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Abstract. This paper presents an on-line identification of continuous-time nonlinear
systems using a moving-window type Gaussian process (GP) model and genetic algorithm
(GA) with variable number of generations. The GP is a Gaussian random function and
is constructed by its mean function and covariance function. During the training phase
of this model, the hyperparameters of the covariance function and the moving-window
length are optimized by the modified GA, whereas the system parameters of the linear
terms and the weighting parameters of the mean function are estimated by the recursive
least-squares (RLS) method. In order to reduce the computational burden, the number
of generations of the GA is adjusted according to the time changes of the system and
only the input-output data extracted by the k-means method are utilized in both GA and
RLS method. The effectiveness of the proposed method is demonstrated through numerical
simulations for a simplified power system. Simulation results show that the computational
time of the proposed method is reduced to about 40% of that of the conventional method
without deteriorating the identification accuracy.
Keywords: On-line identification, Nonlinear systems, Gaussian process model, Genetic
algorithm, k-means method

1. Introduction. Most real systems in the world are nonlinear systems that have various
nonlinearities. In order to control and analyze these systems on-line, it is necessary to
instantly and accurately detect time changes such as sudden failures and abnormalities
during system operation. Therefore, the development of on-line identification method for
nonlinear systems is an urgent issue. So far, several on-line identification methods have
been proposed, mainly for discrete-time nonlinear systems [1-6]. However, in general,
the parameters included in the discrete-time systems do not correspond to real physical
quantities, so it is important to consider on-line identification for continuous-time systems.
Unfortunately, on-line identification methods for continuous-time nonlinear systems have
been seldom studied. In [7,8], radial basis function model-based identification algorithms
have been presented by the separable least-squares approach combining the recursive
least-squares (RLS) method with the genetic algorithm (GA) [9] or the immune algorithm.
These methods require a large number of parameters to be determined and do not provide
any information on the reliability or uncertainty of the estimated nonlinear functions.
The authors have presented the moving-window type on-line identification based on the
Gaussian process (GP) model [10-12]. The GP model was originally proposed by O’ Hagan
for the regression problem [13]. Since then, the model has been received much attention
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for regression, classification and modeling of the dynamic systems [14-18]. The GP model
fits naturally into Bayesian paradigm and can express nonlinearity with a small number of
parameters. Furthermore, this model can provide not only an estimated nonlinear function
but also a measure of its reliability. In [10], the hyperparameters of the covariance function
are searched for using the firefly algorithm, while the system parameters of the linear terms
and the weighting parameters of the mean function are updated by the RLS method. In
[11], an on-line identification method is proposed in which the GP prior model is trained
only by particle swarm optimization. To reduce the computational burden of these two
methods, a GP-based online identification method using k-means method [19] has been
also proposed in [12]. This method aims to reduce the computational burden by making
the moving-window length variable and performing identification using a small number
of input-output data extracted by the k-means method. However, since the maximum
number of generations in the GA is fixed at each time step and all input-output data
in the moving window are used in the RLS method, the reduction in the computational
burden is still insufficient.
To realize faster on-line identification of continuous-time nonlinear systems, in this

paper we propose a GP model identification based on the GA with variable number of
generations and the RLS method using only partial training data. In this method, the
maximum number of generations of the GA at each time step is adjusted according to
the time changes of the target system. In addition, only the input-output data extracted
by the k-means method are used in both GA and RLS method. The proposed method
improves the efficiency of optimization by GA and reduces the amount of training da-
ta, thereby reducing the computational burden required for identification. Moreover, to
suppress the vibration of the estimated parameters of the linear terms caused by the re-
duction of the number of training data in the RLS method, a moving average process is
applied to the raw estimated parameters. The proposed identification method can pro-
vide information on the reliability of the estimated nonlinear function, and maintain high
performance in terms of accuracy and tracking ability while reducing the computational
cost.
This paper is organized as follows. In Section 2, the target system to be estimated is

given and the problem statement is presented. In Section 3, the identification model is
derived using GP prior model. In Section 4, the on-line identification algorithm using the
GA with variable number of generations and the RLS method is proposed. In Section 5,
the effectiveness of the proposed method is demonstrated through numerical simulations
for a simplified power system. Finally, conclusions are stated in Section 6.

2. Statement of the Problem. Consider a single-input, single-output, continuous-time
nonlinear system:

n∑
i=0

i ̸=n1,n2,...,nα

aip
n−ix(t) = f(z(t)) +

m∑
j=0

j ̸=m1,m2,...,mβ

bjp
m−ju(t) (a0 = 1, n ≥ m)

z(t) =
[
pn−n1x(t), pn−n2x(t), . . . , pn−nαx(t), pm−m1u(t), pm−m2u(t), . . . , pm−mβu(t)

]T
y(t) = x(t) + e(t) (1)

where p is the differential operator, u(t) and x(t) are the true input and output signals,
respectively, and y(t) is the noisy output corrupted by the measurement noise e(t). f(·)
is an unknown nonlinear function, which is assumed to be stationary and smooth. n,
ni (i = 1, 2, . . . , α), m, and mj (j = 1, 2, . . . , β) are assumed to be known. The goal of
this paper is to identify the system parameters {ai} and {bj} of the linear terms and the
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nonlinear function f(·) with the confidence measure, in on-line operation from the true
input and noisy output data.

3. Identification Model by GP Prior Model. Equation (1) is rewritten as follows:

pny(t) = f(w(t))−
n∑

i=1
i̸=n1,n2,...,nα

aip
n−iy(t) +

m∑
j=0

j ̸=m1,m2,...,mβ

bjp
m−ju(t) + ε(t)

w(t) =
[
pn−n1y(t), pn−n2y(t), . . . , pn−nαy(t), pm−m1u(t), pm−m2u(t), . . . , pm−mβu(t)

]T
(2)

where ε(t) is an error due to the measurement noise e(t). The delayed state variable filter
F (p) is introduced to deal with the higher-order derivative of signals in (2). Multiplying
both sides of (2) by F (p) yields

pnyf (t) = f
(
wf (t)

)
−

n∑
i=1

i̸=n1,n2,...,nα

aip
n−iyf (t) +

m∑
j=0

j ̸=m1,m2,...,mβ

bjp
m−juf (t) + εf (t) (3)

yf (t) = F (p)y(t), uf (t) = F (p)u(t), εf (t) = F (p)ε(t), wf (t) = F (p)w(t)

where εf (t) is assumed to be zero-mean Gaussian noise with variance σ2
n. Discretizing (3)

as t = t1, t2, . . . , tN yields

y = f +Gθl + ε (4)

where

y =
[
pnyf (t1), p

nyf (t2), . . . , p
nyf (tN)

]T
f =

[
f(wf (t1)), f(w

f (t2)), . . . , f(w
f (tN))

]T
G = [g(t1), g(t2), . . . , g(tN)]

T

g(t) =
[
−pn−1yf (t), . . . ,−pn−iyf (t), . . . ,−yf (t), pmuf (t), . . . , pm−juf (t), . . . , uf (t)

]T
θl = [a1, . . . , ai, . . . , an, b0, . . . , bj, . . . , bm]

T

ε =
[
εf (t1), ε

f (t2), . . . , ε
f (tN)

]T
(5)

θl is the unknown parameters vector which is composed of the system parameters of the
linear terms.

The function value vector f in (4) can be represented by the GP as follows:

f ∼ N (m(w),Σ(w,w)) (6)

where w =
[
wf (t1),w

f (t2), . . . ,w
f (tN)

]
is the input of the function f , m(w) is the mean

function vector, and Σ(w,w) is the covariance matrix. In this paper, the mean function
vector m(w) is given by the linear combination of the input variable as follows:

m(w) = wTθm

θm =
[
θm1 , θm2 , . . . , θm(α+β)

]T
(7)

where θm is the unknown weighting parameter vector of the mean function. The Gaussian
kernel is introduced for each element Σpq of the covariance matrix Σ(w,w) as follows:

Σpq = s
(
wf (tp),w

f (tq)
)
= σ2

y exp

(
−∥wf (tp)−wf (tq)∥2

2ℓ2

)
(8)

where ∥ · ∥ is the Euclidean norm.
From (4) and (6), the identification model based on the GP prior is derived as follows:

y ∼ N (m(w) +Gθl,K(w,w))

K(w,w) = Σ(w,w) + σ2
nIN (IN : N ×N identity matrix) (9)
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θc = [σy, ℓ, σn]
T is called hyperparameter vector of the covariance function and is com-

posed of σy and ℓ in (8) and σn in (9). For simplicity, K(w,w) is denoted as K below.

4. On-line Identification by the GA. GP prior model is trained on-line by optimizing

the unknown parameter vector θ =
[
θT
m,θ

T
l ,θ

T
c

]T
and the moving-window length W . θm

and θl are estimated by the RLS method, while θc and W are optimized by the GA in
which the generation number of each time step is variable.
The flow of the on-line identification is shown below.

step 1: Initialization of time step

Let k = ks be the starting time step for identification and set θ̂ml(ks) =
[
θ̂T
m(ks),

θ̂T
l (ks)

]T
as the initial value of θml =

[
θT
m,θ

T
l

]T
.

step 2: Initialization of GA
Set the generation counter g = 1 and the initial generation number gmax(k) (Gmin ≤

gmax(k) ≤ Gmax). Generate a random initial population of Q binary strings Ω[i] (i =
1, 2, . . . , Q) for the hyperparameter vector θc and the moving-window length W .
step 3: Decoding

Decode Q binary strings into real values Ω̃[i] =
[
θc

T
[i],W[i]

]T
(i = 1, 2, . . . , Q). The

search range of W[i] is [Wmin,Wmax].
step 4: Collection of input-output data
Collect the datasets D[i] = {[y(k), u(k)], [y(k − 1), u(k − 1)], . . . , [y(k −W[i] + 1), u(k −

W[i] + 1)]} (i = 1, 2, . . . , Q) which consist of W[i] sets of input-output data.
step 5: Initialization of k-means method
Set the iteration counter h = 0. Select N[i] initial centers (centroids) of the clusters

Ch
[i](p) (p = 1, 2, . . . , N[i]) from D[i] randomly, where N[i] = W[i]/10.

step 6: Data classification
Calculate the Euclidean distances between W[i] input-output datasets and N[i] centroids

Ch
[i](p), and classify the datasets into the clusters with the closest centroids.

step 7: Update of centroids
Let the centers of the datasets belonging to the clusters be the new centroids of the

clusters Ch+1
[i] (p).

step 8: Repetition of k-means method
If the iteration counter h < hmax, set the iteration counter h = h+ 1 and go to step 6.

step 9: Extraction of the partial data
Extract the data closest to the centers of the final clusters Chmax

[i] (p) as the partial data

D∗
[i] (i = 1, 2, . . . , Q) of D[i] (i = 1, 2, . . . , Q).

step 10: Construction of the covariance matrix
Construct Q candidates of the covariance matrix K[i] using θc[i] and the partial datasets

D∗
[i].

step 11: Fitness value evaluation
Calculate the negative log marginal likelihood of the partial datasets D∗

[i]:

J[i] =
1

2
log |K[i]|+

1

2

(
y[i] −Z[i]θml(k)

)T
K−1

[i]

(
y[i] −Z[i]θml(k)

)
+

N[i]

2
log(2π) (10)

where Z[i] =
[
wT

[i]

... G[i]

]
. Evaluate the fitness values F[i] = C − J[i], where C is a positive

constant.
step 12: Reproduction
Reproduce each of the individual binary strings with a probability of F[i]/

∑Q
j=1 F[j].
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step 13: Crossover
Select two binary strings randomly and replace each element of the strings with the

crossover probability pc according to a randomly generated mask sequence.
step 14: Mutation

Alter a bit (0 or 1) of the binary string in accordance with the mutation probability
pm.
step 15: Repetition of GA

If the generation counter g < gmax(k), set the generation counter g = g + 1 and go to
step 3.
step 16: Determination of the GP prior model

Determine the vector Ω̂(k) =
[
θ̂T
c (k), Ŵ (k)

]T
=
[
σ̂y(k), ℓ̂(k), σ̂n(k), Ŵ (k)

]T
and the

corresponding partial data D∗(k) from the string with the best fitness value over all the
past generations. Construct the suboptimal prior mean function and the prior covariance
function:

m̂
(
wf (t)) = (wf (t)

)T
θ̂m(k)

ŝ
(
wf (tp),w

f (tq)
)
= σ̂2

y(k) exp

(
−
∥∥wf (tp)−wf (tq)

∥∥2
2ℓ̂2(k)

)
k̂
(
wf (tp),w

f (tq)
)
= ŝ

(
wf (tp),w

f (tq)
)
+ σ̂2

n(k)δpq

(11)

where ŝ
(
wf (tp),w

f (tq)
)
is an element of the estimated covariance matrix Σ̂(k), k̂

(
wf (tp),

wf (tq)
)
is an element of the estimated covariance matrix K̂(k), and δpq is the Kronecker

delta, which is 1 if p = q and 0 otherwise.
step 17: Estimation of the nonlinear function

Estimate the predictive mean function:

f̂
(
wf

∗ (t)
)
= m̂

(
wf

∗ (t)
)
+ Σ̂

(
wf

∗ (t),w
){

K̂(k)
}−1 (

y −wTθ̂m(k)−Gθ̂l(k)
)

(12)

and the predictive variance

σ̂2
∗(t) = ŝ

(
wf

∗ (t),w
f
∗ (t)

)
− Σ̂

(
wf

∗ (t),w
){

K̂(k)
}−1

Σ̂
(
w,wf

∗ (t)
)

(13)

where wf
∗ (t) is a new input of GP. y, w, and G are constructed according to the optimal

value N̂(k) = Ŵ (k)/10. f̂
(
wf

∗ (t)
)
is the estimated nonlinear function and σ̂2

∗(t) is utilized
as the confidence region of the estimated nonlinear function at the time step k.
step 18: Update of time step

Set the time step k = k + 1.
step 19: Estimation of θml

Estimate θ̂ml(k) with RLS method [10] using only the partial data D∗(k − 1).
step 20: Smoothing of θml

Obtain
¯̂
θml(k) by applying the moving average process to θ̂ml(k), and use this as the

final estimates of θml(k).

¯̂
θml(k) =

1

M

k∑
i=k−M+1

θ̂ml(i) (14)

step 21: Update of generation number
Determine the next generation number gmax(k) using the moving-window length Ŵ (k−

1) as follows:

gmax(k) = µŴ (k − 1) + ν
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µ = (Gmin −Gmax)/(Wmax −Wmin), ν = Gmax − µWmin (15)

step 22: Repetition
Set g = 1 and go to step 3.
The flowchart of the proposed method is shown in Figure 1.
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Figure 1. Flowchart of the proposed method

5. Numerical Simulations. Consider the following simplified power system represented
by the oscillation equation [20]:

ẍ(t) + a1ẋ(t) = f(z(t))

f(z(t)) = −Pe

M̃
+

Pin

M̃
= −Pem

M̃
(1 + u(t)) sin x(t) +

Pin

M̃

z(t) = [x(t), u(t)]T, y(t) = x(t) + e(t)

(16)
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where u(t) = ∆Efd(t): increment of excitation voltage, x(t) = δ(t): phase angle, M̃ : inertia

coefficient, D̃: damping coefficient, Pe: generator output power, Pin: turbine output power,
and Pem: maximum output power. a1 = D̃/M̃ is the system parameter of the linear term.
The measurement noise e(t) is zero-mean white Gaussian noise with a standard deviation
σe = 0.0036 (noise-to-signal ratio: 1.2%). The target system (16) changes stepwise as
shown in Table 1.

Table 1. System parameter a1 and nonlinear function f(z(t))

t[s] k a1 f(z(t))
[0, 5] [0, 500] 3.0 −18.3(1 + u(t)) sin x(t) + 13.3
(5, 20] (500, 2000] 1.0 −16.7(1 + u(t)) sin x(t) + 13.3
(20, 35] (2000, 3500] 2.0 −15.0(1 + u(t)) sin x(t) + 13.3

The sampling period is taken to be T = 0.01 [s], and the third-order Butterworth filter
with the cutoff frequency ωc = 10 [rad/s] is used as a delayed state variable filter. The
initial value for the RLS method is set as θml(ks) = 0. The setting parameters of the GA
and the k-means method are chosen as follows:

GA
population size: Q = 6
crossover probability: pc = 0.9
mutation probability: pm = 0.1
search range of the moving-window length: [Wmin,Wmax] = [100, 800]
range of the generation number: [Gmin, Gmax] = [1, 9]

k-means method
maximum iteration number: hmax = 3

The computational burden is greatly affected by the population size Q and the range of
the generation number [Gmin, Gmax] of the GA, and the maximum iteration number hmax

of the k-means method. Since it is desirable to reduce the computational burden as much
as possible for on-line identification, these setting parameters are taken to be sufficiently
small so as not to deteriorate the identification accuracy.
Figure 2 shows the true system parameter a1 and the estimated system parameter â1 of

the linear term. This figure indicates that the proposed method can track the time-varying
system parameter well and can significantly suppress the oscillation of the estimated
parameters caused by using small amounts of training data.

Figure 2. System parameter of the linear term
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(a) True nonlinear function (b) Estimated nonlinear function

(c) Absolute error between true and estimated
nonlinear functions

(d) 95.5% confidence region around estimated
nonlinear function

Figure 3. Nonlinear function

The proposed method can estimate the nonlinear function and its confidence measure at
all time steps. As an example, the true nonlinear function f(z(t)), the estimated nonlinear

function f̂(z(t)), the absolute error between f(z(t)) and f̂(z(t)), and the double standard

deviation confidence interval (95.5% confidence region) around f̂(z(t)) at the final time
step k = 3500 are depicted in Figure 3. The red dots in these figures are the input-output
data used for identification, which are extracted by the k-means method. Clearly the
estimated nonlinear function f̂(z(t)) is very close to the true nonlinear function f(z(t)),
and the confidence region of the estimated nonlinear function is very small on the data
region.

The moving-window length W (k) optimized by the GA at each time step is shown in
Figure 4, and the generation number gmax(k) of the GA at each time step is depicted in
Figure 5. From Figure 4, we can confirm that the moving-window length W (k) decreases
rapidly when the target system changes, and then gradually increases and reaches around
the maximum valueWmax. On the other hand, as shown in Figure 5, the generation number
gmax(k) of the GA increases rapidly when the target system changes, and then gradually
decreases and reaches around the minimum value Gmin. Therefore, the proposed method
can automatically adjust the moving-window length W (k) and the generation number
gmax(k) of the GA depending on the degree of time-varying characteristics of the target
system.
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Figure 4. Moving-window length W (k)

Figure 5. Generation number of GA

Table 2. The mean squares errors between x(t) and x̂(t)

k = 500 k = 2000 k = 3500

Proposed method 1.15× 10−6 2.91× 10−5 1.53× 10−5

Conventional GP-based method 7.87× 10−7 9.72× 10−6 9.99× 10−6

Table 2 shows the mean squares errors (MSE) between the true output x(t) and the
estimated output x̂(t) by the proposed method and the conventional GP-based method
[12] at k = 500, 2000 and 3500. The MSE values are calculated by

1

N

N∑
k=1

(x(kT )− x̂(kT ))2 (17)

where N = 1500 data of both x(t) and x̂(t) are generated for validation. Although the
proposed method has a slightly larger MSE than the conventional GP-based method, it
can be seen that the proposed method can estimate the mathematical model of the target
system with sufficient accuracy.
Table 3 shows the computational time per one step for the proposed method and the

conventional GP-based method. The proposed method reduces the computational time of
the GA to less than half of the conventional GP-based method by making the generation
numbers of the GA variable, and reduces the computational time of the RLS method
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Table 3. Computational time

GA RLS Total

Proposed method 2.83× 10−2 [s] 2.33× 10−4 [s] 2.88× 10−2 [s]

Conventional GP-based method 6.59× 10−2 [s] 7.29× 10−3 [s] 7.42× 10−2 [s]

(CPU: Intel(R) Core(TM) i7-13700K 3.40GHz)

to about 3% of that of the conventional GP-based method by using only the training
data extracted by the k-means method. The total computational time of the proposed
method is reduced to about 40% of that of the conventional GP-based method. Therefore,
the proposed method can improve the computational burden without deteriorating the
identification accuracy.

6. Conclusions. In this paper, a new on-line GP model identification of continuous-time
nonlinear systems has been presented. The hyperparameters of the covariance function
and the moving-window length are determined by the GA, while the system parameters of
the linear terms and the weighting parameters of the mean function are estimated by the
RLS method. To reduce the computational burden, the maximum number of generations
in the GA is adjusted according to the time changes of the target system. Moreover, only
the input-output data extracted by the k-means method are utilized in both GA and
RLS method. Simulation results show that the proposed method can significantly reduce
the computational burden while maintaining high identification accuracy and tracking
performance. The development of GP-based identification method for continuously time-
varying nonlinear systems is one of the future works.
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