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Universidad Juárez del Estado de Durango, Unidad Gómez Palacio
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Abstract. This article shows a model to determine the minimum contact area with the
soil for trapezoidal combined footings considering that the area is partially compressed,
i.e., a part of the contact area under the footing with the soil is subject to compression
and the other part has zero pressure. Some works present the minimum contact area for
trapezoidal combined footings, but the contact area of the footing with the soil is completely
compressed. The methodology is developed by integration to determine the equations of
the resultant force and the moments on the X and Y axes for the five cases of biaxial
bending, and four cases of uniaxial bending (two on the X axis and two on the Y axis).
Several studies are developed to determine the minimum contact area with the soil for
trapezoidal combined footings subjected to biaxial bending and uniaxial bending in each
column. The proposed model shows a significant reduction in the minimum contact area
with the soil of up to 65.30% for biaxial bending and up to 48.68% for uniaxial bending
compared to other studies. The model can be used as a review to minimize the allowable
load capacity of the soil (objective function) and the same constraint functions for biaxial
or uniaxial bending.
Keywords: Minimum contact area, Trapezoidal combined footings, Uniaxial bending,
Biaxial bending, Contact area partially compressed

1. Introduction. A foundation is the set of structural elements of a structure whose
purpose is to transmit its loads or those of elements supported on it to the ground,
distributing them in such a way that they do not exceed their allowable pressure.

The three main types of foundations are shallow, deep, and semi-deep, each designed
to distribute a structure’s load on the ground differently. Shallow foundations are used in
shallow soils, deep foundations in soils that require greater stress distribution at greater
depths (such as with piles), and semi-deep foundations offer intermediate solutions be-
tween the two, depending on the soil characteristics and the load on the structure.

Reinforced concrete foundations can be 1) isolated footings supporting a column with
square, rectangular, circular and elliptical shapes; 2) combined footings that support two
or more columns with rectangular, trapezoidal, elliptical, T and L shapes; 3) strip footings
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that support concrete or masonry walls; 4) rafts or foundation slabs that support an entire
building.
The dimensions of a foundation for different shapes have been studied by various re-

searchers to estimate the contact area with the ground: for isolated footings [1-6]; for
combined footings [7-16]; for foundation slabs [17]. These articles assume that the contact
area with the ground is completely compressed.
Now, the published articles assume the minimum contact area with the ground con-

sidering that the area is partially compressed: for isolated footings [18-28]; for combined
footings [29-32]; for strip footings [33].
The published articles that are most closely related to the topic of TCFs (trapezoidal

combined footings) are as the following. Luévanos-Rojas [9] presented the equations to
determine the dimensions of the boundary TCFs located at the boundaries of the terrain,
but the area is completely compressed. Pasillas-Orona et al. [15] developed a model to
determine the minimum area for TCFs considering that the area is fully compressed.
The advantage of using the contact area with the ground when the footing area is

partially compressed is that it generates a smaller volume of soil extraction and therefore
reduces the cost.
Thus, there is no paper on the topic with the level of current knowledge on a model to

estimate the minimum area for TCFs considering that the area is partially compressed.
This article presents a model to estimate the minimum contact area with the soil for

TCFs considering that the area is partially compressed (a part of the contact area under
the footing with the soil is under compression and the other part has zero pressure). Some
papers show the minimum area for TCFs, but the contact area of the footing with the
soil is completely compressed. The equations are developed for the resultant force and
the moments on the X and Y axes for the five cases of biaxial bending, and four cases of
uniaxial bending (two on the X axis and two on the Y axis). Several studies are developed
to find the minimum contact area with the soil for TCFs subjected to biaxial bending
and uniaxial bending in each column to observe the results.
The paper is organized as follows. Section 2 presents the formulation of the model to

determine the minimum area of a TCF using the current model (fully compressed area)
and the new model (partially compressed area). Subsection 2.1 describes the equations for
biaxial bending in each column of the five cases. Subsection 2.2 shows the equations for
uniaxial bending in each column of the four cases. Subsection 2.3 describes the equations
for determining the minimum area. Section 3 shows the numerical studies applied to the
two models for a TCF. Section 4 describes the results. Section 5 indicates the conclusions
to complete the paper.

2. Formulation of the Model. The pressure generated by the soil (biaxial bending
equation) at any part of a combined footing is determined as follows:

σ =
R

A
+

MxTy

Ix
+

MyTx

Iy
(1)

where σ is the pressure generated by the soil at any part of the footing used in case
I
(
kN/m2

)
, R is the resultant force (kN), A is the area of the base of the footing in

plan
(
m2

)
, MxT is the resultant moment with respect to the X axis (kN-m), MyT is the

resultant moment with respect to the Y axis (kN-m), x and y are the coordinates of the
pressure point under study (m), and Ix and Iy are the moments of inertia on the X and
Y axes

(
m4

)
.

Figure 1 presents the overall dimensions for a TCF supporting two columns.
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Figure 1. Trapezoidal combined footing

The rigid TCF is deformed in planar form, i.e., a linear soil pressure distribution under
the footing is considered.

The geometric properties of a trapezoidal footing are

A =
Ly(b1 + b2)

2
(2)

Cy1 =
Ly(b1 + 2b2)

3(b1 + b2)
(3)

Cy2 =
Ly(2b1 + b2)

3(b1 + b2)
(4)

Ix =
Ly

3
(
b1

2 + 4b1b2 + b2
2
)

36(b1 + b2)
(5)

Iy =
Ly(b1 + b2)

(
b1

2 + b2
2
)

48
(6)

2.1. TCF under biaxial bending in each column. There are five possible cases for
a TCF subjected to an axial load and two orthogonal bending moments in each column.

Case I assumes that the entire bottom area of the footing is completely compressed.
The pressures generated by the soil on the footing are obtained by means of the biaxial
bending equation.

Cases II, III, IV and V assume that the entire bottom area of the footing is partially
under compressed, i.e., part of the contact area is not under pressure and by integration
the resultant force “R”, the moment on the X axis “MxT” and the moment on the Y axis
“MyT” are obtained. The pressures generated by the soil on the footing are estimated by
means of the general equation of the pressure plane, starting from three known points.

Figure 2 shows the case I, the completely compressed area.
Figure 3 shows the cases II, III, IV and V, the partially compressed area.
The general equation of a 3-D pressure plane is

A1x+ A2y + A3σz + A4 = 0 (7)

where A1, A2, A3 and A4 are constants.
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Figure 2. Fully compressed area

(a) Case II (b) Case III

(c) Case IV (d) Case V

Figure 3. Partially compressed area

For cases II, III, IV and V, the three known points of the pressure plane are

p1

(
b1
2
, Cy1, σmax

)
; p2

(
b1
2
− Lx3, Cy1, 0

)
; p3

(
b1
2
− (b1 − b2)Ly3

2Ly

, Cy1 − Ly3, 0

)
(8)
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The general equation of the pressure plane is estimated as follows:∣∣∣∣∣∣∣∣∣∣
x− b1

2
y − Cy1 σz − σmax

−Lx3 0 −σmax

−(b1 − b2)Ly3

2Ly

−Ly3 −σmax

∣∣∣∣∣∣∣∣∣∣
= 0 (9)

The value of the pressure at any point σz is determined by solving Equation (9):

σz =
σmax{LyLy3(2x+ 2Lx3 − b1) + (y − Cy1)[2LyLx3 − (b1 − b2)Ly3]}

2LyLx3Ly3

(10)

2.1.1. Case I. Substituting Equations (2) to (6) in Equation (1), the soil pressures acting
on the footing at each corner are determined as follows:

σ1 =
2R

Ly(b1 + b2)
+

12MxT (b1 + 2b2)

Ly
2
(
b1

2 + 4b1b2 + b2
2
) +

24MyT b1

Ly(b1 + b2)
(
b1

2 + b2
2
) (11)

σ2 =
2R

Ly(b1 + b2)
+

12MxT (b1 + 2b2)

Ly
2
(
b1

2 + 4b1b2 + b2
2
) − 24MyT b1

Ly(b1 + b2)
(
b1

2 + b2
2
) (12)

σ3 =
2R

Ly(b1 + b2)
− 12MxT (2b1 + b2)

Ly
2
(
b1

2 + 4b1b2 + b2
2
) +

24MyT b2

Ly(b1 + b2)
(
b1

2 + b2
2
) (13)

σ4 =
2R

Ly(b1 + b2)
− 12MxT (2b1 + b2)

Ly
2
(
b1

2 + 4b1b2 + b2
2
) − 24MyT b2

Ly(b1 + b2)
(
b1

2 + b2
2
) (14)

where

R = P1 + P2 (15)

MxT = Mx1 +Mx2 + P1(Cy1 − Ly1)− P2(Ly − Cy1 − Ly2) (16)

MyT = My1 +My2 (17)

2.1.2. Case II. The general equations for R, MxT and MyT are determined:

R =

∫ Cy1

Cy1−Ly3

∫ b1
2
+

(b1−b2)(Cy1−y)
2Ly

b1
2
−
[
(b1−b2)

2Ly
−Lx3

Ly3

]
(Cy1−y)−Lx3

σzdxdy (18)

R =
σmaxLx3Ly3

6
(19)

MxT =

∫ Cy1

Cy1−Ly3

∫ b1
2
+

(b1−b2)(Cy1−y)
2Ly

b1
2
−
[
(b1−b2)

2Ly
−Lx3

Ly3

]
(Cy1−y)−Lx3

σzydxdy (20)

MxT =
σmaxLx3Ly3(4Cy1 − Ly3)

24
(21)

MyT =

∫ Cy1

Cy1−Ly3

∫ b1
2
+

(b1−b2)(Cy1−y)
2Ly

b1
2
−
[
(b1−b2)

2Ly
−Lx3

Ly3

]
(Cy1−y)−Lx3

σzxdxdy (22)

MyT =
σmaxLx3Ly3[2Ly(2b1 − Lx3)− Ly3(b1 − b2)]

48Ly

(23)
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2.1.3. Case III. The general equations for R, MxT and MyT are determined:

R =

∫ b1
2

b1
2
−

(b1−b2)Ly3
2Ly

∫ Cy1

Cy1−
(b1−2x)Ly
(b1−b2)

σzdydx

+

∫ b1
2
−

(b1−b2)Ly3
2Ly

(b1−b2)(Lx3−b1)Ly3

2[LyLx3−Ly3(b1−b2)]
− b1

2

∫ Cy1

Cy1−
LyLy3(2Lx3−b1+2x)

2LyLx3−Ly3(b1−b2)

σzdydx

+

∫ (b1−b2)(Lx3−b1)Ly3

2[LyLx3−Ly3(b1−b2)]
− b1

2

− b1
2

∫ Cy1

Cy1−
(b1+2x)Ly
(b1−b2)

σzdydx (24)

R =
σmaxLy3

6

[
Lx3 −

Ly (Lx3 − b1)
3

Lx3 [LyLx3 − Ly3(b1 − b2)]

]
(25)

MxT =

∫ b1
2

b1
2
−

(b1−b2)Ly3
2Ly

∫ Cy1

Cy1−
(b1−2x)Ly
(b1−b2)

σzydydx

+

∫ b1
2
−

(b1−b2)Ly3
2Ly

(b1−b2)(Lx3−b1)Ly3

2[LyLx3−Ly3(b1−b2)]
− b1

2

∫ Cy1

Cy1−
LyLy3(2Lx3−b1+2x)

2LyLx3−Ly3(b1−b2)

σzydydx

+

∫ (b1−b2)(Lx3−b1)Ly3

2[LyLx3−Ly3(b1−b2)]
− b1

2

− b1
2

∫ Cy1

Cy1−
(b1+2x)Ly
(b1−b2)

σzydydx (26)

MxT =
σmaxLy3

24

[
(4Cy1 − Ly3)Lx3 −

4Cy1Ly (Lx3 − b1)
3

Lx3 [LyLx3 − Ly3(b1 − b2)]

+
Ly

2Ly3 (Lx3 − b1)
4

Lx3 [LyLx3 − Ly3(b1 − b2)]
2

]
(27)

MyT =

∫ b1
2

b1
2
−

(b1−b2)Ly3
2Ly

∫ Cy1

Cy1−
(b1−2x)Ly
(b1−b2)

σzxdydx

+

∫ b1
2
−

(b1−b2)Ly3
2Ly

(b1−b2)(Lx3−b1)Ly3

2[LyLx3−Ly3(b1−b2)]
− b1

2

∫ Cy1

Cy1−
LyLy3(2Lx3−b1+2x)

2LyLx3−Ly3(b1−b2)

σzxdydx

+

∫ (b1−b2)(Lx3−b1)Ly3

2[LyLx3−Ly3(b1−b2)]
− b1

2

− b1
2

∫ Cy1

Cy1−
(b1+2x)Ly
(b1−b2)

σzxdydx (28)

MyT =
σmaxLy3

48

[
b1

2Ly

[
Ly3(b1 − b2)

(
b1

2 + 2Lx3
2
)
− 2b1

2LyLx3

]
Lx3 [LyLx3 − Ly3(b1 − b2)]

2

+
4b1Lx3 [b1Ly − Ly3(b1 − b2)]

2

[LyLx3 − Ly3(b1 − b2)]
2 − Lx3Ly3

3(b1 − b2)
3

Ly [LyLx3 − Ly3(b1 − b2)]
2

]
(29)

2.1.4. Case IV. The general equations for R, MxT and MyT are determined:

R =

∫ Cy1

Cy1−Ly

∫ b1
2
−
(Cy1−y)(b1−b2)

2Ly

b1
2
+
(Cy1−y)[2Lx3Ly−(b1−b2)Ly3]

2LyLy3
−Lx3

σzdxdy (30)



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.22, NO.3, 2026 707

R =
σmaxLx3

[
Ly3

3 − (Ly3 − Ly)
3]

6Ly3
2 (31)

MxT =

∫ Cy1

Cy1−Ly

∫ b1
2
−
(Cy1−y)(b1−b2)

2Ly

b1
2
+
(Cy1−y)[2Lx3Ly−(b1−b2)Ly3]

2LyLy3
−Lx3

σzydxdy (32)

MxT =
σmaxLyLx3

{
4Cy1

[
Ly

2 + 3Ly3 (Ly3 − Ly)
]
+ Ly

[
2Ly3 (4Ly − 3Ly3)− 3Ly

2
]}

24Ly3
2 (33)

MyT =

∫ Cy1

Cy1−Ly

∫ b1
2
−
(Cy1−y)(b1−b2)

2Ly

b1
2
+
(Cy1−y)[2Lx3Ly−(b1−b2)Ly3]

2LyLy3
−Lx3

σzxdxdy (34)

MyT =
σmaxLyLx3

48

{
6(b1 + b2) +

Ly
2(b1 + 3b2)

Ly3
2 +

2Ly
2Lx3 (Ly − 4Ly3)

Ly3
3

+
4 [Lx3(3Ly − 2Ly3)− Ly(b1 + 2b2)]

Ly3

}
(35)

2.1.5. Case V. The general equations for R, MxT and MyT are determined:

R =

∫ Cy1−
(Lx3−b1)Ly3Ly

LyLx3−(b1−b2)Ly3

Cy1−Ly

∫ b1
2
−
(Cy1−y)(b1−b2)

2Ly

b1
2
+
(Cy1−y)[2Lx3Ly−(b1−b2)Ly3]

2LyLy3

σzdxdy

+

∫ Cy1

Cy1−
(Lx3−b1)Ly3Ly

LyLx3−(b1−b2)Ly3

∫ b1
2
−
(Cy1−y)(b1−b2)

2Ly

(Cy1−y)(b1−b2)

2Ly
− b1

2

σzdxdy (36)

R =

[
σmax

6

{
Lx3Ly3 −

(Ly3 − Ly)
3 [LyLx3

3 − Lx3
2Ly3(b1 − b2) + Ly3

3Ly

]
Lx3Ly3

2 [LyLx3 − Ly3(b1 − b2)]

}]
(37)

MxT =

∫ Cy1−
(Lx3−b1)Ly3Ly

LyLx3−(b1−b2)Ly3

Cy1−Ly

∫ b1
2
−
(Cy1−y)(b1−b2)

2Ly

b1
2
+
(Cy1−y)[2Lx3Ly−(b1−b2)Ly3]

2LyLy3

σzydxdy

+

∫ Cy1

Cy1−
(Lx3−b1)Ly3Ly

LyLx3−(b1−b2)Ly3

∫ b1
2
−
(Cy1−y)(b1−b2)

2Ly

(Cy1−y)(b1−b2)

2Ly
− b1

2

σzydxdy (38)

MxT =
σmax

24

[
Lx3Ly3 (4Cy1 − Ly3)−

(Ly3 − Ly)
3 Lx3 (4Cy1 − 3Ly − Ly3)

Ly3
2

− 4Cy1 (Lx3 − b1)
3 Ly3Ly

Lx3 [LyLx3 − Ly3(b1 − b2)]
+

(Lx3 − b1)
4 Ly3

2Ly
2

Lx3 [LyLx3 − Ly3(b1 − b2)]
2

]
(39)

MyT =

∫ Cy1−
(Lx3−b1)Ly3Ly

LyLx3−(b1−b2)Ly3

Cy1−Ly

∫ b1
2
−
(Cy1−y)(b1−b2)

2Ly

b1
2
+
(Cy1−y)[2Lx3Ly−(b1−b2)Ly3]

2LyLy3

σzxdxdy

+

∫ Cy1

Cy1−
(Lx3−b1)Ly3Ly

LyLx3−(b1−b2)Ly3

∫ b1
2
−
(Cy1−y)(b1−b2)

2Ly

(Cy1−y)(b1−b2)

2Ly
− b1

2

σzxdxdy (40)
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MyT =
σmax

24

[
Lx3Ly3(4Cy1 − Ly3)−

(Ly3 − Ly)
3 Lx3 (4Cy1 − 3Ly − Ly3)

Ly3
2

− 4Cy1 (Lx3 − b1)
3 Ly3Ly

Lx3 [LyLx3 − Ly3(b1 − b2)]
+

(Lx3 − b1)
4 Ly3

2Ly
2

Lx3 [LyLx3 − Ly3(b1 − b2)]
2

]
(41)

2.2. TCF under uniaxial bending in each column. There are four possible cases
for a TCF subjected to an axial load and a bending moment at each column (moments
in the same direction).
Cases I-X and I-Y assume that the entire bottom area of the footing is completely

compressed.
Cases II-X and II-Y assume that the entire bottom area of the footing is partially

compressed.
For cases I-X and II-X, the equation presented in Section 2.1 (TCF under biaxial

bending in each column) is used, but Mx1 = 0 and Mx2 = 0.
For case I-Y, Equations (11) to (17) are used, but MyT = 0 because My1 = 0 and

My2 = 0.

Case II-Y. Figure 4 represents case II-Y, the entire area of the footing is partially com-
pressed.

Figure 4. Case II-Y

Now, for case II-Y, the three known points of the pressure plane are

p1

(
b1
2
, Cy1, σmax

)
; p2

(
−b1

2
, Cy1, σmax

)
; p3

(
Lyb1 − (b1 − b2)Ly3

2Ly

, Cy1 − Ly3, 0

)
(42)

The general equation of the pressure plane is determined as follows:∣∣∣∣∣∣∣∣∣∣
x− b1

2
y − Cy1 σz − σmax

−b1 0 0

−(b1 − b2)Ly3

2Ly

−Ly3 −σmax

∣∣∣∣∣∣∣∣∣∣
= 0 (43)

The pressure σz at any point of the footing is determined by solving Equation (43):



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.22, NO.3, 2026 709

σz =
σmax(Ly3 − Cy1 + y)

Ly3

(44)

The equations for R and MxT are determined:

R = 2

∫ Cy1

Cy1−Ly3

∫ b1
2
−

(b1−b2)(Cy1−y)
2Ly

0

σzdxdy (45)

R =
σmaxLy3 [3b1Ly − (b1 − b2)Ly3]

6Ly

(46)

MxT = 2

∫ Cy1

Cy1−Ly3

∫ b1
2
−

(b1−b2)(Cy1−y)
2Ly

0

σzydxdy (47)

MxT =
σmaxLy3 [2Lyb1 (3Cy1 − Ly3)− Ly3(b1 − b2) (2Cy1 − Ly3)]

12Ly

(48)

2.3. Minimum area for TCFs. Minimum area (objective) for any case is

Amin =
Ly(b1 + b2)

2
(49)

The constraints for biaxial bending in each case are indicated in Table 1.

Table 1. Constraints for biaxial bending

Case Equations of the constraints

I
0 ≤ Equations (11) to (14), Equations (11) to (14) ≤ σmax,

Equations (15) to (17), Ly = Ly1 + L+ Ly2

II
Equation (15) ≤ Equation (19), Equation (16) ≤ Equation (21),

Equation (17) ≤ Equation (23), Ly = Ly1 + L+ Ly2, b1 ≥ Lx3, Ly ≥ Ly3

III
Equation (15) ≤ Equation (25), Equation (16) ≤ Equation (27),

Equation (17) ≤ Equation (29), Ly = Ly1 + L+ Ly2, b1 ≤ Lx3, Ly ≥ Ly3

IV
Equation (15) ≤ Equation (31), Equation (16) ≤ Equation (33),

Equation (17) ≤ Equation (35), Ly = Ly1 + L+ Ly2, b1 ≥ Lx3, Ly ≤ Ly3

V
Equation (15) ≤ Equation (37), Equation (16) ≤ Equation (39),

Equation (17) ≤ Equation (41), Ly = Ly1 + L+ Ly2, b1 ≤ Lx3, Ly ≤ Ly3

Note: b1 ≥ cx1, b2 ≥ cx2, Ly1 ≥ cy1 and Ly2 ≥ cy2.

The constraints that can be limited in the Y-axis direction are
1) Not limited: Ly1 ≥ cy1/2 and Ly2 ≥ cy2/2 (Columns 1 and 2 can take any position at

the base of the footing); 2) Limited in column 1: Ly1 = cy1/2 and Ly2 ≥ cy2/2 (Column
1 is located at the edge of the footing base); 3) Limited in column 2: Ly1 ≥ cy1/2 and
Ly2 = cy2/2 (Column 2 is located at the edge of the footing base); 4) Limited in both
columns: Ly1 = cy1/2 and Ly2 = cy2/2 (Columns 1 and 2 are located at the edges of the
footing base).

The constraints for uniaxial bending in each case are presented in Table 2.
Figure 5 represents the flowchart using the equations proposed and how to use Maple

software to determine the minimum area for a TCF.

3. Numerical Studies. Two numerical studies are shown to find the minimum area of
TCFs subjected to biaxial bending for the five cases and each study is presented for the
four types of constraints in the Y-axis direction (unconstrained, constrained in column 1,
constrained in column 2, constrained in columns 1 and 2). Study 1: P1 = 250, 500, 750,
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Table 2. Constraints for uniaxial bending

Case Equations of the constraints

I-X
0 ≤ Equations (11) to (14), Equations (11) to (14) ≤ σmax,

Equations (15) to (17), Mx1 = 0, Mx2 = 0, Ly = Ly1 + L+ Ly2

II-X Equations of the five cases described in Table 1

I-Y
0 ≤ Equations (11) to (14), Equations (11) to (14) ≤ σmax,

Equations (15) to (17), My1 = 0, My2 = 0, Ly = Ly1 + L+ Ly2

II-Y
Equation (15) ≤ Equation (46), Equation (16) ≤ Equation (48),

Ly = Ly1 + L+ Ly2

Figure 5. Flowchart for a trapezoidal combined footing

1000 kN; Mx1 = My1 = 250 kN-m; P2 = 500 kN; Mx2 = My2 = 500 kN-m; L = 5.00 m;
σmax = 200 kN/m2. Study 2: The same values of study 1, but L = 7.00 m. For all studies
it is limited to b1 and b2 ≥ 0.40 (see Tables 3 to 6).
Two numerical studies are presented to estimate the minimum area of TCFs subjected

to uniaxial bending due to each column (Mx1 = Mx2 = 0 kN-m) for the five cases. Study
1: P1 = 250, 500, 750, 1000 kN; Mx1 = 0 kN-m; My1 = 250 kN-m; P2 = 500 kN; Mx2 = 0
kN-m; My2 = 500 kN-m; L = 5.00 m; σmax = 200 kN/m2. Study 2: The same values of
study 1, but L = 7.00 m. For all studies it is limited to b1 and b2 ≥ 0.40 (see Table 7).
Four numerical studies are shown to estimate the minimum area for TCFs subjected to

uniaxial bending due to each column (My1 = My2 = 0 kN-m) for the two cases (resultant
force is on the Y axis). Study 1: P1 = 250, 500, 750, 1000 kN; Mx1 = 250 kN-m; My1 = 0
kN-m; P2 = 500 kN; Mx2 = 500 kN-m; My2 = 0 kN-m; L = 5.00 m; σmax = 200 kN/m2.
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Table 3. Biaxial bending (unconstrained sides)

L
(m)

P1

(kN)
Case

b1
(m)

b2
(m)

Ly

(m)
Lx3

(m)
Ly1

(m)
Ly2

(m)
Ly3

(m)
Amin

(m2)
Study 1

5.00

250 IV 5.33 0.40 5.40 1.65 0.20 0.20 31.78 15.46
500 IV 5.06 0.40 5.40 3.62 0.20 0.20 8.78 14.75
750 IV 4.94 0.40 6.00 3.98 0.80 0.20 10.08 16.03
1000 I 5.24 0.40 6.04 – 0.84 0.20 – 17.06

Study 2

7.00

250 V 0.40 4.84 7.62 1.00 0.20 0.42 4084.93 19.98
500 IV 4.26 0.40 7.40 2.26 0.20 0.20 15.48 17.23
750 IV 4.34 0.40 7.57 3.53 0.37 0.20 10.96 17.91
1000 IV 4.10 0.40 8.54 3.29 1.34 0.20 14.78 19.21

Table 4. Biaxial bending (constrained side in column 1)

L
(m)

P1

(kN)
Case

b1
(m)

b2
(m)

Ly

(m)
Lx3

(m)
Ly1

(m)
Ly2

(m)
Ly3

(m)
Amin

(m2)
Study 1

5.00

250 IV 5.33 0.40 5.40 1.65 0.20 0.20 31.78 15.46
500 IV 5.06 0.40 5.40 3.62 0.20 0.20 8.78 14.75
750 I 5.64 0.40 5.40 – 0.20 0.20 – 16.30
1000 V 6.51 0.40 5.40 8.83 0.20 0.20 5.42 18.66

Study 2

7.00

250 V 0.40 4.84 7.62 1.00 0.20 0.42 4084.93 19.98
500 IV 4.26 0.40 7.40 2.26 0.20 0.20 15.48 17.23
750 IV 4.45 0.40 7.40 3.82 0.20 0.20 10.00 17.93
1000 I-V 5.00 0.40 7.40 5.58 0.20 0.20 8.17 19.98

Table 5. Biaxial bending (constrained side in column 2)

L
(m)

P1

(kN)
Case

b1
(m)

b2
(m)

Ly

(m)
Lx3

(m)
Ly1

(m)
Ly2

(m)
Ly3

(m)
Amin

(m2)
Study 1

5.00

250 IV 5.33 0.40 5.40 1.65 0.20 0.20 31.78 15.46
500 IV 5.06 0.40 5.40 3.62 0.20 0.20 8.78 14.75
750 IV 4.94 0.40 6.00 3.98 0.80 0.20 10.08 16.03
1000 I 5.24 0.40 6.04 – 0.84 0.20 – 17.06

Study 2

7.00

250 V 0.51 3.82 7.40 0.55 0.20 0.20 411105.44 16.02
500 IV 4.26 0.40 7.40 2.26 0.20 0.20 15.48 17.23
750 IV 3.67 0.40 9.98 1.26 2.78 0.20 1836.36 20.30
1000 IV 4.10 0.40 8.54 3.29 1.34 0.20 14.78 19.21

Study 2: The same values of study 1, but L = 7.00 m. Study 3: P1 = 250, 500, 750, 1000
kN; Mx1 = 2250 kN-m; My1 = 0 kN-m; P2 = 500 kN; Mx2 = 2500 kN-m; My2 = 0 kN-m;
L = 5.00 m; σmax = 200 kN/m2. Study 4: The same values of study 3, but L = 7.00 m.
For studies 1 and 2 it is limited to b1 and b2 ≥ 0.40 (see Table 8) and for studies 3 and 4
it is limited to b1 and b2 ≥ 1.00 (see Table 9).
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Table 6. Biaxial bending (constrained sides in columns 1 and 2)

L
(m)

P1

(kN)
Case

b1
(m)

b2
(m)

Ly

(m)
Lx3

(m)
Ly1

(m)
Ly2

(m)
Ly3

(m)
Amin

(m2)
Study 1

5.00

250 IV 5.33 0.40 5.40 1.65 0.20 0.20 31.78 15.46
500 IV 5.06 0.40 5.40 3.62 0.20 0.20 8.78 14.75
750 I 5.64 0.40 5.40 – 0.20 0.20 – 16.30
1000 III 6.51 0.40 5.40 8.83 0.20 0.20 5.42 18.66

Study 2

7.00

250 V 0.51 3.82 7.40 0.55 0.20 0.20 411105.44 16.02
500 IV 4.26 0.40 7.40 2.26 0.20 0.20 15.48 17.23
750 IV 4.45 0.40 7.40 3.82 0.20 0.20 10.00 17.93
1000 I-V 5.00 0.40 7.40 5.58 0.20 0.20 8.17 19.98

Table 7. Uniaxial bending for Mx1 = Mx2 = 0 kN-m (unconstrained sides)

L
(m)

P1

(kN)
Case

b1
(m)

b2
(m)

Ly

(m)
Lx3

(m)
Ly1

(m)
Ly2

(m)
Ly3

(m)
Amin

(m2)
Study 1

5.00

250 V 0.40 4.96 6.94 1.11 0.20 1.74 1483.90 18.59
500 V 0.40 4.69 5.75 1.90 0.55 0.20 517.09 14.64
750 IV 5.18 0.40 5.40 3.72 0.20 0.20 12.16 15.07
1000 IV 5.09 0.40 6.02 3.90 0.82 0.20 14.30 16.52

Study 2

7.00

250 V 0.40 4.61 9.67 0.78 0.20 2.47 4387.61 24.21
500 V 0.41 4.20 7.67 1.37 0.47 0.20 1018.17 17.69
750 IV 4.26 0.40 7.40 2.74 0.20 0.20 16.38 17.23
1000 IV 4.30 0.40 7.87 3.43 0.67 0.20 14.50 18.50

Table 8. Uniaxial bending for My1=My2= 0 kN-m and b1 = b2 ≥ 0.40 m
(unconstrained sides)

L
(m)

P1

(kN)
Case

b1
(m)

b2
(m)

Ly

(m)
Ly1

(m)
Ly2

(m)
Ly3

(m)
Amin

(m2)
Study 1

5.00

250 I-Y 0.40 0.74 6.58 1.28 0.30 – 3.75
500 I-Y 1.26 0.40 6.04 0.75 0.29 – 5.00
750 I-Y 1.54 0.40 6.44 1.19 0.25 – 6.25
1000 I-Y 1.82 0.40 6.74 1.48 0.26 – 7.50

Study 2

7.00

250 I-Y 0.40 0.56 7.77 0.44 0.33 – 3.75
500 I-Y 0.83 0.40 8.16 0.86 0.30 – 5.00
750 I-Y 0.63 0.45 11.60 3.28 1.32 – 6.25
1000 I-Y 1.19 0.40 9.44 2.11 0.33 – 7.50

Only studies that generate the smallest minimum area for each study are presented.



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.22, NO.3, 2026 713

Table 9. Uniaxial bending for My1=My2= 0 kN-m and b1 = b2 ≥ 1.00 m
(unconstrained sides)

L
(m)

P1

(kN)
Case

b1
(m)

b2
(m)

Ly

(m)
Ly1

(m)
Ly2

(m)
Ly3

(m)
Amin

(m2)
Study 3

5.00

250 II-Y 1.00 1.00 10.70 5.50 0.20 7.50 10.70
500 II-Y 1.00 1.00 10.78 5.58 0.20 10.00 10.78
750 I-Y 1.00 1.00 11.12 5.92 0.20 – 11.12
1000 I-Y 1.00 1.00 11.41 6.21 0.20 – 11.41

Study 4

7.00

250 II-Y 1.00 1.00 11.37 4.17 0.20 7.50 11.37
500 II-Y 1.00 1.00 11.78 4.58 0.20 10.00 11.78
750 I-Y 1.00 1.00 12.37 5.17 0.20 – 12.37
1000 I-Y 1.00 1.00 12.94 5.74 0.20 – 12.94

4. Results. One way to verify the equations for TCFs subjected to biaxial bending for
cases II, III, IV and V is as follows:

Case II as seen in Figure 3(a):
1.- Substituting x = b1/2 and y = Cy1 into Equation (10), σ1 = σmax is obtained.
2.- Substituting x = b1/2− Lx3 and y = Cy1 into Equation (10), σ2 = 0 is determined.
3.- Substituting x = b1/2 − (b1 − b2)Ly3/2Ly and y = Cy1 − Ly3 into Equation (10),

σ3 = 0 is obtained.
Case III as seen in Figure 3(b):
1.- Substituting x = b1/2 and y = Cy1 into Equation (10), σ1 = σmax is obtained.
2.- Substituting x = −b1/2 and y = Cy1 into Equation (10), σ2 = σmax(Lx3 − b1)/Lx3 is

determined. Also, it can be verified by proportions.
3.- Substituting x = b1/2 − (b1 − b2)Ly3/2Ly and y = Cy1 − Ly4 into Equation (10),

σ3 = 0 is obtained. Where Ly4 = (Lx3 − b1)LyLy3/[LyLy3 − Ly3(b1 − b2)].
4.- Substituting x = b1/2 − Lx4 and y = Cy1 − Ly3 into Equation (10), σ4 = 0 is

determined. Where Lx4 = (b1 − b2)Ly3/2Ly.
Case IV as seen in Figure 3(c):
1.- Substituting x = b1/2 and y = Cy1 into Equation (10), σ1 = σmax is obtained.
2.- Substituting x = b1/2− Lx3 and y = Cy1 into Equation (10), σ2 = 0 is determined.
3.- Substituting x = b2/2 − (Ly3 − Ly)Lx3/Ly3 and y = Cy1 − Ly into Equation (10),

σ3 = 0 is obtained.
4.- Substituting x = b2/2 and y = Cy1−Ly into Equation (10), σ4 = σmax(Ly3−Ly)/Ly3

is determined. Also, it can be verified by proportions.
Case V as seen in Figure 3(d):
1.- Substituting x = b1/2 and y = Cy1 into Equation (10), σ1 = σmax is obtained.
2.- Substituting x = −b1/2 and y = Cy1 into Equation (10), σ2 = σmax(Lx3 − b1)/Lx3 is

determined. Also, it can be verified by proportions.
3.- Substituting x = b2/2 − (Ly3 − Ly)Lx3/Ly3 and y = Cy1 − Ly into Equation (10),

σ3 = 0 is obtained.
4.- Substituting x = b2/2 and y = Cy1−Ly into Equation (10), σ4 = σmax(Ly3−Ly)/Ly3

is determined. Also, it can be verified by proportions.
One way to verify the equation for TCFs subjected to uniaxial bending for the case

II-Y is as follows (see Figure 4):
1.- Substituting y = Cy1 into Equation (44), σ1 = σmax is obtained.
2.- Substituting y = Cy1 − Ly3 in Equation (44), σ2 = 0 is determined.
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Another way to verify the equations for TCFs subjected to biaxial bending for cases I,
II, III, IV and V is as follows:
1.- By substituting b1 and b2 = Lx into Equations (11) to (14), Equations (7) to (10)

are obtained for rectangular combined footings [29].
2.- By substituting Cy1, and setting b1 and b2 = Lx into Equations (19), (21) and (23),

Equations (24) to (26) are obtained for rectangular combined footings [29].
3.- By substituting Cy1, and setting b1 and b2 = Lx into Equations (25), (27) and (29),

Equations (20) to (22) are obtained for rectangular combined footings [29].
4.- By substituting Cy1, and setting b1 and b2 = Lx into Equations (31), (33) and (35),

Equations (16) to (18) are obtained for rectangular combined footings [29].
5.- By substituting Cy1, and setting b1 and b2 = Lx into Equations (37), (39) and (41),

Equations (12) to (14) are obtained for rectangular combined footings [29].
The results of minimum areas for TCFs subjected to biaxial bending are shown in

Tables 3, 4, 5 and 6 which present the following.
Table 3 (unconstrained sides) shows the following: Study 1, the first three appear in

case IV and the last in case I. When P1 increases: Ly and Ly1 are the same up to P1 =
500 kN and then increase; Ly2 and b2 are the same; b1 decreases up to P1 = 750 kN and
then increases; Amin decreases up to P1 = 500 kN and then increases. Study 2, the first
appears in case V and the last three appear in case IV. When P1 increases: Ly and Amin

decrease up to P1 = 500 kN and then increase; Ly2 and b2 decrease until P1 = 500 kN
and then are equal; Ly1 is the same until P1 = 500 kN and then increases; b1 increases
until P1 = 750 kN and then decreases.
Table 4 (constrained side in column 1) presents the following: Study 1, the first two

appear in case IV, third appears in case I and the last in case V. When P1 increases: Ly,
b2, Ly1 and Ly2 are the same; b1 and Amin decrease up to P1 = 500 kN and then increase.
Study 2, the first appears in case V, the second and third in case IV and the last in cases
I and V. When P1 increases: Ly, Ly2 and b2 decrease until P1 = 500 kN and then are
equal; Ly1 is the same; b1 increases; Amin decreases up to P1 = 500 kN and then increases.
Table 5 (constrained side in column 2) shows the following: Study 1 shows the same

results as Table 3 in study 1. Study 2, the first appears in case V and the last three appear
in case IV. When P1 increases: Ly and Ly1 are the same up to P1 = 500 kN, then increase
up to P1 = 750 kN and subsequently decrease; Ly2 is the same; b1 increases up to P1 =
500 kN, then decreases up to P1 = 750 kN and subsequently increases; b2 decreases up to
P1 = 500 kN, and then is equal; Amin increases up to P1 = 750 kN and then decreases.
Table 6 (constrained sides in columns 1 and 2) presents the following: Study 1 shows

the same results as Table 4 in study 1. Study 2, the first appears in case V, the second
and third in case IV and the last in cases I and V. When P1 increases: Ly, Ly1 and Ly2

are the same; b1 and Amin increase; b2 decreases until P1 = 500 kN and then is equal.
The results of minimum areas for trapezoidal combined footings subjected to uniaxial

bending are presented in Tables 7 to 9 which show the following.
Table 7 (unconstrained sides) shows the following: Study 1, the first two appear in case

V and the two last appear in case IV. When P1 increases: b1 is the same up to P1 = 500
kN, then increases up to P1 = 750 kN and subsequently decreases; b2 decreases up to P1

= 750 kN and then is the same; Ly decreases up to P1 = 750 kN, and then increases;
Ly1 increases up to P1 = 500 kN, then decreases up to P1 = 750 kN and subsequently
increases; Ly2 decreases up to P1 = 500 kN and then is equal; Amin decreases up to P1 =
500 kN and then increases. Study 2, the first two appear in case V and the two last appear
in case IV. When P1 increases: b1 increases; b2 decreases up to P1 = 750 kN and then is
the same; Ly decreases up to P1 = 750 kN and then increases; Ly1 increases up to P1 =
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500 kN, then decreases up to P1 = 750 kN and subsequently increases; Ly2 decreases up
to P1 = 500 kN and then is equal; Amin decreases up to P1 = 750 kN and then increases.

Table 8 (unconstrained sides) presents the following: Study 1, all appear in case I-Y.
When P1 increases: b1 increases; b2 decreases up to P1 = 500 kN and then is the same; Ly

and Ly1 decrease up to P1 = 500 kN and then increase; Ly2 decreases up to P1 = 750 kN
and then increases; Amin increases. Study 2, all appear in case I-Y. When P1 increases: b1
increases up to P1 = 500 kN, then decreases up to P1 = 750 kN and subsequently increases;
b2 decreases up to P1 = 500 kN and then increases up to P1 = 750 kN and subsequently
decreases; Ly and Ly1 increase up to P1 = 750 kN and then decrease; Ly2 decreases up
to P1 = 500 kN, then increases up to P1 = 750 kN and subsequently decreases; Amin

increases.
The minimum area depends first on Ly1, Ly2, b1 and b2, but a generalized trend cannot

be presented because they appear in different cases.
Table 9 (unconstrained sides) shows the following: Study 1, the first two appear in case

II-Y and the two last appear in case I-Y. When P1 increases: Ly and Ly1 increase; b1, b2
and Ly2 are the same; Amin increases. Study 2 shows the same behavior as study 1.

Figure 6 shows the minimum areas of the CM (current model) or case I (values at the
top) and NM (new model) or cases II, III, IV and V (values at the bottom) for biaxial
bending.

Figure 7 shows the minimum areas of the CM or case I and NM or cases II, III, IV and
V for uniaxial bending with Mx1 = Mx2 = 0 kN-m (unconstrained sides).

Figure 8 shows the minimum areas of the CM or case I-Y and NM or cases II-Y for
uniaxial bending (unconstrained sides) with My1 = My2 = 0 kN-m with b1 = b2 ≥ 0.40 m
for studies 1 and 2, and with b1 = b2 ≥ 1.00 m for studies 3 and 4.

Figure 6(a) (Unconstrained sides) shows the following: The CM is greater than the NM
in all cases except in study 1 for P1 = 1000 kN. The biggest difference occurs at P1 = 250
kN for study 1 of 2.08 times, and for study 2 of 2.22 times. The minor difference occurs
at P1 = 1000 kN for study 1 of 0.99 times, and for study 2 of 1.01 times.

Figure 6(b) (Constrained side in column 1) presents the following: The CM is greater
than the NM in all cases except in study 1 for P1 = 750 kN. The biggest difference occurs
at P1 = 1000 kN for study 1 of 2.88 times, and at P1 = 250 kN for study 2 of 2.22 times.
The minor difference occurs at P1 = 750 kN for study 1 of 0.96 times, and for study 2
occurs at P1 = 1000 kN of 0 times.

Figure 6(c) (Constrained side in column 2) shows the following: The CM is greater than
the NM in all cases except in study 1 for P1 = 1000 kN. The biggest difference occurs at
P1 = 250 kN for study 1 of 2.08 times, and for study 2 of 2.76 times. The minor difference
occurs at P1 = 1000 kN for study 1 of 0.99 times, and for study 2 of 1.01 times.

Figure 6(d) (Constrained sides in columns 1 and 2) presents the following: The CM is
greater than the NM in all cases except in study 1 for P1 = 750 kN. The biggest difference
occurs at P1 = 1000 kN for study 1 of 2.88 times, and at P1 = 250 kN for study 2 of
2.76 times. The minor difference occurs at P1 = 750 kN for study 1 of 0.96 times, and for
study 2 occurs at P1 = 1000 kN of 0 times.

Figure 7 shows the following: The CM is greater than the NM in all cases. The biggest
difference occurs at P1 = 500 kN for study 1 of 1.66 times, and for study 2 of 1.88 times.
The minor difference occurs at P1 = 1000 kN for study 1 of 1.09 times and for study 2 of
1.07 times.

Figure 8(a) presents the following: The NM is greater than the CM in all cases. The
biggest difference occurs at P1 = 250 kN for study 1 of 1.73 times, and for study 2 of 1.90
times.
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(a) Unconstrained sides

(b) Constrained side in column 1

(c) Constrained side in column 2

(d) Constrained sides in columns 1 and 2

Study 1 Study 2

Figure 6. Comparison of minimum areas for biaxial bending of the two models

Figure 8(b) shows the following: The CM is larger than the NM in the first two cases
and the NM is larger in the last two cases for both studies. The greatest difference is
given at P1 = 250 kN for study 3 of 1.15 times, and for study 4 of 1.17 times the CM
with respect to the NM. The greatest difference is given at P1 = 1000 kN for study 3 of
1.20 times, and for study 4 of 1.10 times the NM with respect to the CM.
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Study 1 Study 2

Figure 7. Comparison of minimum areas for uniaxial bending of the two
models with Mx1 = Mx2 = 0 kN-m

(a) b1 = b2 ≥ 0.40 m

Study 1 Study 2

(b) b1 = b2 ≥ 1.00 m

Study 3 Study 4

Figure 8. Comparison of minimum areas for uniaxial bending of the two
models with My1 = My2 = 0 kN-m

5. Conclusions. Foundation of a structure is the essential part for transmitting the loads
from the columns or walls to the underlying soil below the structure. The study of TCFs
shown in this article produces exceptionally accurate results for all foundation engineering
work. The main part of this work is to determine the minimum area of the TCFs.

This study assumes that the soil support layers are elastic and the footing is rigid, and
the pressure diagram is presented as a linear variation.

Equations (19), (21), (23), (25), (27), (29), (31), (33), (35), (37), (39), (41), (46) and
(48) can be verified using the geometric properties of a triangular-based pyramid to obtain
the resultant force “R”, the moment about the X axis “MxT” and the moment about the
Y axis “MyT”.
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The main conclusions are the following.
1) Some authors propose equations to determine the sides of the footing and the mini-

mum area, but they only consider case I (area is completely compressed).
2) The proposed model shows the precise and simplified equations and also presents

the minimum area for each case.
3) The model can be used as a review of the allowable load capacity of the soil, taking

account of the objective “σmax”, and the same constraints for biaxial bending or uniaxial
bending.
4) The proposed model for biaxial bending shows a significant saving in the minimum

contact area on the ground of up to 65.30% less than the current model as can be seen in
Figures 6(b) and 6(d).
5) The proposed model for uniaxial bending (Mx1 = Mx2 = 0 kN-m with unconstrained

sides) shows a significant saving in the minimum contact area on the ground of up to
48.68% less than the current model as can be seen in Figure 7 in study 2.
6) When the pressure under the footing is uniform, it is governed by case I as can be

seen in Figure 8(a).
7) When the resultant force increases, it tends to shift from the new model to the

current model.
8) When the footing area is partially compressed, less earth extraction volume is gen-

erated, and therefore, the cost is reduced.
This study presents a robust and effective solution that is applied only to obtaining the

sides and the minimum area of TCFs that rest on elastic soil, and the soil pressure on the
footing is linear.
Suggestions for next investigations can be minimum design cost for TCFs considering

that the area is partially compressed.
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[21] G. Özmen, Determination of base stresses in rectangular footings under biaxial bending, Teknik
Dergi Digest, vol.22, no.4, pp.1519-1535, 2011.

[22] I. Aydogdu, New iterative method to calculate base stress of footings under biaxial bending, Inter-
national Journal of Engineering & Applied Sciences (IJEAS), vol.8, no.4, pp.40-48, 2016.

[23] K. Girgin, Simplified formulations for the determination of rotational spring constants in rigid spread
footings resting on tensionless soil, Journal of Civil Engineering and Management, vol.23, no.4,
pp.464-474, 2017.
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Diaz-Gurrola, Optimal area for a rectangular isolated footing with an eccentric column and partial
ground compression, Applied Sciences, vol.14, no.15, pp.1-16, 2024.
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