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Abstract. Aggregation and decision-making of linguistic evaluation information in un-
certain environments has garnered considerable research attention. This paper proposes a
novel Linguistic Interval-Valued Spherical Fuzzy Power Weighted Average operator and
develops a multi-attribute group decision-making method based on this operator to tack-
le qualitative linguistic assessments. First, we define a support degree function between
linguistic interval-valued spherical fuzzy numbers to quantify the correlation among ex-
pert evaluations. Subsequently, we construct a Linguistic Interval-Valued Spherical Fuzzy
Power Weighted Average operator that incorporates information relevance to effectively
fuse multi-expert evaluations. Finally, we develop an objective attribute weight deter-
mination method based on similarity analysis of expert assessments, establish a com-
plete multi-attribute group decision-making method framework, and validate the proposed
method’s rationality and effectiveness through an illustrative example.
Keywords: Linguistic interval-valued spherical fuzzy sets, Multi-attribute group decision-
making, Power weighted average operator

1. Introduction. In real-world decision-making scenarios, decision-makers often rely on
qualitative linguistic evaluations due to the inherent uncertainty and fuzziness of objective
things. Recognizing the need to effectively manage the inherent fuzziness and incomplete-
ness commonly encountered in real-world information, Zadeh proposed fuzzy sets in 1965
[1], using real numbers between 0 and 1 to quantify the relationship between alternatives
and various rules. To address the limitation of fuzzy sets considering only membership
degrees, Atanassov extended fuzzy sets in 1986 by simultaneously considering member-
ship, non-membership, and hesitation degrees, introducing intuitionistic fuzzy sets [2].
To account for cases where membership degrees and other values are interval numbers,
Atanassov and Gargov proposed interval-valued intuitionistic fuzzy sets in 1989 [3]. In
real-world decision-making processes, the sum of membership and non-membership de-
grees provided by decision-makers for alternatives may exceed 1, whereas the sum of their
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squares may be less than or equal to 1. In light of this, Atanassov further extended intu-
itionistic fuzzy sets in 1989, proposing Type-2 intuitionistic fuzzy sets [4], which provide
decision-makers with a broader preference domain.
In 2019, Kutlu Gündoğdu and Kahraman introduced spherical fuzzy sets [5], a novel

extension of fuzzy sets represented by four functions: membership, non-membership, hes-
itation, and abstention degrees. Spherical fuzzy sets have been widely applied in decision-
making [6, 7, 8, 9], medical diagnosis [10], pattern recognition [11, 12], and other research
areas. However, as research progresses and theoretical studies are applied to real-world
problems, many issues in reality are too complex for precise numerical descriptions to fully
capture, especially in scenarios involving human cognition and decision-making. To ad-
dress this challenge, Zadeh’s linguistic variables [13] enable decision-makers to solve prac-
tical problems through qualitative evaluations. Consequently, numerous scholars have pro-
posed extensions of spherical fuzzy sets to enhance their modeling capabilities [14, 15, 16].
Jin et al. [17] combined the notion of linguistic fuzzy set and spherical fuzzy set and pro-
posed linguistic spherical fuzzy weighted averaging and geometric operators based on
spherical fuzzy numbers. While their work facilitates the direct use of language in eval-
uations, a drawback is its confinement to single-point linguistic terms rather than inter-
vals. This lack of an interval-valued structure limits the model’s flexibility. Liu et al. [18]
proposed the concept of the linguistic interval-valued spherical fuzzy set (LIVSFS) and
discussed the basic operational laws. Nevertheless, the aggregation of LIVSFS information
remains an underexplored area.
The theoretical frameworks and methods of multi-attribute group decision-making

(MAGDM) have found extensive applications across diverse domains including engineer-
ing, education, economics, management, and healthcare. Recently, many scholars have
proposed various MAGDM methodologies based on the above research to address various
challenges in complex decision environments [19, 20, 21, 22, 23]. Xu et al. [24] discussed
the concept of the chi-square divergence measure for spherical fuzzy sets, and proposed
an MAGDM method based on the TOPSIS method. While their approach demonstrates
proficiency in managing numerical spherical fuzzy data, it lacks the necessary capability
to process linguistic or interval-valued linguistic information, thus failing to accommo-
date the qualitative nature of human expert assessments. While Hussain et al. [25] made
significant contributions to the development of interval-valued T-spherical fuzzy aggrega-
tion operators for healthcare decision-making, their approach remains constrained by its
dependence on numerical interval representations, which cannot effectively capture and
process the qualitative linguistic evaluations naturally provided by human experts in real-
world group decision-making contexts. While Garg and Kumar [26] introduced linguistic
interval-valued intuitionistic fuzzy sets for group decision-making, their model’s funda-
mental limitation lies in its restriction to a two-dimensional membership-nonmembership
framework, which fails to capture the crucial hesitancy dimension and richer uncertainty
representation offered by linguistic spherical fuzzy models.
To represent decision-makers’ preferences using linguistic interval values and apply

LIVSFS to decision-making problems, this paper firstly proposes the Linguistic Interval-
Valued Spherical Fuzzy Power Weighted Average (LIVSFPWA) operator and the Lin-
guistic Interval-Valued Spherical Fuzzy Power Average (LIVSFPA) operator based on
the fundamental operations and properties of LIVSFS, aiming to aggregate evaluation
information. Secondly, a method for determining the weights of unknown attributes is
proposed by utilizing the similarity among multi-expert correlation information. Finally,
an MAGDM method under the linguistic interval-valued spherical fuzzy environment is
developed based on the proposed operators, and the effectiveness and rationality of the
proposed method are demonstrated through an illustrative example of teacher selection.
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The rest of this paper is organized as follows. Section 2 reviews the fundamental oper-
ations and properties of LIVSFS, as well as aggregation operators for MAGDM methods.
Section 3 introduces the LIVSFPWA operator and the LIVSFPA operator for aggregat-
ing evaluation information, proposes a method for determining unknown attribute weights
and investigates the MAGDM method under linguistic interval-valued spherical fuzzy en-
vironment. Section 4 validates the rationality and effectiveness of the proposed method
through an illustrative example. Finally, Section 5 concludes the paper and suggests po-
tential directions for future research.

2. Preliminaries. To better handle uncertain information in decision-making process-
es, this paper adopts linguistic interval values to represent decision-makers’ preferences,
thereby enhancing their freedom of preference expression and assisting them in addressing
decision problems under linguistic uncertainty. This section briefly presents the relevant
theoretical foundations, including linguistic term sets, linguistic interval-valued spherical
fuzzy sets, and related concepts, which provide the theoretical basis for the following
sections.

Definition 2.1. [27] Let S = {s0, s1, . . . , sg} be a finite set of linguistic items consisting
of an odd number of items, where g is a positive integer. If S satisfies the following
conditions:

1. Orderliness: si ≥ sj ⇔ i ≥ j;
2. Negative operator: ¬(s−i) = si, especially, ¬(s0) = s0;
3. Maximum operator: si ≥ sj ⇔ max(si, sj) = si;
4. Minimum operator: si ≤ sj ⇔ min(si, sj) = si.

then S is called a linguistic term set.

Definition 2.2. [18] Let X ̸= φ be a finite universe and S = {sz|s0 ≤ sz ≤ sh, z ∈
[0, h]} be a continuous linguistic term set. A Linguistic Interval-Valued Spherical Fuzzy
Set (LIVSFS) A in X is defined as

A = {⟨x, (s̃uA(x), s̃πA(x), s̃vA(x))⟩|x ∈ X}, (1)

where s̃uA(x) =
[
sLuA(x), s

U
uA(x)

]
, s̃πA(x) =

[
sLπA(x), s

U
πA(x)

]
and s̃vA(x) =

[
sLvA(x), s

U
vA(x)

]
represent the membership degree, the hesitancy degree and the non-membership degree of
x to A, respectively, such that for each x ∈ X,

0 ≤
(
s̃UuA(x)

)2
+
(
s̃UπA(x)

)2
+
(
s̃UvA(x)

)2 ≤ h2 (2)

Then s̃rA(x) =
[
rLA(x), r

U
A(x)

]
is the waiver degree of x to A, where

rLA(x) =

√
h2 −

((
uL
A(x)

)2
+
(
πL
A(x)

)2
+
(
vLA(x)

)2)
,

rUA(x) =

√
h2 −

((
uU
A(x)

)2
+
(
πU
A(x)

)2
+
(
vUA(x)

)2)
.

The set of all LIVSFS in X is denoted by LIVSF(X).
Usually, αA =

([
sLuA, s

U
uA

]
,
[
sLπA, s

U
πA

]
,
[
sLvA, s

U
vA

])
is called a Linguistic Interval-Valued

Spherical Fuzzy Number (LIVSFN) of A.

For the sake of readability, we denote the LIVSFN by α = ([sa, sb], [sc, sd], [se, sf ]),
where [sa, sb] ⊆ [s0, sh], [sc, sd] ⊆ [s0, sh], [se, sf ] ⊆ [s0, sh], 0 ≤ b2 + d2 + f 2 ≤ h2 and also
sa, sb, sc, sd, se, sf ∈ S.

Definition 2.3. [18] Let α1 = ([sa1 , sb1 ], [sc1 , sd1 ], [se1 , sf1 ]), α2 =
(
[sa2 , sb2 ], [sc2 , sd2 ], [se2 ,

sf2 ]
)
be two LIVSFNs, λ is a positive integer, then
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1. α1 ⊕ α2=

([
s√

a21+a22−
a21a

2
2

h2

, s√
b21+b22−

b21b
2
2

h2

]
,
[
s c1c2

h
, s d1d2

h

]
,
[
s e1e2

h
, s f1f2

h

])
;

2. α1 ⊗ α2

=

([
sa1a2

h
, s b1b2

h

]
,

[
s√

c21+c22−
c21c

2
2

h2

, s√
d21+d22−

d21d
2
2

h2

]
,

[
s√

e21+e22−
e21e

2
2

h2

, s√
f2
1+f2

2−
f21 f22
h2

])
;

3. λα1 =

s√
h2−h2

(
1−

a21
h2

)λ , s√
h2−h2

(
1−

b21
h2

)λ

 ,

[
s
h( c1

h )
λ , s

h( d1
h )

λ

]
,

[
s
h( e1

h )
λ , s

h( f1
h )

λ

];

4. αλ
1 =



[
s
h(a1

h )
λ , s

h( b1
h )

λ

]
,

s√
h2+h2

(
1−

c21
h2

)λ , s√
h2+h2

(
1−

d21
h2

)λ

 ,

s√
h2+h2

(
1−

e21
h2

)λ , s√
h2−h2

(
1−

f21
h2

)λ




.

Definition 2.4. [18] Let α = ([sa, sb], [sc, sd], [se, sf ]) be an LIVSFN. The score function
and the accuracy function of α are respectively defined as

S(α) = s√
2h2+a2+b2−e2−f2−( c2 )

2−( d
2)

2

4

, (3)

H(α) = s√
a2+b2+e2+f2+c2+d2

2

. (4)

Then, the comparison laws based on the score function and the accuracy function
between two different LIVSFNs will be defined as follows.

Theorem 2.1. [18] Let α1 = ([sa1 , sb1 ], [sc1 , sd1 ], [se1 , sf1 ]) and α2 = ([sa2 , sb2 ], [sc2 , sd2 ],
[se2 , sf2 ]) be two different LIVSFNs, and the comparison laws be defined as follows:

1. If S(α1) > S(α2), then α1 > α2;
2. If S(α1) < S(α2), then α1 < α2;
3. If S(α1) = S(α2), then

(a) If H(α1) > H(α2), then α1 > α2;
(b) If H(α1) < H(α2), then α1 < α2;
(c) If H(α1) = H(α2), then α1 = α2.

Definition 2.5. [18] The Power Average (PA) operator is a mapping PA : Ωn → Ω,
satisfying

PA(α1, α2, . . . , αn) =
n∑

i=1

(1 + T (αi))αi∑n
j=1(1 + T (αj))

, (5)

where T (αi) =
∑n

j=1 Sup(αi, αj), and Sup(αi, αj) denotes the support degree of αi to αj,
and the following properties hold:

1. Sup(αi, αj) ∈ [0, 1];
2. Sup(αi, αj) = Sup(αj, αi);
3. If |αi − αj| ≤ |αs − αt|, then Sup(αi, αj) ≥ Sup(αs, αt).

Clearly, the more similar αi and αj are (i.e., the closer their distance), the greater their
support degree will be.
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Definition 2.6. [18] The Ordered Weighted Averaging (OWA) operator is a mapping
OWA : Ωn → Ω, satisfying

OWA(α1, α2, . . . , αn) =
n∑

i=1

βiϖi, (6)

where βi (1 ≤ i ≤ n) denotes the i-th largest element in (α1, . . . , αn), ϖ = {ϖ1, . . . , ϖn}
represents an n-dimensional positional weight vector satisfying ϖi ∈ [0, 1] and

∑n
i=1 ϖi =

1.

The OWA operator first sorts the input data (α1, . . . , αn), in descending order, yielding
the reordered sequence (β1, . . . , βn). The aggregated result is then computed by applying
the weights ϖi (1 ≤ i ≤ n) to this reordered sequence. Importantly, the weight ϖi is
unrelated to the original data point αi, but is instead exclusively tied to the position i in
the descending-sorted sequence βi.

3. The LIVSFPWA Operator and the Proposed MAGDM Framework. This
section establishes the theoretical foundation of our proposed framework. We first intro-
duce the Linguistic Interval-Valued Spherical Fuzzy Power Weighted Average (LIVSFP-
WA) operator, which extends Yager’s power average operator [28] to effectively handle lin-
guistic interval-valued spherical fuzzy information. Furthermore, we develop a similarity-
based method for determining attribute weights objectively from expert evaluation data
and an MAGDM framework.

3.1. LIVSFPWA operator and properties.

Definition 3.1. Let αi = ([sai , sbi ], [sci , sdi ], [sei , sfi ]) (i = 1, 2, . . . , n) be a collection of n
LIVSFNs, and ω = (ω1, ω2, . . . , ωn)

⊤ be their associated weight vector satisfying ωi > 0
and

∑n
i=1 ωi = 1. The LIVSFPWA operator is a mapping LIVSFPWA : Ωn → Ω defined

as

LIVSFPWA(α1, α2, . . . , αn) =
n⊕

i=1

ωi(1 + T (αi))∑n
j=1 ωj(1 + T (αj))

αi. (7)

The total support measure T (αi) for αi is computed as

T (αi) =
n∑

j=1
j ̸=i

ωiSup(αi, αj), (8)

where Sup(αi, αj) = 1− d(αi, αj) represents the support degree between αi and αj.
The support degree Sup(αi, αj) satisfies the following properties:

1. Normalization: Sup(αi, αj) ∈ [0, 1];
2. Symmetry: Sup(αi, αj) = Sup(αj, αi);
3. Monotonicity: If d(αi, αs) < d(αi, αt), then Sup(αi, αs) ≥ Sup(αi, αt).

where d(αi, αj) denotes the metric distance between linguistic interval-valued spherical
fuzzy numbers αi and αj.

Clearly, Sup(αi, αj) serves as a similarity measure – The more similar two linguistic
interval-valued spherical fuzzy numbers are, the greater their support degree becomes.

When the weight vector is uniformly distributed as ω =
(
1
n
, 1
n
, . . . , 1

n

)⊤
, the LIVSF-

PWA operator reduces to the Linguistic Interval-Valued Spherical Fuzzy Power Average
(LIVSFPA) operator:

LIVSFPA(α1, α2, . . . , αn) =
n⊕

i=1

1 + T (αi)∑n
j=1(1 + T (αj))

αi, (9)
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where the total support degree T (αi) is calculated as

T (αi) =
1

n

n∑
j=1
j ̸=i

Sup(αi, αj). (10)

Theorem 3.1. Let αi = ([sai , sbi ], [sci , sdi ], [sei , sfi ]) (i = 1, 2, . . . , n) be a collection of
LIVSFNs, and ω = (ω1, ω2, . . . , ωn)

⊤ be their associated weight vector satisfying ωi > 0

and
∑n

i=1 ωi = 1. Let ϕi =
ωi(1+T (αi))∑n

j=1 ωj(1+T (αj))
, and then the LIVSFPWA operator is formu-

lated as

LIVSFPWA(α1, α2, . . . , αn)

=
n⊕

i=1

ωi(1 + T (αi))αi∑n
j=1 ωj(1 + T (αj))

=



s√

h2−h2
∏n

i=1

(
1−

a2
i

h2

)ϕi
,

s√
h2−h2

∏n
i=1

(
1−

b2
i

h2

)ϕi

 ,

[
s
h
∏n

i=1(
ci
h )

ϕi ,

s
h
∏n

i=1(
di
h )

ϕi

]
,

[
s
h
∏n

i=1(
ei
h )

ϕi ,

s
h
∏n

i=1(
fi
h )

ϕi

] . (11)

Moreover, the aggregated result LIVSFPWA(α1, α2, . . . , αn) remains an LIVSFN.

Proof: (1) According to Definition 3.1, LIVSFPWA(α1, α2, . . . , αn) =
⊕n

i=1(ϕiαi) and
by Definition 2.3,

ϕiαi =




s√
h2−h2

(
1−

a2
i

h2

)ϕi
,

s√
h2−h2

(
1−

b2
i

h2

)ϕi

 ,

[
s
h( ci

h )
ϕi ,

s
h( di

h )
ϕi

]
,

[
s
h( ei

h )
ϕi ,

s
h( fi

h )
ϕi

] .

We establish this result by mathematical induction on n, where n denotes the number
of linguistic interval-valued spherical fuzzy numbers.
Base case n = 2: LIVSFPWA(α1, α2) = ϕ1α1 ⊕ ϕ2α2

=





s√√√√√√(h2−h2

(
1−

a21
h2

)ϕ1
)
+

(
h2−h2

(
1−

a22
h2

)ϕ2
)
−

h2−h2

(
1−

a21
h2

)ϕ1
h2−h2

(
1−

a22
h2

)ϕ2


h2

,

s√√√√√√(h2−h2

(
1−

b21
h2

)ϕ1
)
+

(
h2−h2

(
1−

b22
h2

)ϕ2
)
−

h2−h2

(
1−

b21
h2

)ϕ1
h2−h2

(
1−

b22
h2

)ϕ2


h2

 ,

[
s
h( c1

h )
ϕ1( c2

h )
ϕ2 ,

s
h( d1

h )
ϕ1( d2

h )
ϕ2

]
,

[
s
h( e1

h )
ϕ1( e2

h )
ϕ2 ,

s
h( f1

h )
ϕ1( f2

h )
ϕ2

]


=



s√

h2−h2

(
1−

a21
h2

)ϕ1
(
1−

a22
h2

)ϕ2
,

s√
h2−h2

(
1−

b21
h2

)ϕ1
(
1−

b22
h2

)ϕ2

 ,

[
s
h( c1

h )
ϕ1( c2

h )
ϕ2 ,

s
h( d1

h )
ϕ1( d2

h )
ϕ2

]
,

[
s
h( e1

h )
ϕ1( e2

h )
ϕ2 ,

s
h( f1

h )
ϕ1( f2

h )
ϕ2

] .

Thus, for n = 2, Equation (11) holds.
Assume Equation (11) holds for n = k. We have to show that Equation (11) holds for

n = k + 1. By induction hypothesis and Definition 2.3 we have

LIVSFPWA(α1, α2, . . . , αk+1)

= LIVSFPWA(α1, α2, . . . , αk)⊕ ϕk+1αk+1
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=



s√

h2−h2
∏k

i=1

(
1−

a2
i

h2

)ϕi
,

s√
h2−h2

∏k
i=1

(
1−

b2
i

h2

)ϕi

 ,

sh(∏k
i=1(

ci
h )

ϕi
),

s
h

(∏k
i=1(

di
h )

ϕi
)
 ,

sh(∏k
i=1(

ei
h )

ϕi
),

s
h

(∏k
i=1(

fi
h )

ϕi
)



⊕

s√

h2−h2

(
1−

a2
k+1
h2

)ϕk+1
,

s√
h2−h2

(
1−

b2
k+1
h2

)ϕk+1

 ,

sh( ck+1
h )

ϕk+1 ,

s
h
(

dk+1
h

)ϕk+1

 ,

sh( ek+1
h )

ϕk+1 ,

s
h
(

fk+1
h

)ϕk+1




=



s√

h2−h2
∏k+1

i=1

(
1−

a2
i

h2

)ϕi
,

s√
h2−h2

∏k+1
i=1

(
1−

b2
i

h2

)ϕi

 ,

sh(∏k+1
i=1 (

ci
h )

ϕi
),

s
h

(∏k+1
i=1 (

di
h )

ϕi
)
 ,

sh(∏k+1
i=1 (

ei
h )

ϕi
),

s
h

(∏k+1
i=1 (

fi
h )

ϕi
)

 .

Therefore, by mathematical induction, Equation (11) holds.
(2) For a set of LIVSFNs αi = ([sai , sbi ], [sci , sdi ], [sei , sfi ]) (i = 1, . . . , n), it follows from

Definition 2.2 that d2i + f 2
i ≤ h2 − b2i (i = 1, 2, . . . , n). Let ϕi =

ωi(1+T (αi))∑n
j=1 ωj(1+T (αj))

, and then

we have

h2 − h2

n∏
i=1

(
1− b2i

h2

)ϕi

+ h
n∏

i=1

(
di
h

)ϕi

+ h
n∏

i=1

(
fi
h

)ϕi

= h2

(
1−

n∏
i=1

(
h2 − b2i

h2

)ϕi
)

+ h2

n∏
i=1

(
d2i
h2

)ϕi

+ h2

n∏
i=1

(
f 2
i

h2

)ϕi

≤h2

(
1−

n∏
i=1

(
d2i + f 2

i

h2

)ϕi
)

+ h2

n∏
i=1

(
d2i
h2

)ϕi

+ h2

n∏
i=1

(
f 2
i

h2

)ϕi

= h2.

Based on the foregoing analysis, it follows that LIVSFPWA(α1, α2, . . . , αn) remains an
LIVSFN.

If the weight vector ω =
(
1
n
, 1
n
, . . . , 1

n

)⊤
, let θ = 1+T (αi)∑n

j=1(1+T (αj))
, the explicit formulation

of the LIVSFPA operator is readily obtained as

LIVSFPA(α1, α2, . . . , αn)

=



s√

h2−h2
∏n

i=1

(
1−

a2
i

h2

)θ ,

s√
h2−h2

∏n
i=1

(
1−

b2
i

h2

)θ

 ,

[
s
h
∏n

i=1(
ci
h )

θ ,

s
h
∏n

i=1(
di
h )

θ

]
,

[
s
h
∏n

i=1(
ei
h )

θ ,

s
h
∏n

i=1(
fi
h )

θ

]  .

Theorem 3.2. Let αi = ([sai , sbi ], [sci , sdi ], [sei , sfi ]) (i = 1, 2, . . . , n) be a collection of

LIVSFNs, and let ω =
(
ω1, ω2, . . . , ωn

)⊤
denote their weight vector satisfying ωi > 0 and∑n

i=1 ωi = 1 (i = 1, 2, . . . , n). Then the aggregated result satisfies the following properties:

1. Idempotency: If αi = α = ([sa, sb], [sc, sd], [se, sf ]) (i = 1, 2, . . . , n), then

LIVSFPWA(α1, α2, . . . , αn) = α = ([sa, sb], [sc, sd], [se, sf ]);

2. Monotonicity: Let βi = ([sgi , sji ], [ski , sli ], [ssi , sti ]) (i = 1, 2, . . . , n) be another col-
lection of LIVSFNs satisfying ai ≤ gi, bi ≤ ji, ci ≤ ki, di ≤ li, ei ≥ si, fi ≥ ti and
T (αi) = T (βi), and then LIVSFPWA(α1, α2, . . . , αn) ≤ LIVSFPWA(β1, β2, . . . , βn);

3. Boundness: Define the lower and upper bounds:

a− =
(
[smin{ai}, smin{bi}], [smin{ci}, smin{di}], [smin{ei}, smin{fi}]

)
,

a+ =
(
[smax{ai}, smax{bi}], [smax{ci}, smax{di}], [smax{ei}, smax{fi}]

)
.
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Then the aggregated result satisfies α− ≤ LIVSFPWA(α1, α2, . . . , αn) ≤ α+.

Proof: (1) Since αi = α = ([sa, sb], [sc, sd], [se, sf ]) (i = 1, 2, . . . , n), it follows that
n∑

i=1

ωi(1 + T (αi))∑n
j=1 ωj(1 + T (αj))

= 1.

By Theorem 3.1, we obtain

LIVSFPWA (α1, α2, . . . , αn)

=




s√
h2−h2

∏n
i=1

(
1−

a2
i

h2

)ϕi
,

s√
h2−h2

∏n
i=1

(
1−

b2
i

h2

)ϕi

 ,

[
s
h
∏n

i=1(
ci
h )

ϕi ,

s
h
∏n

i=1(
di
h )

ϕi

]
,

[
s
h
∏n

i=1(
ei
h )

ϕi ,

s
h
∏n

i=1(
fi
h )

ϕi

]
=


 s√

h2−h2
(
1− a2

h2

)∑n
i=1

ϕi
,

s√
h2−h2

(
1− b2

h2

)∑n
i=1

ϕi

 ,

[
s
h( c

h)
∑n

i=1
ϕi ,

s
h( d

h)
∑n

i=1
ϕi

]
,

[
s
h( e

h)
∑n

i=1
ϕi ,

s
h( f

h)
∑n

i=1
ϕi

] 
=α =

([
sa, sb

]
,
[
sc, sd

]
,
[
se, sf

])
;

(2) Since T (αi) = T (βi) (i = 1, 2, . . . , n), we have

ωi(1 + T (αi))∑n
j=1 ωj(1 + T (αj))

=
ωi(1 + T (βi))∑n
j=1 ωj(1 + T (βj))

.

Let ϕi =
ωi(1+T (αi))∑n

j=1 ωj(1+T (αj))
(i = 1, 2, . . . , n), and then it follows that

LIVSFPWA (α1, α2, . . . , αn)

=


s√

h2−h2
∏n

i=1

(
1−

a2
i

h2

)ϕi
, s√

h2−h2
∏n

i=1

(
1−

b2
i

h2

)ϕi

 ,

[
s
h
∏n

i=1(
ci
h )

ϕi , s
h
∏n

i=1(
di
h )

ϕi

]
,[

s
h
∏n

i=1(
ei
h )

ϕi , s
h
∏n

i=1(
fi
h )

ϕi

]
 ;

LIVSFPWA (β1, β2, . . . , βn)

=


s√

h2−h2
∏n

i=1

(
1−

g2
i

h2

)ϕi
, s√

h2−h2
∏n

i=1

(
1−

j2
i

h2

)ϕi

 ,

[
s
h
∏n

i=1(
ki
h )

ϕi , s
h
∏n

i=1(
li
h )

ϕi

]
,[

s
h
∏n

i=1(
si
h )

ϕi , sh
∏n

i=1(
ti
h )

ϕi

]
 .

According to ai ≤ gi, bi ≤ ji, ci ≤ ki, di ≤ li, ei ≥ si, fi ≥ ti, we can get

h2 − h2

n∏
i=1

(
1− a2i

h2

)ϕi

≤ h2 − h2

n∏
i=1

(
1− g2i

h2

)ϕi

;

h2 − h2

n∏
i=1

(
1− b2i

h2

)ϕi

≤ h2 − h2

n∏
i=1

(
1− j2i

h2

)ϕi

;

h
n∏

i=1

(ci
h

)ϕi

≤ h
n∏

i=1

(
ki
h

)ϕi

; h
n∏

i=1

(
di
h

)ϕi

≤ h
n∏

i=1

(
li
h

)ϕi

;

h
n∏

i=1

(ei
h

)ϕi

≥ h
n∏

i=1

(si
h

)ϕi

; h
n∏

i=1

(
fi
h

)ϕi

≥ h
n∏

i=1

(
ti
h

)ϕi

.



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.22, NO.3, 2026 809

1. If ai = gi, bi = ji, ci = ki, di = li, ei = si, and fi = ti (i = 1, 2, . . . , n), then
αi = βi = ([sai , sbi ], [sci , sdi ], [sei , sfi ]), implying

LIVSFPWA(α1, α2, . . . , αn) = LIVSFPWA(β1, β2, . . . , βn).

2. If there exists i∗ ∈ {1, 2, . . . , n} that does not satisfy ai∗ = gi∗ , bi∗ = ji∗ , ci∗ = ki∗ ,
di∗ = li∗ , ei∗ = si∗ , fi∗ = ti∗ , assuming

h2 − h2

n∏
i=1

(
1− a2i∗

h2

)ϕi

≤ h2 − h2

n∏
i=1

(
1− g2i∗

h2

)ϕi

,

the score function can be obtained as follows:

S(LIVSFPWA(α1, α2, . . . , αn)) ≤ S(LIVSFPWA(β1, β2, . . . , βn)),

then

LIVSFPWA(α1, α2, . . . , αn) < LIVSFPWA(β1, β2, . . . , βn).

In summary

LIVSFPWA(α1, α2, . . . , αn) ≤ LIVSFPWA(β1, β2, . . . , βn).

(3) This property is a direct consequence of the idempotency property and the definition
of the lower and upper bounds α− and α+.

Since α− ≤ αi ≤ α+ holds for all i = 1, 2, . . . , n, and the LIVSFPWA operator is
idempotent, it follows that

α− = LIVSFPWA(α−, α−, . . . , α−) ≤ LIVSFPWA(α1, α2, . . . , αn)

and

LIVSFPWA(α1, α2, . . . , αn) ≤ LIVSFPWA(α+, α+, . . . , α+) = α+.

Combining these two inequalities yields the desired result:

α− ≤ LIVSFPWA(α1, α2, . . . , αn) ≤ α+.

3.2. Similarity-based objective attribute weight determination method. In prac-
tical applications, particularly when dealing with MAGDM problems, attribute weights
are frequently unspecified. Within the framework of linguistic interval-valued spherical
fuzzy sets, this section proposes a novel computational approach for determining unknown
attribute weights through inter-attribute similarity comparison.

For MAGDM problems in linguistic interval-valued spherical fuzzy settings, let P =
{P 1, P 2, . . . , P p} be the set of experts, with the expert weight vector ω = (ω1, ω2, . . . , ωp)

⊤,
where

∑p
k=1 ωk = 1 and 0 ≤ ωk ≤ 1 for k = 1, . . . , p, X = {x1, x2, . . . , xn} be the set

of n objects, and T = {t1, t2, . . . , tm} be the set of m attributes. The attribute weight
vector is denoted by λ = (λ1, λ2, . . . , λm), where λj (j = 1, . . . ,m) represents the weight
of attribute tj (j = 1, . . . ,m), with

∑m
j=1 λj = 1 and 0 ≤ λj ≤ 1. The evaluation value

given by expert P k for the i-th object with respect to the j-th attribute is represented as

xk
ij =

([
sakij , sbkij

]
,
[
sckij , sdkij

]
,
[
sekij , sfk

ij

])
,

where i = 1, . . . , n; j = 1, . . . ,m; k = 1, . . . , p. All evaluation values P k =
(
xk
ij

)
n×m

form

an n×m multi-attribute decision matrix.

Definition 3.2. Let P k = (xk
ij)n×m be the p multi-attribute decision matrices provided by p

experts, where each xk
ij =

([
sakij , sbkij

]
,
[
sckij , sdkij

]
,
[
sekij , sfk

ij

])
(i = 1, . . . , n; j = 1, . . . ,m;

k = 1, . . . , p) represents the linguistic interval-valued spherical fuzzy evaluation given by
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expert P k for the i-th object with respect to the j-th attribute. The average similarity degree
of evaluations given by expert P k for all objects under attribute tj is defined as

S
(
tkj
)
=

1

n(n− 1)

n∑
i

n∑
o=1
o ̸=i

Sup
(
xk
ij, x

k
oj

)
=

1

n(n− 1)

n∑
i

n∑
o=1
o ̸=i

(
1− d

(
xk
ij, x

k
oj

))
. (12)

Larger distance between LIVSFNs indicates greater dissimilarity and lower similarity,
implying the attribute is more significant; Smaller distance suggests higher similarity and
lower importance of the attribute.
Given the weight vector of experts ω = (ω1, ω2, . . . , ωp)

⊤, where
∑p

k=1 ωk = 1 and 0 ≤
ωk ≤ 1 for k = 1, . . . , p, the total similarity degree for each attribute tj (j = 1, 2, . . . ,m)
is defined as

S(tj) =

p∑
k=1

ωkS
(
tkj
)
. (13)

The final weight λj for each attribute is calculated by

λj =
1− S(tj)∑m

j=1

(
1− S(tj)

) . (14)

3.3. The proposed MAGDM framework based on LIVSFPWA operator. Build-
ing upon the theoretical foundation of the LIVSFPWA operator, we now propose a
decision-making method with the following procedural steps:
Step 1: Calculate the support degree between LIVSFNs xl

ij and xk
ij:

Sup
(
xk
ij, x

l
ij

)
= 1− d

(
xk
ij, x

l
ij

)
; (15)

Step 2: Compute the total support T k for each LIVSFN xk
ij using expert weights:

T k = T
(
xk
ij

)
=

p∑
l=1
l ̸=k

ωlSup
(
xk
ij, x

l
ij

)
; (16)

Step 3: Calculate attribute weights according to Definition 3.2. If weights are prede-
termined, proceed to Step 4;
Step 4: With expert weight vector ω = (ω1, ω2, . . . , ωp)

⊤, where
∑p

k=1 ωk = 1 and

0 ≤ ωk ≤ 1, let ϕk =
ωk(1+T(xk

ij))∑p
k=1 ωk(1+T(xk

ij))
, aggregate all decision matrices P k =

(
xk
ij

)
n×m

using the LIVSFPWA operator to obtain the comprehensive matrix P = (xij)n×m:

xij =LIVSFPWA
(
x1
ij, x

2
ij, . . . , x

k
ij

)

=




s√√√√h2−h2
∏p

k=1

(
1−

ak
ij

2

h2

)ϕk
,

s√√√√h2−h2
∏p

k=1

(
1−

bk
ij

2

h2

)ϕk

 ,


s
h
∏p

k=1

(
ck
ij
h

)ϕk ,

s
h
∏p

k=1

(
dk
ij
h

)ϕk

 ,


s
h
∏p

k=1

(
ek
ij
h

)ϕk ,

s
h
∏p

k=1

(
fk
ij
h

)ϕk


 ; (17)

Step 5: Aggregate the comprehensive attribute values zi = ([sai , sbi ], [sci , sdi ], [sei , sfi ])
for each alternative xi (i = 1, 2, . . . , n) using the LIVSFPWA operator:

zi =LIVSFPWA(zi1, zi2, ..., zim)
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=




s√√√√h2−h2
∏n

i=1

(
1−

a2
ij

h2

)λj
,

s√√√√h2−h2
∏n

i=1

(
1−

b2
ij

h2

)λj

 ,

sh∏n
i=1(

cij
h )

λj ,

s
h
∏n

i=1

(
dij
h

)λj
 ,

sh∏n
i=1(

eij
h )

λj ,

s
h
∏n

i=1

(
fij
h

)λj

 ; (18)

Step 6: Compute the score functions S(zi) for all alternatives based on Definition 2.4,
and then determine the final ranking of alternatives according to Theorem 2.1.

Step 7: Select the optimal alternative based on the ranking of comprehensive evalua-
tion values.

4. Illustrative Example. To demonstrate the practicality and effectiveness of the pro-
posed MAGDM framework based on the LIVSFPWA operator, an illustrative example on
faculty evaluation is conducted in this section. The properties of the LIVSFPWA operator
play a critical role in application. The boundedness property ensures that all intermediate
aggregated values in the comprehensive matrix P and the final alternative values zi are
valid LIVSFNs, fairly representing the spectrum of expert opinions without producing
spurious results. The idempotency and monotonicity properties work implicitly through-
out the aggregation steps, ensuring the stability and logical consistency of the aggregation
process.

Let X = {x1, x2, x3, x4} be the four teachers under evaluation, and P = {P 1, P 2, P 3} be
the three experts with weight vector ω. We consider weight vector as ω = (0.350, 0.450,
0.200)⊤ for decision makers based on normal distribution method. The experts evalu-
ate each of these teachers based on four attributes: teaching quality (t1), instructional
materials (t2), research capability (t3), communication clarity (t4). The attribute weight
vector is λ = (λ1, λ2, . . . , λm). Using the linguistic term set S = {sz|0 ≤ z ≤ 8}, each ex-
pert provides their evaluation matrices in linguistic interval-valued spherical fuzzy format:

P k =
(
xk
ij

)
4×4

=
([

sakij , sbkij

]
,
[
sckij , sdkij

]
,
[
sekij , sfk

ij

])
4×4

(k = 1, 2, 3):

P 1 =

([s3, s5] , [s0, s3] , [s2, s3]) ([s5, s6] , [s0, s2] , [s1, s2]) ([s5, s6] , [s0, s2] , [s1, s2]) ([s4, s5] , [s1, s3] , [s1, s2])
([s3, s5] , [s0, s3] , [s2, s3]) ([s4, s5] , [s0, s2] , [s2, s3]) ([s2, s4] , [s0, s3] , [s3, s4]) ([s3, s5] , [s1, s4] , [s1, s2])
([s5, s6] , [s0, s2] , [s1, s2]) ([s3, s4] , [s1, s3] , [s2, s3]) ([s3, s4] , [s1, s3] , [s2, s3]) ([s4, s5] , [s1, s3] , [s1, s2])
([s4, s5] , [s0, s2] , [s2, s3]) ([s5, s6] , [s0, s2] , [s1, s2]) ([s3, s5] , [s0, s4] , [s1, s3]) ([s3, s6] , [s0, s4] , [s1, s2])

 ;

P 2 =

([s4, s5] , [s0, s2] , [s2, s3]) ([s4, s5] , [s1, s3] , [s1, s2]) ([s2, s3] , [s1, s3] , [s3, s4]) ([s3, s3] , [s0, s2] , [s3, s5])
([s3, s5] , [s0, s4] , [s1, s3]) ([s1, s2] , [s2, s6] , [s1, s4]) ([s3, s4] , [s1, s3] , [s2, s3]) ([s3, s6] , [s0, s4] , [s1, s2])
([s3, s4] , [s0, s3] , [s2, s4]) ([s3, s6] , [s0, s4] , [s1, s2]) ([s2, s5] , [s0, s4] , [s2, s3]) ([s5, s7] , [s0, s2] , [s1, s1])
([s4, s5] , [s1, s3] , [s1, s2]) ([s1, s2] , [s2, s6] , [s1, s4]) ([s3, s3] , [s2, s3] , [s2, s3]) ([s4, s5] , [s1, s3] , [s1, s2])

 ;

P 3 =

([s2, s4] , [s2, s5] , [s1, s2]) ([s3, s4] , [s2, s4] , [s1, s2]) ([s5, s6] , [s1, s2] , [s1, s1]) ([s5, s6] , [s0, s2] , [s1, s2])
([s4, s5] , [s1, s3] , [s1, s2]) ([s4, s5] , [s1, s3] , [s1, s2]) ([s2, s4] , [s1, s5] , [s1, s3]) ([s5, s6] , [s0, s2] , [s1, s2])
([s3, s5] , [s1, s4] , [s1, s2]) ([s2, s3] , [s1, s5] , [s1, s4]) ([s3, s4] , [s0, s4] , [s1, s3]) ([s3, s5] , [s0, s3] , [s2, s3])
([s5, s7] , [s0, s2] , [s1, s1]) ([s2, s4] , [s1, s5] , [s1, s3]) ([s3, s4] , [s0, s3] , [s2, s4]) ([s4, s6] , [s0, s3] , [s1, s2])

 .

Step 1: Calculate the support degree matrices Sup
(
xk
ij, x

l
ij

)
4×4

, where k, l = 1, 2, 3 and
i, j = 1, 2, 3, 4:

Sup12(21) =


0.9063 0.8438 0.6250 0.7734
0.9219 0.5547 0.8984 0.9063
0.6797 0.7578 0.8281 0.7422
0.9375 0.4688 0.7656 0.7969

 ,

Sup23(32) =


0.7188 0.8750 0.6250 0.6641
0.8438 0.5781 0.8125 0.7813
0.8516 0.7500 0.9609 0.6875
0.7422 0.8359 0.8594 0.9063

 ,
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Sup13(31) =


0.8125 0.7188 0.9688 0.8438
0.8984 0.9375 0.8125 0.7813
0.7813 0.7578 0.8438 0.8984
0.7422 0.6328 0.8828 0.8906

 .

Step 2: Compute the total support degree matrix T k =
(
T
(
xk
ij

))
4×4

for each expert,

where k = 1, 2, 3 and i, j = 1, 2, 3, 4:

T 1 =


0.5703 0.5235 0.4750 0.5168
0.5945 0.4371 0.5668 0.5641
0.4621 0.4926 0.5414 0.5137
0.5703 0.3375 0.5211 0.5367

 ,

T 2 =


0.4610 0.4703 0.3438 0.4035
0.4914 0.3098 0.4769 0.4735
0.4082 0.4152 0.4820 0.3973
0.4766 0.3313 0.4398 0.4602

 ,

T 3 =


0.6078 0.6453 0.6203 0.5942
0.6942 0.5883 0.6500 0.6250
0.6567 0.6027 0.7277 0.6238
0.5938 0.5976 0.6957 0.7195

 .

Step 3: According to Definition 3.2, we calculate the average similarity degrees S
(
tkj
)

for each expert’s evaluations across all attributes. The results are presented in Table 1,
indicating how consistently each expert evaluated the different attributes.

Table 1. Average similarity degrees of expert evaluations

t1 t2 t3 t4
P 1 0.9141 0.8841 0.8477 0.9401

P 2 0.9076 0.7825 0.9066 0.7878

P 3 0.8307 0.8724 0.8307 0.9128

The total similarity degree for each attribute tj is computed by aggregating the experts’
evaluations with their respective weights: S(t1) = 0.8945, S(t2) = 0.8360, S(t3) = 0.8708,
S(t4) = 0.8661.
The final attribute weight vector is obtained as W = (0.2580, 0.2411, 0.2511, 0.2498).
Step 4: Aggregate all decision matrices P k =

(
xk
ij

)
4×4

using the LIVSFPWA operator

to obtain the comprehensive evaluation matrix P = (xij)4×4 (i, j = 1, 2, 3, 4):

P =



 [s3.4627, s4.9138] ,
[s0.0000, s2.6075] ,
[s1.8604, s2.8757]

 [s4.2608, s5.2741] ,
[s0.0000, s2.7530] ,
[s1.0000, s2.0000]

 [s4.3721, s5.3945] ,
[s0.0000, s2.2828] ,
[s1.4310, s2.1174]

 [s3.9326, s4.7220] ,
[s0.0000, s2.3596] ,
[s1.5347, s2.8589]


 [s3.2283, s5.0000] ,

[s0.0000, s3.4120] ,
[s1.2837, s2.7748]

 [s3.4840, s4.4626] ,
[s0.0000, s3.1199] ,
[s1.3102, s2.8531]

 [s2.5315, s4.0000] ,
[s0.0000, s3.2832] ,
[s2.0414, s3.3202]

 [s3.4447, s5.6855] ,
[s0.0000, s3.5909] ,
[s1.0000, s2.0000]


 [s4.0713, s5.0892] ,

[s0.0000, s2.6175] ,
[s1.3420, s2.6841]

 [s2.9489, s5.2215] ,
[s0.0000, s3.5763] ,
[s1.3626, s2.4652]

 [s2.6319, s4.3473] ,
[s0.0000, s3.3904] ,
[s2.0000, s3.0000]

 [s4.4744, s6.1581] ,
[s0.0000, s2.3064] ,
[s1.0000, s1.4936]


 [s4.0000, s5.0000] ,

[s0.0000, s2.6456] ,
[s1.2398, s2.2679]

 [s3.6656, s4.6830] ,
[s0.0000, s2.7167] ,
[s1.6880, s3.3760]

 [s3.0000, s5.0000] ,
[s0.0000, s4.0000] ,
[s1.0000, s3.0000]

 [s3.0000, s6.0000] ,
[s0.0000, s4.0000] ,
[s1.0000, s2.0000]




.



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.22, NO.3, 2026 813

Step 5: Aggregate the comprehensive attribute values for each alternative xi (i =
1, 2, 3, 4) using the LIVSFPWA operator with attribute weights:

z1 = ([s4.0290, s5.0896], [s0.0000, s2.4899], [s1.4288, s2.4363]) ;

z2 = ([s3.2128, s4.8768], [s0.0000, s3.3446], [s1.3544, s2.6981]) ;

z3 = ([s3.6370, s5.2753], [s0.0000, s2.9398], [s1.3906, s2.3715]) ;

z4 = ([s3.4622, s5.2254], [s0.0000, s3.2713], [s1.1995, s2.6036]) .

Step 6: Calculate the score functions S(zi) (i = 1, 2, 3, 4) for each alternative according
to Definition 2.4: S(z1) = 6.3366, S(z2) = 6.1277, S(z3) = 6.3115, S(z4) = 6.2530. Using
Theorem 2.1, the ranking of alternatives is obtained: z1 ≻ z3 ≻ z4 ≻ z2.

Step 7: Rank the alternatives based on comprehensive evaluation values: x1 ≻ x3 ≻
x4 ≻ x2. Therefore, the optimal teacher selection is x1.

In the process of evaluating four teachers, since spherical fuzzy sets serve as an exten-
sion of intuitionistic fuzzy sets, we selected the MAGDM of the LIVAIF Ordered Weighted
Averaging (LIVAIFOWA) operator [26] based on linguistic interval-valued atanassov in-
tuitionistic fuzzy sets for comparison. Additionally, we also selected MAGDM methods
related to spherical fuzzy sets for comparison, including MAGDM based on the Linguis-
tic Spherical Fuzzy Weighted Aggregation (LSFWA) operator [17] and MAGDM based
on IVT-SF Aczel Alsina Power Weighted Average (IVT-SFAAPWA) operator [25]. Since
both methods require specifying attribute weights, we used the attribute weights obtained
in this paper: (0.2580, 0.2411, 0.2511, 0.2498)⊤. The expert weight vector, based on the
normal distribution, is set as ω = (0.350, 0.450, 0.200)⊤. Additionally, since the method
based on the LIVAIFOWA operator cannot handle hesitancy evaluations, we ignored such
evaluations during processing. For the method based on the LSFWA operator, which can-
not directly process interval values, we used averaging to handle interval inputs. The
ranking results from different methods are shown in Table 2.

Table 2. Ranking of different methods

S(z1) S(z2) S(z3) S(z4) Ranking
LIVAIFOWA operator 5.4431 5.0930 5.2256 5.3266 x1 ≻ x4 ≻ x3 ≻ x2

LSFWA operator 5.0331 4.8316 4.9102 4.9071 x1 ≻ x3 ≻ x4 ≻ x2

IVT-SFAAPWA operator 0.1887 0.1475 0.1730 0.1726 x1 ≻ x3 ≻ x4 ≻ x2

LIVSFPWA operator 6.3366 6.1277 6.3115 6.2530 x1 ≻ x3 ≻ x4 ≻ x2

Based on the ranking results of the above comparative experiments, it can be observed
that

The ordering obtained using the LIVAIFOWA operator is x1 ≻ x4 ≻ x3 ≻ x2, while
the methods based on the LSFWA operator, the IVT-SFAAPWA operator, and the
LIVSFPWA operator proposed in this paper all yield the ordering x1 ≻ x3 ≻ x4 ≻ x2.
Although the rankings of x1 and x2 are consistent across different methods, the relative
order of the intermediate alternatives x3 and x4 varies.

This discrepancy primarily stems from the differences in the methods’ capabilities to
handle uncertain information: The LIVAIFOWA operator cannot handle hesitant evalu-
ations, thus ignoring relevant hesitation information in the experiment; In contrast, the
LIVSFPWA operator adopted in this study not only fully considers all endpoint infor-
mation of linguistic interval-valued spherical fuzzy numbers but also incorporates the
fuzziness of interval membership, non-membership, and hesitancy, enabling a more com-
prehensive and detailed characterization of uncertainty in the evaluation process.
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Furthermore, based on the ranking results of the LIVSFPWA operator and the LIVAI-
FOWA operator, it is evident that the fuzziness of interval hesitancy has a significant
impact on the ordering outcome, indicating that this factor cannot be overlooked. There-
fore, the ranking results obtained by the method proposed in this study are more reliable.

5. Conclusions. Information fusion is crucial for addressing uncertainty in decision-
making environments. Firstly, this paper has proposed the LIVSFPWA operator based
on linguistic interval-valued spherical fuzzy set theory to consolidate expert preferences.
Given that assigning attribute weights presents a significant challenge in group decision-
making, then we have introduced a method to determine unknown attribute weights by
utilizing similarity measures among correlated information. Finally, we have proposed a
solution approach for MAGDM problems based on the proposed operators. An illustra-
tive example has demonstrated that this method has effectively overcome limitations of
conventional interval-valued spherical fuzzy sets, improved the validity the authenticity of
evaluation information in decision-making to some extent, and provided better solutions
for practical problems.
In subsequent research, we will integrate linguistic interval-valued spherical fuzzy set

theory with other aggregation operators and develop its innovative applications in domains
such as artificial intelligence, image processing, and pattern recognition.
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