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ABSTRACT. The time-fractional Fokker-Planck equation (TFFPE) has been formulat-
ed to describe complex dynamics, including anomalous diffusion, which is marked by
non-locality and memory effect. In this paper, barycentric interpolation collocation meth-
ods are used to solve the TFFPE. The fractional derivative part is transformed into a
Riemann integral and approximated by using the Gaussian quadrature formula. A cor-
responding differentiation matrix based on this interpolation method is constructed. Nu-
merical results calculated by barycentric interpolation function are contrasted with the
exact solution. The results show that both barycentric Lagrange interpolation collocation
method with Chebyshev nodes and barycentric rational interpolation collocation method
with equidistant nodes achieve high computational accuracy, and with the increase in the
number of nodes, the barycentric Lagrange interpolation collocation method with Cheby-
shev nodes exhibits higher accuracy.

Keywords: Barycentric interpolation, Numerical calculation, Time-fractional Fokker-
Planck equation, Collocation method

1. Introduction. As afundamental equation in statistical physics [1], the Fokker-Planck
equation (FPE) is used to describe the temporal development of particle phase-space
probability distributions and is widely used in modeling systems influenced by both de-
terministic forces and stochastic noise, such as chemical reactions, Brownian motion, and
market volatility. As an extension of classical integer order calculus, fractional calculus is
characterized by its memory effect, receiving heightened attention in recent years. The
fractional models can not only overcome the inconsistency between the experimental and
theoretical results of the integer calculus model, but also more accurately describe hered-
ity, memory and path dependence [2]. The inclusion of time-fractional derivative confers
memory properties on the system, making system’s subsequent temporal development
non-Markovian and reliant on its complete past process [3]. TFFPE is employed to de-
scribe anomalous diffusion process, which differs from normal Brownian motion due to
its memory effects and non-locality [4]. Contrary to the traditional FPE, TFFPE em-
beds fractional time derivatives, enabling the systems’ modeling with sub-diffusion or
super-diffusion.

Numerical solutions of TFFPE have been studied by some authors. Deng [5] refor-
mulated TFFPE as Caputo-type fractional ordinary differential equation, and achieved
numerical solutions by predictor-corrector approach. Fairweather et al. [6] proposed a
numerical method combing orthogonal spline collocation for spatial discretization and
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Ll-approximated for Caputo fractional derivatives. Chen et al. [7] gave a finite difference
approximation, which was extended by Jiang [8] for the TFFPE using Griinwald-Letnikov
and L1 formulae for time-fractional derivatives, along with various implicit schemes for
spatial terms. Spectral approaches have also been explored, such as [9], where Jacobi poly-
nomials and Fourier-type basis functions were used for temporal and spatial discretization,
respectively. More recently, Wei et al. [10] applied a physics-informed neural network with
numerical discretization of Caputo derivatives, trained via gradient descent, illustrating
the potential of machine learning in solving TFFPE.
The equation under consideration is

Ouf = 0Dy {0 [p(u) f (u, V)] + KaOuuf (u,v) + g(u,v)}, (u,v) € (a,b) x (0, V]
f(u,0) = fo(u), u € (a,b) , (1)
f(avv) :fa(v)7 f(bvv) :fb(v>7 ve (O,V]

where f(u,v) is the probability density function characterizing the test particle at a
specific position u and a given time v. Over interval [a,b], the function p(u) is non-
positive and strictly monotonically decreasing, K, > 0 denotes a diffusion constant, and
g(u,v) denotes the source term. In [11], the TFFPE (1) was derived, (D% (0 < a < 1) is
the left Riemann-Liouville fractional derivative,

n

d
ODg‘f(v):%oolg_af(v), Vn—1<a<n, (2)

where o[ f(v) is the left Riemann-Liouville fractional integral,

1

oI 0) = e [ (0= e 3)

Let I f(v) be the right Riemann-Liouville fractional integral,

T 0) = 7 [ =0 e (4)

In this paper, we study an equivalent equation of (1) as follows:

oDy f(u,v) = Oulp(u) f (u, 0)] + KaOuuf (u,v) + g(u, ), (5)
where ¢(D%g(v) = ﬁ Jy (v—w)™*¢'(w)dw, is the Caputo derivative. We equip (5) with
the same initial value and boundary constraints as (1). For the proof of the equivalence
between (1) and (5), one can refer to [9].

The barycentric interpolation collocation method (BICM) is a collocation method that
does not require the division of mesh, with good numerical stability, easy to write com-
putational programs, and with high precision. According to the different selection of base
functions, the method can be divided into barycentric Lagrange interpolation collocation
method (BLICM) and barycentric rational interpolation collocation method (BRICM).
BICM has been widely used in recent years due to its numerical stability and outstanding
flexibility in managing both special and equidistant nodal configurations. In the fields of
engineering and physics, BICM has been successfully applied to a range of problems, in-
cluding reaction-diffusion model [12], nonlinear vibration system arises [13], fluid and flow
problems [14]. BICM has also been applied to solving the initial boundary value problems
governed by both linear and nonlinear partial differential equations, such as ZK-MEW
equation [15], telegraph equation [16], Volterra integral differential equation [17], semi-
infinite domain problems [18], beam force vibration equation [19], and EFK equation [20].
Previous studies have verified the applicability of the BICM in solving integer-order dif-
ferential equations and integral equations. However, as the construction of basis functions
becomes significantly more complex in higher dimensions, research on its application to
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high-dimensional fractional-order equations remains to be further advanced. This study
aims to extend the BICM to the solution of TFFPE, which can be regarded as a fractional
partial differential equation subject to initial and boundary conditions.

In this paper, the barycentric Lagrange interpolation function (BLIF) and barycen-
tric rational interpolation function (BRIF) are used as the basis functions. Equidistant
node and Chebyshev node are used to collocate the (5). The fractional derivative part
is transformed into a Riemann integral and is approximated by the Gaussian quadrature
formula. The equation is discretized by BICM. And we obtain the matrix equations of
(5).

The summary of this paper’s construction is as follows. In Section 2, we first outline
the theory of BLIF and BRIF. Then we implement BLICM and BRICM. And we obtain
the matrix equations of (5). In Section 3, we validate the effectiveness and precision of
the method we proposed through a numerical case. In Section 4, we give the summary
and conclusion of this paper.

2. Barycentric Interpolation and Matrix Equation of TFFPE.

2.1. Barycentric Lagrange interpolation function. The BLIF of f(u) at notes
{uitizo is

(1) = Z ¢i(u) ci, (6)

where ¢; = f(u;), 1 = 0,1,...,m, and {¢;(u)}", is the basis function of the barycentric
Lagrange interpolation,
Wi
U — u;
$i(u) = 77— — (7)
>
—0 U — Uk
Define ¢;(u;) = ¢6;;, where 0;; are Kronecker-delta functions. The weight function w; is
defined as

1

IT (s —w)

i=0, ik

. i=0,1,...,m. (8)

Ww; =

2.2. Barycentric rational interpolation function. Compared to traditional poly-
nomial interpolation, barycentric rational interpolation has smoother interpolants and

greater stability, and avoids the significant oscillations caused by Runge’s phenomenon.
The (9) is defined as the BRIF of f(u) at the nodes {u;}!",, when {¢;(u)}", is

Wi
U — U;
¢i(u) = o——, (9)
>
0 U — Uk
with the interpolation weight
s+d 1
wi=>» (=1° ]] , (10)
o, Ui T Uy
seJ; g=s,9#1

where J;={se€l:i—d<s<i,I=4{0,1,2,...,m}} is an index set, and d € [0, m] is
the parameter of barycentric rational interpolation.
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The first derivative of (6) is given by f/ (u) = Z c;®;(u), where
=0
afs i
U; — Uy
¢i(u;) = m : (11)
- Z ¢;<uj)7 i=]
i=0,i#]

The recursive formula for higher order derivatives of the ¢;(u) at the interpolation nodes

is
(k—1)

k <¢§-’“‘”<uj>¢>;<uj> - ‘f’f?)) A k=2
o) =4 m L . (12)

~- > P (uy), i=j k=2

i=0,i%j
Injecting the interpolation nodes, the k-th derivative of (6) is
FO) =3P (uy), j=12...m (13)
i=0

The matrix forms of (13) can be expressed as
19 =coy, (14)
where f) = fl(k), Q(k),...,fﬁ)], f=1[fi,for--, fm]. The elements of C*) are Cj(f) =
o1 ().

2.3. Implementation of BICM and matrix equation for TFFPE. In this part, for
solving TFFPE, we give the matrix equation of BLICM and BRICM. The domain is split
into (m+1) x (n+1) of two kinds of interpolation nodes, equidistant nodes or Chebyshev
nodes, i.e., (u;,v;),i=0,1,...,m; j=0,1,...,n.

Following is the barycentric interpolation function,

Flu,0) =3 Li(u)V;(v) fig, (15)

i=0 j=0
where f;; = f(u;,v;) and the interpolation basis functions in spatial and temporal vari-
ables are

Li(u)=—2—"Y%_ i=0,1,....m. (16)
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The weight functions of BLIF are

1
Ww; = m s (18)
H (u; — uy)
=0, j#i
1
vj = n ? (19)
H (v — vk)
k=0, k#j
and the weight functions of BRIF are
s+dj 1
=S (—1)° L Ji= —d; < s <il, 20
=30 I = {sti—di<s<i) (20)
s€J, g=s,971
k+d2 1
o= (U I 0 =k <k<i} (21)
keJ; i=k,k#£j 7 v

where 0 < dy <m,0<dy <mn,s€{0,1,....m—d;} and k € {0,1,...,n—dy}.

Because the fractional term in (5) is defined as a Caputo fractional derivative of order
a, this term exhibits singularity, which can be overcome by performing integration by
parts as

oDy f(u,v) = ;) /OU(U - w)_ade

Nl -« ow
_n {afézo) - "‘—l—/ov(v—w)l_a%dw} (22)

1 _ 1
where I', = =) (i=a)"

Substituting (22) into (5), we obtain

af(u 0) —a ! 11—« an('LL, 'LU)
Fa |: Jw 1 +/(; (U —w) de]

= Ou [p(u) f (u, V)] + kaOuu f (u, 0) + g(u, v). (23)
Combining (15) and (23), one can get the following equation,

rlzz[ 0] 133 [ [0 v Pwaa] 1,

Z N fi+ Y { ) Ly (u) j(v)} fii

1=0 =0 j=

+ Z [KQLE” ()V;(0)] S+ glm,0). (24)
i=0 j=0

Let u = ug, v = vy, and we get

Ly [ VO] £y + A YD (L) [ =]
i=0 j=0 i=0 j=0 0

DLus)Viwo)] fig + 30 D0 [Pl L () V()| fi
=0 3:0 i=0 j=0
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3

+2 [KaLz@)(us)Vj(Ue)] fii + 9(us, vg), (25)

i=0 j=0

where s =0,1,...,m,0 =0,1,...,n. The integral items of (25) are formulated as follows:

Vg
Qos = / V2 (w)(vp — w)'dw, 6=j=0,1,....n, (26)
0

and then we get

OO L)V O + Liu)Qs(wo)| £

= gl 1)+ 32 3 [PV wn) + P L )i )

+<K;1§”(ugxg@m)]ﬂj. (27)

The integral part in (27) is calculated via the application of Gauss quadrature formula
with the weight of p(7) = (v, — 7)!7%, and then we get

Vg g
Q;(vg) = / ‘/}(2)(1}9 _ ’lU)l_adw _ Z ‘/}(2) (7:) (v — Ti)l_aAi7 (28)
0 i=1

where A;, 7; denote the Gauss weights and the Gauss points respectively, and g denotes
the count of Gauss points in quadrature.
The matrix equation of (29) is derived as follows, and the matrix can be concisely
expressed in the following form
DF =G, (29)
Where F = [fOOa I f0n7 .flOv cee 7fmm]T7 G - [9007 -y 90n, 910, - - - 7.gmm]T-
D =T, [V ([m+1 ® Op’”) + L1 ® Q] — PW (L1 ® Iy) — P (0(1’0) ® Li1)

~ K (C*Y® 1,44,
vy 1 diagvjl-_o‘ 1
vy @ diagv,;~“
diag (v1°) = v V= o ,

v diagvjl-_“

where z= (m+1)x (n+1), P® = diag (p® @ 1)), p® = [p* (uo), p™ (u1), ..., p® (um)]T,
CP0) CO:) are differential matrices,

L (we) L (ug) ... L ()
oy _ | B ) L) L8 )
L0 () LS () oo LD ()
_%(07’2)(@0) v(lm)(vo) v(:2)(vo)
o _ [V @) V@) V)
VI 0) V) e VI ()
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3. Numerical Results. To illustrate the accuracy and validity of the methodology, we
will present some computational results in Section 3. The absolute error, relative error
and maximum absolute error are formulated as follows:

Bu= /"= [ E, = % Eoo = 1/ = f¥lloe = max |f* — f7|.

Among them, the vectors f¢, f¢ are denoted as the solutions of numerical and analytical
results.

Example 3.1. Considering the equation
oDy f(u,0) = fuu(u, v) + g(u,v), (u,v) €(0,1) x (0,1]

f(u,0) =0, ue (0,1) :
f(0,0) = f(1,v) =0, v e (0,1]
where
6—a
g(u,v) = 708 sin mu + % sin 7u.

The exact solution is f(u,v) = v®sintu. We adopt the additional method to impose the

boundary conditions. Let m and n denote the count of nodes.

Figure 1 presents numerical solution obtained by the BRICM with 10 equidistant nodes
and the analytical solution. We can find from Figure 1 that the numerical solution derived
via BRICM closely matches the analytical solution.

Numerical Solution Analytical Solution

0.8 b 0.8
0.8 0.7 0.8 0.7
0.6 0.6 0.6 0.6
0.4 0.5 0.4 0.5
0.2 0.4 02 0.4
0.3 0.3
o 0
- 0.2 - 0.2
1 1
0.5 0.1 05 0.1
0.5 0.5
o 0
0 0 0 0

FicURE 1. Numerical and analytical solutions contrast for Example 3.1

Figures 2 and 3 show the error distributions of BRICM («a = 0.1) and BLICM (« = 0.9),
m =mn = 6,12. It can be observed from the figure that as the number of nodes increases,
the error accuracy of both methods increases accordingly. When the number of nodes
is 12, the error accuracy of BRICM (a = 0.1) is 1077, and that of BLICM (a = 0.9)
is 1072, Tables 1, 2, and 3 present the errors of Example 3.1 under different o values
when m = n = 6, 8,10, 12 using BRICM with equidistant nodes. Comparing the results,
we can find that the errors are gradually decreased beyond the count of nodes, which
indicates that the calculation accuracy gradually improves. Tables 4, 5, and 6 present the
errors of Example 3.1 under different a values when m = n = 6,8, 10, 12 by using BLICM
with Chebyshev nodes. Comparing the results, we can find that the errors are gradually
decreased beyond the count of nodes, which indicates that the calculation accuracy grad-
ually improves. Moreover, with the increasing of number of nodes, the method of BLICM
with Chebyshev nodes reduces the error more rapidly.
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FIGURE 2. m =n =6,12, a = 0.1, errors of BRICM
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FIGURE 3. m =n =6,12, a = 0.9, errors of BLICM

TABLE 1. Errors of BRICM with equidistant nodes, a = 0.1 for Example 3.1

TABLE 2. Errors of BRICM with equidistant nodes, a = 0.5 for Example 3.1

Number of nodes E, E, B
m=n=2~0 7.0370 x 107° | 3.8388 x 1075 | 4.6292 x 10~°
m=n= 8.7091 x 1075 | 3.9154 x 1076 | 3.4818 x 10~°
m=mn =10 1.6724 x 1076 | 6.3960 x 10~7 | 5.6477 x 107
m=n=12 4.4793 x 1077 | 1.4904 x 1077 | 1.3245 x 1077

Number of nodes E, E, E
m=n=~56 6.1961 x 1075 | 3.3801 x 107" | 4.0187 x 1073
m=mn=2~8 7.4628 x 1076 | 3.3551 x 1076 | 3.1242 x 1076
m=n=10 1.4440 x 1076 | 5.5225 x 1077 | 5.2602 x 10~
m=n=12 3.5347 x 107 | 1.1761 x 1076 | 1.2317 x 1076
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TABLE 3. Errors of BRICM with equidistant nodes, a = 0.9 for Example 3.1

Number of nodes E, E, E
m=n=6 1.1811 x 107* | 6.4431 x 107 | 3.2072 x 10~°
m=n=2_8 1.0492 x 1072 | 4.7169 x 1076 | 2.5713 x 1076
m=mn =10 2.8260 x 1076 | 1.0808 x 107 | 6.9409 x 107
m=mn=12 1.5746 x 1072 | 5.2392 x 1075 | 6.9339 x 1076

TABLE 4. Errors of BLICM with Chebyshev nodes, o = 0.1 for Example 3.1

Number of nodes E, E, E
m=n=2=~6 9.2176 x 107° | 5.2674 x 10~ | 4.8310 x 107°
m=n=28 6.7882 x 1077 | 3.0419 x 10~7 | 3.0878 x 1077
m=mn=10 3.5319 x 107 | 1.3031 x 1079 | 1.2222 x 107
m=n=12 4.0024 x 10~ | 1.2556 x 107 | 1.1035 x 10~

TABLE 5. Errors of BLICM with Chebyshev nodes, o = 0.5 for Example 3.1

Number of nodes E, E, E
m=n==06 1.7478 x 107* | 9.9878 x 10* | 6.9791 x 1075
m=n=28 6.8391 x 10~7 | 3.0647 x 10~7 | 3.0878 x 10~
m=mn =10 3.5390 x 107 | 1.3057 x 107 | 1.2290 x 10~
m=n=12 1.3658 x 1071 | 4.2845 x 10712 | 4.2710 x 102

TABLE 6. Errors of BLICM with Chebyshev nodes, o = 0.9 for Example 3.1

Number of nodes E, E, E
m=n=26 7.2280 x 10~* | 4.1305 x 10~* | 2.0991 x 10~*
m=n=28 1.0415 x 107% | 4.6672 x 1077 | 3.7843 x 1077
m=n=10 3.5733 x 1079 | 1.3183 x 1072 | 3.7843 x 107”7
m=n=12 1.3385 x 10~ [ 4.1989 x 1072 | 3.9695 x 10~ 2

529

Table 7 mainly presents the errors of the two interpolation methods with different
interpolation nodes for Example 3.1 when m = n = 10 and under different values of
«a. By comparing the results, it can be seen that, for the same «, the error accuracy of
BRICM is 1077, and that of BLICM is 10~°. Both methods exhibit good error accuracy,
but BLICM, as a kind of polynomial interpolation is superior to BRICM in terms of
accuracy, and is more suitable for solving the smooth TFFPE.

4. Conclusion. In this study, we put forward a novel approach incorporating BLICM
and BRICM to get the numerical solution of the TFFPE. The fractional derivative part
is transformed into a Riemann integral and approximated by the Gaussian quadrature
formula. The method combines barycentric interpolation functions with the Gaussian
quadrature rule and discretizes the domain by selecting equidistant nodes and Chebyshev
nodes as collocation points within a given interval. By formulating the corresponding
differential matrix, the approximate solution is derived. Numerical simulations are used
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when m =n =10, o = 0.13,0.20, 0.45, 0.85 for Example 3.1

W. SONG AND J. LI

TABLE 7. E, of two kinds of interpolation nodes with BRICM and BLICM,

N BRICM BLICM
Equidistant node | Chebyshev node | Equidistant node | Chebyshev node
0.13| 5.6335 x 1077 4.1642 x 1077 3.2693 x 107 1.2235 x 107
0.20 5.5977 x 10~ 41114 x 1077 3.2609 x 107* 1.2246 x 107
0.45| 5.3632 x 1077 4.6579 x 1077 3.1734 x 107° 1.2286 x 107°
0.85 4.6260 x 1077 1.1680 x 1076 2.6740 x 107° 1.1964 x 10~°

to verify the method’s reliability and accuracy. Despite these promising results, several
limitations of the current work should be noted. The error estimates and convergence
analysis for the proposed approach have not been rigorously established. Future research
will focus on theoretical analysis of convergence and stability.
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