11], the reciprocally convex matrix inequality [12], and the delay-dependent
matrix-separation-based inequality [13].

Time-delayed neural networks can be used in image processing for image filtering, edge
detection and feature extraction, and their stability characteristics can be utilized to
improve the processing effect and speed [14]. Discrete-time delayed neural networks can
idealize the physical reality of continuous-time delayed neural networks under hardware
constraints, and have more complex dynamic characteristics and application prospects.
Regarding the analysis of delay stability for extended dissipativity, there have been many
excellent achievements, for example, exponential H,, filtering [15], finite-time dissipa-
tiveness [16], and event-triggered synchronization [17]. The main method to analyze the
stability of discrete-time delayed neural networks is also to derive the delay-dependent
stability criteria based on LMI by using Lyapunov stability theory [18, 19, 20, 21, 22, 23|.
However, the stability criteria derived from Lyapunov stability theory are sufficient con-
ditions and must have conservatism. In order to reduce this conservatism, in addition
to constructing the LKF with as much coupling information between the delays and the
system states as possible, it is necessary to select advanced summation inequalities to
estimate the forward difference of the LKF. Recently, scholars have become more and
more interested in the summation inequality techniques based on free matrices, such as
discrete inequalities based on multiple auxiliary functions [11], discrete Wirtinger-based
inequality [24], double summation inequality [25, 26|, general free-matrix-based summa-
tion inequality [27], and bessel summation inequality [28, 29, 30]. Especially, in [28],
hierarchical stability criteria based on the proposed arbitrary-order Legendre polynomi-
als were given. In the numerical examples, it was shown that increasing the order of the
polynomials can reduce the conservatism. Inspired by the idea in [27], since some free ma-
trix variables are introduced, the conventional free-matrix-based summation inequalities
have more freedom to estimate summation terms than the aforementioned ones. There-
fore, for the bessel summation inequality, hierarchical stability criteria proposed in the
literature, it is meaningful to generalize to the form of the general free weight matrix to
further reduce the conservatism of the stability criterion for discrete-time delayed neural
network.

Moreover, it is well known that one key to derive the stability criterion of time-delayed
systems by using Lyapunov stability theory is the construction of LKF. The more state
variables and time-varying delays information LKF contains, the less conservative the
stability criteria obtained. Inspired by [31, 32|, as a nonlinear system, the more infor-
mation on nonlinear terms the constructed LKF contains, the less conservative the LKF
is. However, most of the LKF constructed in the literature have little or no information
on the nonlinear state variables. This increases the conservatism of LKF for nonlinear
neural network systems. Hence, it is important to find a suitable way to add as much
information as possible on nonlinearity to reduce the conservatism of stability criterion
when constructing related LKF.

This paper further investigates the stability of discrete-time neural networks with an
interval-like time-varying delay. A novel class of LKF, which takes full account of the
nonlinear integral terms, is constructed, and the upper bound of the difference terms of the
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LKF is determined by an N-dependent general free-weight-matrix summation inequality.
New stability criteria for discrete-time delayed neural networks are obtained. The main
contributions of this paper are as follows.

e Compared with the summation inequalities proposed in [19, 20, 21, 22, 23], an N-
dependent general free-weight-matrix summation inequality is proposed to involve
coupling information on additional state variables by additional free matrices and
free vectors, which can relax the derived stability conditions.

e A novel N-dependent LKF is constructed in which some additional summation terms
contain additional nonlinear integral terms. The additional nonlinear integral terms
are ignored in [19, 20, 21, 22, 23]. According to the characteristics of nonlinear
constraints, the nonlinear integral terms are introduced into the LKF, so that the
whole LKF contains not only the coupling information between the delay intervals
and the state variables, but also the coupling information between the nonlinear
terms and the delays and other state variables.

e Combining the N-dependent LKF with the N-dependent general free-weight-matrix
summation inequality, the stability criteria derived reduce the conservatism of some
published results in [19, 20, 21, 22, 23]. And the stability criteria are hierarchical,
that is, the higher level of hierarchy, the less conservatism of the stability criteria,
which will be proved by the numerical examples.

This paper is organized as follows. Section 2 gives the problem statement and provides
some useful definitions, assumptions and lemmas. Section 3 presents the stability criteria
for the discrete-time delayed neural networks, including theorems and corollaries. Section
4 shows numerical examples and simulations. Conclusions are drawn in Section 5.

Notation: Throughout this paper, the notations are standard. R™ denotes the n-
dimensional Euclidean space; R™*™ is the set of all n x m real matrices; For P € R™*",
P > 0 (respectively, P < 0) means that P is a positive (respectively, negative) definite
matrix. diag{ai,as,...,a,} denotes an n-order diagonal matrix with diagonal elements

a1,0s, ..., 0. ¢; (1 =1,...,m) are block entry matrices. For example, el = [O 10--- 0] :
m—2

For a real matrix B and two real symmetric matrices A and C' of appropriate dimensions,

A B

x C

metry. 2™ is a rising factorial given by z(z+1) -+ (x+m — 1) and 2™ is a falling factorial

} denotes a real symmetric matrix, where * denotes the entries implied by sym-

given by z(x — 1) -+ (x —m+1). Z denotes a binomial coefficient given by —k!(:ik)!.

2. Preliminaries. Consider the following generalized discrete-time neural network in
which the equilibrium point is assumed to be shifted to the origin:

{ w(k+1) = Cax(k) + Af(2(k)) + Aaf (z(k — h(k))), (1)
z(k) = Apz(k),

where z(k) € R™ is the neural state vector associated with n neurons; C' = diag{cy, ca, . . .,
¢, } is the state feedback coefficient matrix, A, Ay and Ag are known constant real matrices.
The time-varying delay h(k), abbreviated as hy, satisfies 1 < hy < hy < hg, where hy
and hg are known integers. The nonlinear function f(z(k)) = col{ fi(z1(k)), ..., fu(za(k))}
represents the neural activation function satisfying f;(0) = 0 and [18]

0 S k- S fj(02) - fj(01> S k;ry 01 7é 02, j € {1727 s >n}7 (2>
09 — 01
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or [33]

5 < filo2) = fi(o1) <ar,

I 09 — 01

o1 # 09, j €{1,2,...,n}, (3)

where £, kj are known positive constants, and d;, d;r are just known constants that
may be positive, negative, or zero.

Remark 2.1. The constants d; d;r in (3) are allowed to be positive, negative or zero.
Hence, the resulting activation functions could be non-monotonic. kj , k:;r are positive,
which shows the activation functions could be monotonically increasing. Obviously, the
constraint condition (2) is included in (3). Recently, [31, 32] proposed a tight nonlinear
integral inequality to further reduce the conservatism of the stability criterion. Therefore,
two types of nonlinear constraints will be considered separately in this paper.

Lemma 2.1. [9] Let z : [a,b— 1] NZ — R™ be a vector function. For a positive definite
matriz R € S", and integers a,b € Z, N € Zsq satisfying a < b — 1, the following
wmequalities hold:

Zaz ) > qurT (a,b) Ry T x(a, ), (4)

ZAI i)RAz(i) > bLYN(a b)RNY y(a,b) (5)

with

of = (-1 ’““( )(k;rl> pla,b,1) = m
(i),

Az(i) = z(i + 1) — 2(i), Ry = diag {R,3R, ..., (2N + 1)R}

Tx(a,b) = col {To(a, b),...,Tn(a,b)}, YN(a, b) = col{Yy(a,b),...,Yn(a,b)},

Tyla,b) = — Zal pla,b,)Si(a,b), Yi(a,b) = z(b) — f: ¥ pla, b, 1)Si_1 (a,b),
2(a), i ifl=—1 -

@D =1 S LS S i), im0 (6)

Remark 2.2. In order to give the free-weighting matriz-based summation inequalities, the
forms of summation inequalities (4) and (5) in Lemma 2.1 need to be further simplified
as follows.

Zx ) > bLgN(a b)=E (a,b) Ry En(a,b)Cx(a, b), (7)

1 - -
E AaT (i) RAx(i )>m@%(a;b)Sﬁ(a7b)RNSN(aab)SDN(avb) (8)
with

(n(a,b) = col{x(b),So,...,Sn}, ¢n(a,b) = col{x(b),S_1,...,Sn-1},
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—I afp(a,b,0) 0 - 0

—1 Oz(l)p(a,b, 0) Oz%p(a,b, 1) U 0
EN(CL, b) =

—1 a(l)vp(av ba 0) aivp(aw b7 ]-) e a%p(aa ba N)

Lemma 2.2. (Affine Bessel Summation Inequalities, ABSI) Let x : [a,b — 1] NZ — R"
be a vector function. For a positive definite matriz R € S™, My, My with appropriate
dimensions and integers a,b € Z, N € Zxq satisfying a < b — 1, and vectors By, wy, the
followmg inequalities hold:

—Zx ) < Sym {BY M ZEn(a,b)¢y(a,b)} + (b — a) B3 M{ Ry M By, 9)
—ZAz i) RAz(i) < Sym {wy My En(a,b)en(a,b)} + (b — a)wy My Ry Mowy. (10)

Proof: Letting A = Y- 2T (i)Rz(i), B = Zn(a,b)Cn(a,b), C = R, S = (b—

a) M Py, we can obtain the lfoallowmg two equivalent inequalities from Remark 2.2:
(b—a)A—B'C'B >0, (11)
(b—a)A—B"C'B+(B+CS)'C ™ (B+CS) >0, (12)

and then we can obtain the following inequality based on (12):

(b—a)A+S"B+B'S+STCS >0, (13)

that is,
—A< bTSTB + bi BTS + ; i aSTCS, (14)
which concludes the proof of (9). The proof of (10) is omitted due to the similarity to

the proof of (9). O

Remark 2.3. The motivation of proposing Inequalities (9) and (10) is to involve coupling
information for additional state variables by additional free matrices and free vectors By
and wy, which can relaz the derived conditions. Compared with the summation inequalities
proposed in [8, 9, 11, 22, 24, 25, 26, 27, 29, 30|, Inequalities (9) and (10) have some
advantages.

e [nequalities (9) and (10) are more general than those in [8, 9, 11, 22, 24, 25, 26,
27, 29, 30|, that is, Inequalities (9) and (10) include those in [8, 9, 11, 22, 24, 25,
26, 27, 29, 30]. For example, Inequality (10) reduces to Lemmas 1 and 3 (DWI) of
8, 24] with N = 1, w! = ¢I(a,0)=] (a,b) and M2T = —dlag{b — 2B reduces to
Lemma 4, Remark:s 3 and 4 of [11] with N = 2, wl = ©I(a,b)=1 (a, b) and MQT =
—diag {2, 2 2B reduces to Lemma 1 of [25 26, 30) with N =2, wl = ol (a,b)
and MJ = [Ny Ny Ns|. Inequality (10) is equivalent to Lemma 2 of [27] when
N = 1. Inequalities (9) and (10) reduce to Lemmas 1 and 2 of [22] with N = 2,
wi = col{wy, wy,ws} and M = diag { Ny, N1, No}; are equivalent to Lemma 6 of [9]
when 8% = oX(a,0)=%(a,b); are equivalent to Corollary 1 of [29] when N = 2;

e From the relation between Inequalities (11) and (12), Inequalities (7) and (8) of Re-
mark 2.2 are tighter than (11) and (12) of Lemma 2.2. Thus, if b— a is a constant,
Inequalities (7) and (8) are usually used to estimate the upper bounds of the sum-
mation terms. In this case, just take B = ¢ (a,b)Z%(a,b) and M = —7-Ry,
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which will not increase the conservatism, but also reduce the decision variables of
LMIs and reduce the complexity of solving the LMIs. However, how to choose the
optimal vectors By and wy s still interesting and challenging. However, as stated in
the work of Lee et al. [28], the ABSI might be less conservative than Inequalities (7)
and (8) when b — a is time varying;

e The vectors By and wy are arbitrary. Generally speaking, if more state information
or time delay information is contained in By and wy, a more relaxed condition can
be obtained [22].

Therefore, in order to fully find a suboptimal vector for time varying delay, that is,
to contain as much useful state information or time delay information as possible, the
conservatism of the stability condition can be reduced with as little solving complexity as
possible. The following result is given.

Lemma 2.3. (General Free-Matriz Summation Inequalities, GFMSI) Let x : [a,b— 1] —
R™ be a vector function with a,b € Z. For a positive definite matriz R € R"™", any
matrices Ly, Ly, Hy, Hy with appropriate dimensions, a time-varying function c(k) = c
with a < ¢ < b, and vectors By, wy, the following inequalities hold:

- Zx ) < Sym {8y [Li Zn(a, cx) L3 En(ck,b)] an}
+ 05 {(cr —a) LT Ry Ly + (b — ) L3 Ry Lo } B, (15)
—ZAm i)RAz(i) < Sym {wy [H{ En(a, cx)Hy En(ck,b)] wn}

+wi {(cx —a)H] Ry Hy + (b— cx)Hy Ry Ha } wy, (16)

where ay = col{(y(a,ck),(n(ck,b)} and wy = col{pn(a,ck), pn(ck,b)} are defined in
Remark 2.2.

Proof According to Inequality (9) and dividing S°0~! 27 (i) Rz (i) into 3 ' (1) Ra:(i)
and ZZ o 27 (i) Rz (i), the following inequalities can be obtained for vectors 31, S2n and
free matrices Ll, Lo with appropriate dimensions:

cp—1

- >z ) < Sym { By LT En(a, en)ln(a, cr) t + (cr — a)Biy LT Ry' Lipiy,  (17)
Z

- Z x ) < Sym {521\[ 2 Zn(ers b)Cn (e, b)} + (b= )iy Ly Ry Lafon. (18)

Then, letting Sy = fin = Pan, Inequality (15) can be obtained by adding (17) and (18),
where L; and L, are the corresponding free matrices after L; and Lo augmented by the
appropriate number of columns. This completes the proof of (15). The proof of (16) is
omitted due to the similarity to the proof of (15). O

Remark 2.4. For time varying delay c(k) £ ¢, with a < ¢, < b, in general, various
summation inequality techniques are used to estimate the upper bounds of the summation
terms in time varying delay intervals |a,ck] and [cg,b]. Lemma 2.3 uses the free vectors
By and wy to combine the summation terms to estimate their upper bounds. Compared
with the published methods [8, 9, 11, 22, 24, 25, 26, 27, 34|, the main advantages are
summarized as follows. Take Inequality (16) for an example.
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e Applying the summation inequalities in [8, 11, 24] to estimating the upper bounds of
- Zl?_l AzT(i) x RAz(i) yields

—ZAQS i)RAz(i) < Mo’ (a,c)ETRyE¢(a, cx) + Ao’ (cr, b)ET Ry Ep(cx, b). (19)

From (19), it can be found that the obtained terms Zp(a,cx) and Z¢(ck,b) are
only connected with themselves via the coefficient matrix Ry, respectively. However,
letting the free vector wy = col{Zp(a,ck), Zp(ck,b)} in (16) of Lemma 2.3, two
free matrices Hy and Hy are employed to make Z¢(a,cy) and Zp(cg,b) connect to
each other and themselves. Therefore, additional freedom and state or delay coupling
information are involved in Inequality (16), which can relax the derived stability
conditions.

e Applying the summation inequalities in [9, 25, 26, 27, 34] to estimating the upper
bounds of S AT (i) RAx (i) yields

—ZAJ? D)RAz(i) < " (a,c)Z" [My + M| + M M] R™'Mi]| Z(a, cr)

+ ¢ (cr, 0)ET [My + M3 + XMy R™"Ms] Z(cy, b). (20)

(20) is a special case of Lemma 2.2 with N < 2 and B = Z¢. However, it can be
found that the terms Zp(a, cx) and Z¢(cy, b) are also only connected with themselves
via the matrices My and My, respectively, even if My and My are free matrices.
Howewver, just set the free vector wy = col{=y(a,ck), Zp(ck,b)} in (16) of Lemma
2.3, the terms Zp(a,c) and Zp(cg,b) are not only connected with themselves, but
also connected with each other via two free matrices Hy and H.

e Recently, a free-matriz-based summation inequality was given by [22]. Indeed, letting
N =2, 3 = COl{w05>W15,W25,W06,W16,W26}; H, = COl{diag{N057N15aN25},0} and
Hy = col{0, diag{ Nos, N16, Nog} }, the summation inequality (16) reduces to the one
of [22]. Although By of [22] is also a free vector, it lacks a lot of state or delay coupling
information, for example, the coupling information of wi (i = 0,1,2) and Z¢(a, ),
and the coupling information of wis (i = 0,1,2) and Zp(ck,b). The authors of [22]
pointed out that generally speaking, if more part is contained in (B2, a more relaxed
condition can be obtained. However, the selection method of B is not certain. Two
cases of Py are considered in [22|. Case I) [y contained only the state variables
involved in estimating the upper bound of the summation terms by the summation
inequality; Case II) By contained all the state variables involved in the derivation of
the stability criterion. Case II obtained less conservative conditions than Case I at
the cost of increasing the amount of solving decision variables.

o Lemma 2.3 proposes a suboptimal method for By and wy: It not only guarantees the
coupling information between the state variables, but also includes the state variables
involved in estimating the upper bounds of the single summation term, and avoids the
increase of the computational complezity caused by the selection of all state variables.

Lemma 2.4. [31, 32] Based on the slope restriction (2) for the nonlinearity ¢(-), the
upper and lower bounds of the integral term are generated as, for all j € {1,2,...,n},

L< f @j(o)do < U, where L = 90](01)(02—01)4—%[%(02)—SOj(Ul)]Q, U = pj;(02)(02—
o1) — ﬁ[%‘(@) — @j(on)]*.
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3. Main Results. In order to directly compare the differences between Lemmas 2.2 and
2.3, two different stability criteria will be derived using Lemmas 2.2 and 2.3, respectively.
Several different stability criteria will also be proposed for different Sy and wy to show
the different conservatism of the stability criteria.

3.1. A novel N-dependent LKF. The derivation of stability criteria for discrete time-
delayed systems based on Lyapunov stability theory requires not only a generalized sum-
mation inequality technique, but also an appropriate LKF. Generally speaking, as much
information about system states and time delays as possible is included, and the more
state information necessary for a summation inequality technique is included, the less con-
servative the stability criteria obtained are. Therefore, a novel N-dependent LKF based
on the summation inequality technique Lemmas 2.1-2.3 is constructed as follows.

= > Vi), (21)

where
Vin(k) = on (k) Pyvon (k)
k—1 k—h1—1
Van (k) = X1 (1)Q1xa (7) Z X1 (1)Qa2xa (1)
i=k—h1 i=k—ho
—h1—1 k-1
V= Y 3 0RO+ S 3 diRal)
]—7h1] k+i j=—hg j=k+i
—1 —h1—1 k-1
J——hlj k+1 j=—hg j=k+i

i (K zj (k)
Vsn (K 22% / (0) —k;o da—l—QZ% / (ko — fi(o)] do
0

(k1) (k1)
+2Zgj_/0 [fi(o) —kjo d0+22g]/0 (ko — fi(0)] do
”]_ z;(k+1)
Vin(h) =23 57 [ [1(0) — S (8) — (o (6] do
. n 2 (k1)
223 [ Do = 500 (o) — i) de
QN(k) - COl{no(k)’ n1<k)7 - ’nN(k)}>
x1(8) = col{x (i), f(2(2)}, x2(i) = col{x (i), Ax(i)},
col {az(k‘), Z x(1), z(k), z(k + 1), f(z(k)), f(z(k + 1))} , ifr=0;
(k) = i=k—hs
So1(k — hu, k) — ( hlj_rl_l >x(l<;), if1<r<AN.

di(k) =0, da(k) = h, ds(k) = hy, da(k) = ha, a;(k) = x(k — di(k)), (i = 1,2,3,4),

l! .
bii(k) = (s (F) — di(k) + 1)1—5[71(]f —dip1(k), k —di(k)), (i = 1,2,3),
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gN(k?) = COl{(ll(k), ey CL4(I€), b171(k’), blvg(l{?), ey bl’N(k’), 6271(]{5), bgg(k’), e 7b27N(]€),
by (k). baa (k). .. . oy (), 2(k + 1), 2(k + 2), f(2(k)), f(=(k — b)),
F(2(k = h)), f(2(k = ha)), f(2(k + 1)), f(2(k +2))}.

Remark 3.1. Inspired by [9, 22|, we construct the N-dependent LKF (21). Some im-
provements are summarized below.

e Vin(k) is N-dependent quadratic term and contains all state variables necessary for
the summation inequalities (5), (8), (10) and (16), avoiding the conservatism caused
by the absence of some state or time delay information.

e The double summation term Viy(k) is introduced into the new N-dependent LKF),
where the summation inequalities (4), (7), (9) and (15) can be fully used to estimate
the upper bounds of the Ri- and Rs-dependent summation terms. Although Vi (k)
contains Vyn(k), the Z1- and Zy-dependent summation terms in Vy(k) are estimated
the upper bounds via the summation inequalities (5), (8), (10) and (16).

o Vin and Vin with nonlinear single-integrals are introduced into the LKF and contain
more nonlinear information than some reqular LKF. For the stability analysis of a
nonlinear system, the conservatism can be reduced.

e Combining the N-dependent LKF (21) with the N-dependent summation inequality
Lemmas 2.1-2.3, the stability criteria derived are hierarchical, that is, the higher level
of hierarchy, the less conservatism of the stability criteria, which will be proved by
the following result.

Theorem 3.1. For given hy and hy, neural network (1) with f(o) satisfying (2) is
asymptotically stable, if there exist matrices Py € SSFN%)"X(N%)", (Qi, R; € S2*),
(Zi € ST™), (X; €S™m), (A, Si, Gy, L, V, € DIP™) (1=1,2; j =1,2,3; s = 1,2,3,4,5;
t =1,2,3,4,5,6), and any matrices (M T € R2Vnx@N+3)n ) (W H e RIN+D ”X(2N+3) )

such that the following inequalities hold.

Rin > 0, (22)
[ Tn(h1) heBRTT hpBLHT

F(hi) = * —h12Rsn 0 <0, (23)
| * —hi9ZsN
[ Ty (ha) hiBEMT hypBEWT

FN(hQ) = * —hlgRgN 0 <0 (24)
i * * —h12ZsN

with
Hy(hi) = Hin + Sym{Ilon (hi) + ©2} + O,
Iy = UnPyUx + [e1 esns7)Qiler esnir)” + [e2 eanis](Q2 — Q1)[e2 esns]”
— le4 e3n410]Q2[ea €3N+10]T + €1X1€1T + ea( Xy — Xl)egT +e3(X3 — X2)€§
— 64X3€Z [61 63](h1R1 -+ h12R2)[el GS]T + €s(h121 + hngg)eZ

Lor —r =
% _N 1RinEN-1%ov T oNENZINENPON,
1

Hon (hy) = FN(hk)PNUN"‘BN [MT TT] [%N 1)~N 1 1/’2(N 1)~N 1}T
+ 8% WT HT] 61,25 oIvEE]"

O©1 = egnt5(A Ky — MKy + Gh Ky — G2K2)€3TN+5
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+er A (ALK — Ay Ko) Ager ean6(GaKa — G1Kq)esn 6
+ (esn+6 — €3n+5) (92 K2 — S1K1)(€3n16 — €3n45)
+ (€3N+5 - €1A0T) (S1K1 — S2K>) (€3N+5 - €1A0T)T
— (esng11 — esn+7) (A + Ao + 51+ So) K5 Hesnia1 — esnr)”
— (esn+12 — €3n+11) (G1 + Go + Sy + S2) Ky Hesnt12 — eangnn)

+ Sym{ (esn+s — €1 A7) [(A1 + S1)esn 11 — (A2 — S1+ 255)esy 7]

+ (esny6 — esnys) [(Gr+ St)ezn 1o — (Go — S1)egy ] }

+ [esn10 — esnro — (es — es) AT K| Vs [KaAo(es — e3)" — ey 10 + €y
O, = (€3N+7 - €1AgK1T) Ly (K2A0€1T - €3TN+7) + (€3N+11 - €3N+5K1T) Ly (K2€3TN+5
— egNHl) + (63N+12 - €3N+6K1T) Ls (K26§N+6 - 63TN+12) + (€3N+8
—es AL KT )Ly (KoAoes — edns) + (eanto — e3AS KT) Ls (KaAoes — €5y o)
+ (esn+10 — e2aAG KT ) Lg (K2Aoe] — €5y y10) + (esns11 — eaner — esnes K|
+ 61AOTK;[) Vi (K2€§N+5 - K2A0€{ - egNHl + @§N+7) + (€3N+12 — €3N+11
— esnpe | + esnis K] ) Va (Kaegy g — Koy s — €4y 1o + €ininn)
+ [€3N+s — eangr — (e — el)AgKﬂ Vs [K2A0(62 - el)T - 63TN+8 + egNH]
+ [€3N+9 —e3nys — (e3 — 62)A5K1T} Vi [K2A0(63 - 62)T - 63TN+9 + €3TN+8}
+ [€3N+10 — €3Nt — (€4 — 63)A5K1T} Vs [K2A0<€4 —e3)’ — €§N+10 + €§N+9] ’
Uy =[U Uy --- Uy], Tn(hi) = [Go(hr) Gi(he) -+ Gn(h)],
o= [T U WAL ey = [0L, @ oo Dy,

(j=0,1,2) (j=0,1,2)
les e2 —eq esnis — Aoer €snie — €3N+s =0
€3N4+11 — €3N+7 €3N+12 — E3N+11) ’
U, = e; — €3 r=1,
<h1+r_1)<€1_eT+3)7 QSTSNa
r—1
ler (hrr + 1)esen + (hko + 1)esion — €2 — e Agey =0
Go(hy) = €3N+5 €3N+T €3N+11] ’
A hy + 7 A —1 e N
r €44r r—1 €1, ST SN,
( [ex 0] r=20,
70 — [(h1 4+ 1)es e — e r=1,
" hi+r hi+r—1
\ {( IT >€r+4 ( 17“—1 )(€1_6r+3>:|7 2<r<N,
(e r=—1,
o0 — 4 € r=20,
(hlfr>er+4, 1<r<N,
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(

[€it1 — €it1) r =0,
U — [(hi + 1)earintr  — €ital r=1,
= [( i £ ) C4yiN+r — ( P +_T1_ ! ) €3+z‘N+r:| , 2<r <N,
\ r r
(i r= -1,
P — €i+2 r=20,
(i=1,2) ( hkir+ r ) eriinen, 1<7 <N,
\
511\; = [6’2 €3 €4 €44N41 " €442N €442N41 €4+3N],
RjN :dlag{RJ,SRJ,,(QN—l)RJ}, ZiN :dlag{Z“SZ“’(QN_i_l)ZZ}’
(=1,2,3) (i=1,2)

es = e1(C—I)T 4+ esnir AT + esnio Ay = e1C) + esnir AT + esnpoAj.
Proof: The forward differences of V (k) along the trajectory of (21) are computed as
AViy(k) = on(k + 1) Pyon(k + 1) — on (k) Pxon (k)
= [on(k +1) — on(B)]" Pxlon(k + 1) — on(K)]
+8Sym {[on(k +1) — on(k)]" Pyon(k) }
= &x (k) [UnPyUS + Sym {Tn (he) PaUS ] En(k), (25)
AVan(k) = x1 (k)Quxa (k) + x1 (k — 7)(Q2 — Qu)xa(k — )
— X1 (k = ha)Qax1 (k — ho)
)

= f%(k ([61 esn+7)Q1ler 63N+7]T + [e2 esn1s](Q2 — Q1) [ea €3N+8]T

— [es esn+10]Q2leq esnr10)”) En(k), (26)
k-1
AViy (k) = x5 (k) (hiRy 4 h1sRa) x2(k Z xa (1) Ryx2(7)
i=k—h1
k—hy—1
- Z X (1) Raxa2(4), (27)
i=k—ha
k-1
AViy(k) = Az (k) (hZy + hiaZo) Ax(k) — Y AT (i) 2 Ax(i)
i=k—hy
k—h1—1
— Y A"(i)ZeAx(i), (28)
i=k—ho

AVsn(k) = 27 (k + 1) (A Ky — MK + G1K — GoKo)z(k +1)
T(k)(A1K1 — Ny Ko)z(k) 4 27 (k + 2)(Go Ky — G1K1)2(k + 2)
z; (k+1) n 2 (k+2)
2 Z 7] V5 /( " fi(o)do —2 ; (gj 9; ) /zj(k:+1) fi(o)do, (29)
AVin (k) = [z(k +2) — 2(k + 1)]7(So Ky — S1 K1) [2(k +2) — 2(k + 1)]
+[2(k 4+ 1) — 2(k)]T (S1 K, — So k) [2(k + 1) — z(k)]
2[z(k +2) — z(k + 1)]7(Sy — S1) f(2(k + 1))
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+2[2(k+1) — 2(k)]" (S1 — S2) f(2(k))

n Zj(k+2 j(k+1)
-2 Z (s) —s7) / o)do + 2 Z / fi(o)do. (30)
j=1 2

2 (k+1) (k)

The following equations are obvious for symmetric matrices X;, X, and Xs.

0 = 2T (k) Xyx(k) — 2T (k — hy) Xy (k — hy) — | ki (AT (i) X, Ax(i)

+ 2827 (i) Xy 2(i)] o (31)
0 = 2T (k — hy) Xow(k — hy) — 27 (k — hy) Xow(k — hy) — k_i_l (AT (i) Xy Ax(i)

+ 2827 (i) Xo(i)] o (32)
0=a"(k— he)Xsx(k — hy) — 27 (k — he) Xsz(k — hy) — k_ﬁ_l [Az” (1) X3Az(0)

+ 2A27 (i) X32(1)] - o (33)

It follows that from AViy(k) and the above zero equations (31)-(33):
AVs(k) = x5 (k) (i Ry + hizRe) x2(k) + & (k) [erXaef + ea(Xo — Xi)ey
-+ 63(X3 — Xg)eg — €4X3€4] £N(k)

k—h1—1 k—hj,—1
Z X5 (1) Raxa (i) Z X5 (1) Raxa2 (i) Z X3 (1) Raxa(i). (34)
i=k—h1 i=k—hy i=k—ha

The following R;- and Z;-dependent summation inequalities in AVsy (k) and AV,y (k)
can be obtained according to (22), Lemma 2.1 and Remark 2.2.

- Z Xa (1) Raxa(i <——§N( JonZEx_1RinEN-1tonén (k) (35)
i=k—

- Z Az" (i) 2 Ax(i) < ——§N( )on EnZinEndonén (k). (36)
i=k—h1

Rs > 0 and R3 > 0 can be obtained from (23) and (24). Thus, the improved GFMSI
Lemma 2.3 can be used to estimate the following Ro-, R3- and Zs-dependent summation
inequalities.

k—h1—1 k—hy—1
- Z X3 (1) Raxa2(i) — Z X2 (1) Raxa (i)
i=k—hy, i=k—hs
< E(k)Sym {8y [MTEn_1 T"En 1] [y van]" } En(k
+hin &y (k) By M Ron M Brén (k) + huab iy (k) BT Ry TﬁN&v( ); (37)
k—hs
Z AxT (i) ZyAx (i)
i=k—h1—1
k—hy—1 k—hyg—1

= — Z AxT (i) ZyAx (i) Z Az" (i) ZoAx(i)

i=k—hy i=k—ho
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< E(k)Sym {8y (W' Ex HTZx] [¢1n don]" } En(k)
+ ha &5 (k) BEWT Zmw W Bnén (k) + huolh (k) BLHT Zyn HBnEn (k). (38)

Using Lemma 2.4, the bounds of the resulting integration terms of f;(¢) in AVsy and
AViy are obtained as

zj(k+1)
/ fi(o)do
zj (k)
< fi(zi(k +1))[z(k + 1) — 2(k)] — %[fj(zj(k +1)) = fi(z (k) (39)
zj(k+1) !
— / fi(o)do
zj (k)
< —fi(z (k) [z(k + 1) — 2 (k)] — Q%F[fj(zj(’f +1)) = fi(z (k)P (40)
zj(k+2) ’
/ f(o)do
2 (k+1)
< [i(z(k +2)[2(k +2) — z;(k + 1)] — %%[fj(zj(k +2)) = fi(z(k+ 1), (41)
z5(k+2) ’
— / fi(o)do
2;(k+1)
< —filz(k+1)[z(k +2) — zi(k+1)] - %%[fj(zj(’f +2)) = fi(z(k+ 1)) (42)
According to (39)-(42), AVs;x and AVgy have the following upper bound
AVsy 4+ AVen < &4 (k)O1En (k). (43)

And, the following inequalities hold from (2):
li(s) = 2[f(2(s)) — K12(s)]" Li[K22(s) — f(2(s))] >0, i€{l,2,3,4,5,6},
ti(s1,52) = 2[f(2(s2)) = f(2(s1)) = Ki(2(s2) — 2(s1))]"V;
X [Ka(2(s2) — 2(s1)) = (f(2(s2)) = f(2(s1))] 2 0, j€{1,2,3,4,5},

where L; = diag{li1,li2, ..., lim} > 0, V; = diag{v;1,vj2,...,v;m} > 0. As a result, the
following inequalities hold

L(k)+lo(k+1) +l3(k+2) +ti(kE+1) +ta(b+1,k+2) >0 (44)
ly(k — hy) + I5(k — hy) + lg(k — ho) + t3(k, k — hy) + t4(k — hy, k — hg)
+t5(k — g, k — hy) > 0. (45)

From Equations (25)-(30) and Equations (34)-(45), we have
AV (k) < &4 (k) [y (hi) + By (hia MTRop M + higT"RoNT") By ] En (k)
+ &8 (B)BY (hia W ZowW + hyo HY Zon H) Bnén (k) (46)

which together with Schur complement and (23) and (24) imply that AVy (k) < 0. There-
fore, by Lyapunov stability theorem, it can be guaranteed that the neural network (1) is
asymptotically stable. O

Remark 3.2. When the nonlinear activation function f(o) satisfies (2), Theorem 3.1
combines LKF (21) and Lemmas 2.1-2.4 to propose a sufficient condition for the asymp-
totic stability of neural network (1). In order to reduce the conservatism of the stability



1626 W. DUAN, H. LI, Y. LI, W. ZHAO AND Y. WANG

criterion, the main contributions are as follows: I) To reduce the conservatism caused by
the construction of LKF, sixz additional nonlinear integral summation terms are introduced
into the LKF (21). When estimating the upper bounds of AVsy and AVgy, the tight non-
linear integral inequality lemma proposed in [31, 32] is utilized; II) When estimating the
upper bounds of Ro-, R3- and Zy-dependent summation terms in AVay and AVyy, Lem-
ma 2.3 is used to estimate the summation terms as a whole in the delay interval [hy, hy]
and [hg, he] instead of Lemma 2.2, which increases the coupling information between state
variables; III) As mentioned in (22|, the choice of free vector Sy has an important in-
fluence on the conservatism of the stability criterion. Therefore, the selection principle
of Bn in Theorem 3.1 is to include the state and time delay information involved in the
summation inequality as much as possible, which can ensure the full application of the
GFMSI.

In order to show the difference between Lemma 2.2 and Lemma 2.3, based on Theorem
3.1, Lemma 2.2 is used to give the following corresponding result.

Corollary 3.1. For given hy and hy, neural network (1) with f(o) satisfying (2) is
asymptotically stable, if there exist matrices Py € SiNjLG)nX(NﬁLG)”, (Qi,Ri S Si”“”),
(Z; €S, (G € S™™), (A, Si, Gy, Ly, Vs € DY) (i =1,2; j =1,2,3; s = 1,2,3,4,5;
t = 1,2,3,4,5,6), and any matrices (M,T € RN”X(N+3)">, (VV,]:I € R(N+1)”X(N+3)”)
such that LMI (22) and the following inequalities hold.

Iy(hy) heBTT haBiyHT

Fn(hy) = % —h1aRan 0 <0, (47)
i * * —hi19Zon
y(ha) hioBLMT hpBLWT

Fn(hy) = % —hisRan 0 <0 (48)
| * —hi2Zsn

with

Iy (hy) =I5 + Sym {ﬁZN(hk) + @2} + 04,

HZN(hk) = FN(hk)PNUJ?/ + 51TNMTEN—1%TN + ﬁzTNTTEN—lng
T yi/T— T T 7T — T
+BINW End1y + BonH Enday,
51TN = [62 €3 €4 C44N41 " €4+2N]7 5;1\7 = [62 €3 €4 €44oN4+1 " €4+3N]-

H€7‘6, HlN; FN<hk), UN, EN—l; EN, wz’N; QbiN; RjN; ZQN, 62 (l = 1,2,‘ j = 2,3) are
giwen in Theorem 3.1.

Proof: We use Lemma 2.2 instead of the improved Lemma 2.3 to estimate the following
Ro-, Rs- and Zy-dependent summation inequalities in AVzy (k) and AVyy (k).

k—h1—1 k_hk_l
- Z X3 (1) Raxa2(i) — Z X2 (1) Rsxa ()
i=k—h i=k—hs
< fﬁ(k){Sym {ﬁ?NMTENfl%TN + BzTNTTENfl%TN}
o+ b B TR By + o BT R T B Jen (b), (49)
k—ho

- ) AL(i)ZeAx(i)

i=k—h1—1
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k—hy—1 ke—hy—1

=— Y AdT()ZAx(i) - Y AT (i) ZoAx(i)

i=k7hk i:k*hQ
ek (k) {Sym { B Znoly + By " Znohy |
o+ hia BN ZW Bi + hua B 1 253 H o b (k). (50)

The proof of the rest of the Corollary 3.1 is similar to Theorem 3.1, which is omitted.
O

Remark 3.3. When the neural activation function f(o) satisfies (3), d; and d} may
be negative, that is, the activation function f(o) could be non-monotonic. In this case,
Lemma 2.4 based on monotonically increasing nonlinearity cannot be directly used to esti-
mate the upper bounds of the nonlinear integral terms. Although the positive definiteness
of Vsy(k) and Vgn (k) can still be quaranteed, the upper bounds of the summation terms
in AVsy (k) and AVsy (k) will not be estimated. Therefore, Theorem 3.1 will reduce to the

following result.

IN

Corollary 3.2. For given hy and hy, neural network (1) with f(o) satisfying (3) is
asymptotically stable, if there exist matrices Py € SSFNH)"X(NH)", (Qi, R; € ST*),
(Zi € ST, (G € S, (L, Vs € D) (i =1,2; j =1,2,3; s = 3,4,5; t = 1,4,5,6),
and any matrices (M,T € RQN”X(ZNH)"), (W, H e R<N+1)"X(2N+3)") such that LMI (22)
and the following inequalities hold.

My (hy) haaBRT" hiofRHT ]
Fn(hy) = * —h12Ran 0 < 0, (51)
* * —hi19Zan
My (ha) haafEMT bW ]
Fn(hs) = * —h12Ran 0 < 0 (52)
* * —h12Zan

with
Iy (hi) = Iy + Sym {ﬁ2N<hk) + 62} )
iy = UnPyUY + (61 €3n+5]Q1[E1 Esnas]” + [E2 E3ne)(Q2 — Q1)[E esnia]”
— (€4 E3n45]Qa[Es E3nis)” + E1XvE] + E2(Xs — Xy)eEy

+é3( X5 — XQ)EE‘»,F — é4X3§4T +[e1 és](h1 Ry + hiaR2)[e: és]T
1

+&5(h1Z1 + hiaZs)el — hillDONE]j\;_lRwEN—lwozv - h_qugNE]j\;ZlNENQéONa
Mo (hn) = D () Pu Uy + 8% (M7 T7] [WinER-y vinZR)
+ 65 W HT] [6ER ehvER]
Uv=[U U - Ux], Tn(hi) = [Gohi) Gi(hi) -~ Gn(ha)],
U= [e; & — e eAg],
Go(hi) = [&1 (har + D)esin + (hia + 1)Es40n — & — &3 €147 ],
Oy = (esn15 — e1AG KT ) L1 (Ka2Aoe] — eay. )
+ (Esnt6 — @245 KT ) Ly (K2 Aoey — €5y ¢)
+ (Esn47 — E3AJKT) Ls (K2 Aoes — 5x47)

bl



1628 W. DUAN, H. LI, Y. LI, W. ZHAO AND Y. WANG

+ ( ) Lg (K2A0€4 E§N+8)

+ [Esn6 — Eans — (€2 — @) AG KT | Vs [KaAg(E2 — €1)" — €5y + Eanas)
+ [esn (€3 — ) ALK | Vi [K2Ag(E5 — @2)" — e 47 + Cang)
+ [63N+8 — ésnt7 — (61 — 63)ATKT} Vs [K2A0(€4 —&3)" —eygs t é§N+7] .

H67‘67 BN; ZN-1, ‘:’N) 1/JiN; ¢iN7 RiN; ZjN} Z/{S; gs(hk‘) (Z = 17273; J = 172;. s =
1,2,...,N) are given in Theorem 3.1.

Proof: We just have to simplify LKF (21) to

é 3N+8 —64A K

47 — €3N46 —

VN(k) = k)Pnon (k) + Z Vin, (53)

where g (k) = col{o(k). m (k). ....mw(k)}. (k) = col {a(k), S5 (i), (k) }. Ewh)
= COl{CLl(k), ce ,CL4(]{?), bl’l(l{?>, Ce ,bl’N(l{?> b2 1( ) . ,b27N(]{7>, bg}l(k), e ng\](k’), f(Z(k’)),
f(z(k = h1)), f(z(k = hx)), f(2(k — hy))} where the dimension of block entry matrices ¢;
(i=1,2,...,3N + 8) is determined by &y (k). The proof of the rest of the Corollary 3.2
is similar to Theorem 3.1, which is omitted. 0

Similar to Corollary 3.1, in order to show the difference between Lemma 2.2 and Lemma
2.3, based on Corollary 3.2, Lemma 2.2 is used to give the following corresponding result.

Corollary 3.3. For given hy and hy, neural network (1) with f(o) satisfying (3) is
asymptotically stable, if there exist matrices Py € SNH)"X(N+2 (QZ,R S SQ"X2”)
(Z; e ST™), (Gj €S, (L, Ve D) (1 =1,2; j =1,2,3; s = 3,4,5; t = 4,5,6),
and any matrices <M T € RNmx(N+3) ) (W H € RW+)nx(N+3) ) such that LMI (22)
and the following inequalities hold.

Hy(hi) heBNTT hiaBivH

Fn(hy) = % —h1aRan 0 <0, (54)
| x * —hi9ZoN
y(he) hBhyMT oI WT

Fn(hy) = * —h19RoN 0 <0 (55)
| x * —hi2ZoN

with ﬂN(hk) = l:IlN—i—Sym {ﬂ2N<hk> + (:)2}, ﬂQN(hk) = f‘N(hk)PNUﬁ—i-ﬁ’{NMTEN,lw?N—i—
52TNTT5N—1¢2TN + @?NWTEN_%TN + BgTNﬁTEN%TN Bin, Ban, Yin and Yon are given in

Corollary 3.1, and Il 5, Oy, I'y(hy), Ux are given in Corollary 3.2, and Ex_1, En, Ran,
Ran and Zsn are given in Theorem 3.1.

Remark 3.4. Theorem 3.1 and Corollaries 3.1-3.3 respectively derive four N-dependent
global asymptotic stability criteria for neural network (1) based on the LKF Vy, Vy and
summation inequality Lemmas 2.1-2.4. For the nonlinear constraint condition (2), the
important factor of Theorem 3.1 and Corollary 3.1 that reduce the conservatism of the
stability criteria is the application of Vsn, Ven and Lemmas 2.2 and 2.3. For the nonlinear
constraint condition (3), although the LKF is just an N-dependent augment inspired by
[22], the application of summation inequalities Lemmas 2.2 and 2.3 is the main factor
that reduces the conservatism of the stability criteria.

Remark 3.5. When the summation inequalities (9), (10), (15) and (16) are, respective-
ly, utilized to estimate the Ro-, R3- and Zy-dependent terms summation in the results
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above, By, Pin and Bon can be chosen as the whole Ex(k), Ex(k) or other parts of
them, respectively. Generally speaking, if more part is contained in By, Pin and Pan,
more relaxed conditions can be obtained. However, it is obvious that choosing different
expressions of By, Bin and Bon leads to different complexity in solving LMIs. Indeed, the
number of decision variables involved in the above results can be respectively calculated as
(13N? + 33.5N + 15.5)n* + (26.5 4+ 0.5N)n for Theorem 3.1, (5N? + 255N + 15.5)n? +
(26.5+ 0.5N)n for Corollary 3.1, (13N? +30.5N + 2.5)n? + (25.5+ 0.5N)n for Corollary
8.2, (5N? + 225N + 2.5)n* + (25.5 + 0.5N)n for Corollary 3.3. The stability criteria of
different conservatism will be shown in the numerical examples of Section 4.

3.2. Hierarchy of stability criterion. In the previous subsection, four stability criteria,
i.e., Theorem 3.1 and Corollaries 3.1-3.3, are derived in terms of LMIs, which are all V-
dependent. In general, the larger N is, the less conservative the stability criteria are. The
following result will show that the stability criteria form a hierarchy of LMI conditions.
Based on Theorem 3.1 and Corollaries 3.1-3.3, the following theorem is obtained.

Theorem 3.2. For given hy and hs, neural network (1) with the delay hy satisfying (2)
15 asymptotically stable if any of the following sets is true.

Qn(hy, hy) = {hl, ha, N € Zsg : 3Py € SYTTO TR (0, R, € 22 |

Z; € S Gy € S (A, S5, Gy Ly, Ve € DY) (i =1,2;5 = 1,2, 3;
s=1,2,3,4,5;t=1,2,3,4,5,6), (M,T € R*NxEN+3n)

(W, H € RWFUmXCNEI) g3 Ry >0, Fy(hy) <0, Fy(he) < 0}, (56)

Qn(hy, hs) = {hl, ha, N € Zsg : 3Py € S{THO ¥ (), R, € §2x2n) |
Zi € S?}_Xn’ Gj € Snxn’ (Ai7Sia Githa V:S € ]D)ZL_XH) ) (Z = 17 27] = 1a 273a

s=1,2,3,4,5:1 =1,2,3,4,5,6), (M, T € RN>(9),

(W, He R<N+1>"X<N+3>"> L s.t. Riy > 0, Fy(hy) < 0, Fn(hy) < 0}, (57)

Qn(hy, he) = {hla he, N € Z>o : 3Py € SSFNH)”X(NH)na (Qi, R € ST,

Z; € ST Gy e SV (L, Ve € D) (i = 1,255 = 1,2,3;5 = 3,4,5;
t=4,5,6),(M,T € R*N™CNTIm) (1, H ¢ RWHImx@NE)m)

s.t. Riy > 0, Fy(hi) <0, Fy(hg) < 0}, (58)

A

QO (ha, hs) = {hl, ha, N € Zsg : 3Py € S{T N2 (9, R, € $¥x2n) |

Z; €S Gy € SV (L, Ve €D (i = 1,2 = 1,2,3;5 = 3,4, 5;
t=4,5,6), (M,T € RN"X(N”)”) , (W, He R<N+1)W(N+3)n> ’

s.t. Ry > 0, Fn(hy) <0, Fn(hy) < 0}. (59)
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Then, the following relation is true.

Qn(h1, ha) C Qnya(ha, ha), YN € Zso, (60)
Qn (b1, ho) € Qnia(ha,ha), YN € Zs, (61)
Qn(h1,ha) C Qnia(hi, he), YN € Zx, (62)
Qn(hi, he) C Qngr(he,ha), VN € Zsy. (63)

Proof: Without loss generality, suppose that Qy(hq, hs), QN(hl,hg), Qn(h1, hy) and
QN(hl,hg) are not empty. The N-dependent matrices in Theorem 3.1 and Corollaries
3.1-3.3 are variables to be chosen. Without loss of generality, we give the proof of (56).
Let us define

PN+1:{]Z)N ;)[]’(N+1):[ME)N) 8 8 8]’T(N+1):{T(é\[) 8 8 8

‘WN+”:{W9)888}‘mN+”:{Hg>888]’

Envii(k) = col{ar(k), ..., aq(k),b11(k),bra(k), ... bin(K), bai(k), bao(k), . .. by n(K),
bs1(k), 532( )y, ban(k), 2(k + 1), (k+2) f(z(k)), f(z(k = 1)),
f(z(k = hy)), f ( (k= h2)), f(z(k+1)), f(z(k +2)),bi,n41(K), ba,n11(K),
by nt1(k)}

= col{én(k), & (k) },
where A > 0 is a sufficiently small scalar to be chosen.
Then, we have the following relationship from (37) and (38):
617\;+1 = col {egf]\/(k‘), eggN(k)7 GZ&VU{)’ 6%+5€N(k)7 R €§N+4€N(k)7 é§N+13€N+1(k)v

- N T
€3TN+145N+1(k)> €§N+15§N+1(k)} ) (64)

where the dimensions of e; and é; (¢ =1,...,3N +12; j =1,...,3N + 15) correspond to
the dimensions of {y (k) and &y1(k), respectively.

Then, the following LKF relationship holds Vii1(k) = Vi (k) + Ak, (B)ny+1(k) > 0.
In this situation, similar to the proof of Theorem 3.1, rewrite Fy(h;) and Fy(ha) as
Inequality (46) according to Schur complement lemma.

AV (k) = &y (k) F (hi)én (k)

1 — —
= (006w (k) + €51 U PUE — 108 Sh R Zv s
1
T onENZinEndon + Sym{Ilon ()}

+ 65 (it MT(N)YRGu M (N) + he TT(N)RGZTT(N)) B
+ 8% (hiaWT(N) ZonW(N) + hig HT (N) Zyn H(N)) BN}'SN(/’C% (65)

where

Q= ler esn+7]Qiler €3N+7]T + 62 esnts](Q2 — Q1)[e2 €3N+8]T
—[ea esn+10]Q2es €3N+10]T + €1X1€ip + ea( Xy — Xl)ef + e3(X3 — X2)€3T
— €4X36Z + [61 65](h1R1 + hlgRg)[el €S]T + es(hlZl + hmZg)@Z + @1 + @2.

Then, according to the proof of Theorem 3.1 and the matrix definitions above, Fy1(h1)
and Fy41(he) can also be rewritten as
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AV i1 (k) = Ex 1 (k) Fvea (hie)ena (k)
Py 0

= 006 + ks vvn | 1 0 Uk
+ Sym {FN—H(hk) [ ]z)N )E)I ] U1€+1}}§N+1(k’)

1 _ _ 1 — —
+§1€(’€){— — iy ENaRinEN-1ton — h1 oNENZINENPoN
+ Sym {1y (hi) — T (h) PnUx b+ B (At M7 (N)Ron M(N)

+ hipTT(N)RNTT(N)) By + By (hiaW' (N) ZynW (N)

)
+ hk2HT(N 21\}H ) BN}&V §£+1(k> {w

ha
2N 43
h

On1R1On 1

9%+1219N+1} En1(k). (66)
Obviously, the following difference holds with
9N+1 - COI{_I7 a?Vp(k - h17 ku 0)7 Oé}\/'p(k - h17 ka 1)7 s 7Oé%p(k - h17 k? N)}T¢O(N+1)a
éN-‘rl = COl{ - -[7 a(])\H—lp(k - hla ka O)’ all\f—l—llo(k - h17 k7 1) a%i%p(k‘ - hla k7
N+ 1)}T800(N+1)-
We can obtain the following equation by AVy.i(k) — AVx(k):
AVnii(k) — AVy (k)

P 0 Py 0
= ha®{own [ ) vk o | B 0|0k
Py 0 Py O
—i—SYIIl {FN—H(hk) [ 6\7 A\ :| UJI\;Jrl - FN—i—l(hk) [ ON 0 :| U£+1}
ON +1 2N + 3

9N+1219N+1}€N+1( )

= &L (RN (Un+ly gy + Sym{ G ()l }) &+ (K)

N + 1 IN +3 - N
- 5]7\17+1(k) {h—lelj\}+1R10N+l - —G%JrlZleNJrl} 5]7\}+1(k> (67)

- h—9N+1R19N+1 +
1

This equation ensures that the upper bound of AVy (k) is represented as follows:

AVN+1(k) S gjj\;+1(k)~FN+1(hk)€N+l(k)

= &y (k) Fr(he)én (k)
S () [N + 08 Rt + ON +3)01 210y v B)
+ AT (k) Unaaldf iy + Sym { G (hi)Uiy, }) €4 (k). (68)

Therefore, for a sufficiently small A > 0, Fy(hy) < 0 also guarantees AVx1(k) < 0, that
is, Fni1(hk) < 0, which together with Schur complement imply that if Fy (k) < 0 and
Fn(hg) < 0 are true, Fyi1(h1) <0 and Fyi1(he) < 0 are also true.

This completes the proof of (60), and we can also obtain (61)-(63) via a similar process.
UJ
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4. Numerical Examples. In this section, three widely used numerical examples are tak-
en to show the effectiveness of the proposed method. The numerical example parameters
based on the discrete-time neural network system (1) are as follows.

Example 4.1.
¢= {061 0(.)3 ] A= {O'(())Q 0.804 ] » Aa= { —8:8; —()0931 ] ’
Ay = diag{1,1}, K; = diag{0,0}, K, = diag{1,1}.
Example 4.2.
¢= {068 00 } A= {0%01 0.005 }  Aa= { T2 oa } ’
Ay = diag{1,1}, K; = diag{0,0}, K, = diag{1,1}.
Example 4.3.
04 0 O 02 —-02 0.1 -02 01 0
C=|(0 03 0 |, A= 0 —-03 02 |, A;=1]-02 03 0.1 ],
0 0 0.3 —-0.2 —-0.1 —-0.2 0.1 —-0.2 0.3

Ap = diag{1,1,1}, K; = diag{0,—-0.4, —0.2}, K, = diag{0.6,0,0}.

4.1. Conservativeness comparison. The nonlinear activation functions of Examples
4.1 and 4.2 satisfy the constraint condition (2), and then Theorem 3.1 and Corollaries
3.1-3.3 can be used to calculate the corresponding MADUB. In Table 1 and Table 2,
the MADUBs obtained by Theorem 3.1 and Corollaries 3.1-3.3 are listed and compared
with some published results for given different h;. The nonlinear activation function of
Example 4.3 satisfies the constraint condition (3), then Corollaries 3.2 and 3.3 can still
calculate the MADUB, but Theorem 3.1 and Corollary 3.1 fail. In Table 3, the MADUBs
obtained by Corollaries 3.2 and 3.3 are listed and compared with some published results
for given different h;. The results of the tables are discussed and summarized below. In

TABLE 1. The MADUBSs hy for different h; (Example 4.1)

Methods o9 4 6 8 10 20
Co. 3.3 [19] 32 34 36 38 40 52
Th. 1 [20] 99 101 103 105 107 117
Co. 1 [21] 102 104 106 108 110 120
Th. 1 [21] 104 106 108 110 112 122

Th. 1(Case I) [22] 3119 3121 3123 3125 3127 3137
Th. 1(Case IT) [22] 3120 3122 3124 3126 3128 3138

~—

Co. 2 [23] 3120 3122 3124 3126 3128 3138

Th. 1 [35] — 5285 3681 3190 3129 3137
Co. 3.3 (N =2) 5285 5011 3144 3161 3172 3150
Co. 3.1 (N =2) 5285 5157 3154 3165 3183 3166
Co. 3.2 (N =2) 5285 5285 3681 3190 3192 3273
Th. 3.1 (N =2) 5763 5769 3896 3897 3897 3897
Th. 3.1 (N =3) 5776 5779 3915 3919 3923 3925
Th. 3.1 (N =4) 5779 5784 3933 3935 3937 3937
Th. 3.1 (N =5) 5788 5788 3937 3938 3938 3938




INT. J. INNOV. COMPUT. INF. CONTROL, VOL.21, NO.6, 2025 1633

TABLE 2. The MADUBs hy for different hy (Example 4.2)

Methods hi 4 6 8 10 12 15
Th. 1 [20] 20 20 21 22 21 24
Th. 1 [21] 20 21 21 22 22 24

Th. 1(Case IT) [22] 20 21 21 22 23 24
Pro. 1 [36] 21 21 22 — — 925
Co. 2 [23] 22 22 22 23 24 25
Th. 1 [35 27 22 22 22 24 24

Co.33(N=2) 25 22 22 22 24 24

Co. 3 (N:2) 2% 22 22 22 24 24

Co.32(N=2) 27 22 22 22 24 24

Th. 3 (N:2) 30 35 39 41 41 43

Th.3.1 (N =3) 31 36 40 42 42 43

Th.3.1 (N =4) 32 37 41 42 42 44

Th.3.1 (N =5) 33 38 42 43 44 46

TABLE 3. The MADUBSs hy for different h; (Example 4.3)

Methodls hi 2 4 6 10 15 20
Th. 1 [20] 11 12 14 18 22 27
Th. 1 [37] 18 20 22 26 31 36
Co. 2 [23] 19 21 23 27 32 37
Th. 1 [35 31 32 33 35 38 42

Co.33(N=2) 28 29 30 33 36 40

Co.32(N=2) 31 32 33 35 38 42

Co.32(N=3) 32 33 34 35 38 42

Co.32(N=4) 33 34 35 36 39 43

Co.32(N=5) 34 35 36 37 40 44

tables, Th. and Co. denote Theorem and Corollary, and “~” denotes the corresponding

results are not given.

e The MADUBs obtained by the results proposed in this paper are larger than some
existing results [19, 20, 21, 22, 23, 35, 36, 37|, which indicates that both the augment
of an LKF and the improvement of the summation inequality techniques are effec-
tive in reducing the conservatism of stability criteria, especially Theorem 3.1 which
combines an augmented LKF and improvement inequality techniques. The results
of Corollary 3.2 (N = 2) are similar to these of [35], because Th. 1 [35] is a special
case of N = 2 in Corollary 3.2. However, the results increase as N increases, which
demonstrates the advantages of the hierarchical structure;

e The MADUBSs obtained by Corollary 3.2 are larger than those obtained by Corollary
3.3, showing that the general summation inequality Lemma 2.2 with high degrees of
freedom By, wy, M; and M, can reduce the conservatism of the stability criteria,
which matches the explanation in Remark 2.3;

e Comparing Corollaries 3.1 and 3.3, Theorem 3.1 and Corollary 3.2, the MADUBSs ob-
tained by Corollary 3.1 and Theorem 3.1 are respectively larger than those obtained
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by Corollaries 3.3 and 3.2. It is obvious that in the case of the same summation
inequality technique, the more nonlinear information included in the construction of
LKF, the less conservative the stability criteria, that is, the introduction of Vsy (k)
and Viy (k) can reduce the conservatism of the stability criteria, which matches the
explanation in Remark 3.1;

e The MADUBs calculated by Corollary 3.2 are larger than those calculated by Corol-
lary 3.1. Corollary 3.2 is derived without introducing Vsy (k) and Ven(k) in LKF,
whereas Corollary 3.1 is the opposite. It shows that the main contribution of Corol-
lary 3.1 to reducing the conservatism of the stability criterion is to estimate the
upper bounds of the difference summation terms using Lemma 2.3 instead of Lem-
ma 2.2. Moreover, when estimating the upper bounds of the summation terms in the
delay intervals [hq, hi] and [hg, he], the overall estimation is less conservative than
the separate estimation;

e The MADUBs calculated by Theorem 3.1 are the largest in the results proposed
in this paper, indicating that in order to reduce the conservatism of the stability
criterion, the augment of the LKF and the upper bound estimation technique for
the LKF difference need to be considered simultaneously, so as to minimize the
conservatism of the stability criterion;

e The hierarchy of the stability criteria proposed in this paper is also verified, that
is, the larger N is, the less conservative the stability criteria are, and the larger
MADUB is. However, according to the decision variable formulas in Remark 3.5, the
decision variables of the corresponding LMIs increase with the increase of N, that
is, the complexity of solving LMIs increases with the increase of N. For example,
in Theorem 3.1, the decision variables for LMIs (22)-(24) are 86.5n% + 27.5n when
N =2, 137n% + 28n when N = 3, 197.5n? 4 28.5n when N = 4, and 268n2 + 29n
when N = 5.

4.2. Simulation verification. To confirm the obtained result from Tables 1-3, the
simulation results are shown in Figures 1-3. Obviously, the discrete time-varying delay
in Example 4.1 satisfies 20 = h; < hy < hy = 3938, and the nonlinearity satisfies
the constraint condition (1). The discrete time-varying delay in Example 4.2 satisfies
15 = hy < hy, < he = 46, and the nonlinearity satisfies the constraint condition (1). The
discrete time-varying delay in Example 4.3 satisfies 20 = hy < hy < hy = 44, and the
nonlinearity satisfies the constraint condition (2). As you can see from Figures 1-3, the
state responses of the discrete-time neural network (1) converge to zero, which verifies
the neural network (1) is stable at the equilibrium points under the MADUB given in
this paper. Simulation conditions are described as follows, where “INT” denotes round
number.

Example 4.1: f(z(k)) = _ E:EEEZ%Z;% ] , 2(0) = col{0.7,0.1}, t € [—3938,0],
Example 4.2: f(z(k)) = EZEEEZE% ] , z(t) = col{0.7,0.1}, t € [—46,0],
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0.6 tanh(zy(k))
Example 4.3: f(z(k)) = | —0.4tanh(zo(k)) |, z(t) = c0l{0.05,0.01,—0.05},
—0.2 tanh(z(k))
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FIGURE 1. The state response under the conditions given in Example 4.1
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F1GURE 3. The state response under the conditions given in Example 4.3

5. Conclusion. In this paper, the stability of discrete-time neural networks with an
interval-like time-varying delay is further studied. A novel N-dependent LKF is con-
structed in which some additional summation terms contain additional nonlinear integral
terms. According to the characteristics of nonlinear constraints, the nonlinear integral
terms are introduced into the LKF, so that the whole LKF contains not only the coupling
information between the delay intervals and the state variables, but also the coupling
information between the nonlinear terms and the delays and other state variables. An
N-dependent general free-weight-matrix summation inequality is proposed to involve cou-
pling information on additional state variables by additional free matrices and free vectors,
which can relax the derived stability conditions. Combining the N-dependent LKF with
the N-dependent general free-weight-matrix summation inequality, the stability criteria
derived are hierarchical, that is, the higher level of hierarchy, the less conservatism of
the stability criteria. Finally, the effectiveness of the proposed method is illustrated by
comparison and discussion in numerical examples.

The conservativeness of our criteria is reduced at the cost of increasing decision variables
compared with those in the literature. The main reasons include augmented vectors in the
LKF and the application of the general free-matrix summation inequalities. Developing
tighter summation inequality techniques without adding additional free-weight matrices,
or improving the LKF by making full use of the time-delay information without increasing
the dimension of the quadratic term vector will be always one of our team’s future research
topics.
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