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ABSTRACT. Conventionally, we use a chi-square test of homogeneity to determine wheth-
er the cell probabilities of a multinomial are equal. However, this process of testing
hypotheses is based on the assumption of two-valued logic. If we collect questionnaire
data using fuzzy logic, i.e., we record the category data with memberships instead of with
a 0-1 type, then the conventional test of goodness-of-fit will not work. In this paper, we
present a new method, the fuzzy chi-square test, which will enable us to analyze those
fuzzy sample data. The new testing process will efficiently solve the problem for which
the category data are not integers. Some related properties of the fuzzy multinomial
distribution are also described.

Keywords: Fuzzy set theory, Fuzzy numbers, Membership functions, Sampling survey,
Chi-square test for goodness-of-fit

1. Introduction. Consider an Il-dimensional multinomial vector n = {ny,ns,...,n;}
with the constraint Y., n; = N. The Pearson chi-squared statistic test [12] x? =

O;: — E;:)? oo _—
ZZ (”E—”) is a well-known statistic used to test the significance between ex-
i gl

pected values and observed data. It is clear that large discrepancies between expected
and observed values correspond to large chi-square values. However, when values in a
sample are expressed as fuzzy numbers, can the data be considered categorical and thus
allow us to pursue the conventional chi-square test? For example, when we are asked “How
satisfied are you with your life?”, we may respond with a fuzzy number (e.g., approxi-
mately 70% satisfied and 30% dissatisfied). If we record fuzzy numbers in questionnaires,
then the sampling survey is no longer like the conventional one.

Wu and Chang [15] used a fuzzy chi-square test to identify significant differences, but
did not provide a theoretical proof. The literature provides various definitions of fuzzy
random variables and fuzzy expected values [6, 7, 8, 13]. Most of these definitions are
derived from the conventional concept of probability; as a result, it is difficult to derive
certain properties specific to fuzzy-numbers under these definitions. More research has
focused on fuzzy statistical analysis and its application in social science fields; Casalino et
al. [2], Esogbue and Song [4], and Wu and Sun [16] have described the concepts of fuzzy
statistics and applied them to social survey. Sun [14] applied fuzzy statistical analysis to
lexical semantics computation and Chang et al. [3] proposed a fuzzy inference criterion
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for assessing process lifetime performance. Moreover, Lin et al. [9] defined a new fuzzy-
number weight function that uses a central point and radius to more effectively observe
the original fuzzy data. Later, Lin et al. [10] also purposed a method that uses a central
point and radius to identify an underlying distribution function, again providing more
information about the original fuzzy data.

In this paper, we will show the properties of a certain fuzzy statistic distribution, which
is somewhat similar to the conventional statistic distribution. Moreover, we provide an
empirical study that uses the fuzzy chi-square test to test hypotheses.

2. Fuzzy Statistic Analysis.

2.1. Definitions. Fuzzy set theory, proposed by Zadeh in 1965 [17], deal with vagueness
in data. The following definitions will be used in next subsection and Section 3.

Definition 2.1. Let U be a universal set and A = {Ay, As,..., A} be the set of fo-
cal factors in U. For any term or statement X on U, the membership function of
{A1, Ag, o ALY is {un (X)), (X)), ooy (X))}, where - U — [0,1] is a real value func-
tion. If the domain of the universal set is discrete, then the fuzzy number x of X can be
written as

pu(X) = Zui(X)[Ai(X)y (1)

where [4,(X) =1 ifx € A; and 14,(X) =0 if v ¢ A;.
If the domain of the universal set is continuous, then the fuzzy number x can be written
as

wX) = [ 010, @)

Note that, in the past, a fuzzy number was often written not as it is in Equation (1)
but instead as

MU(X)ZM/(S()Jr“Qf(j)+---+“7;(1X)

where “+7 stands for “or” and “+” denotes the membership p;(X) on A;.

Definition 2.2. Expected value for fuzzy sample data (data with multiple values).
Let U be the universal set (a discussion domain), L = {Ly, La,..., L} be a set of

k-linguistic variables on U, and  F,, = i1 + M2 4+ 4 %,i =1,2,...,np be a se-
Ly Lo Ly
quence of fuzzy random sample on U, my; (Z;?:l mi; = 1) are the memberships with

respect to L; [11] and have a fuzzy Bernoulli distribution. Then, the expected value for
fuzzy sample data is defined as

E(F,) =
(Fz,) I + I +oe Tt I

Definition 2.3. Variance for fuzzy sample data (data with multiple values).
As Definition 2.2, the variance for fuzzy sample data is written as follows:

Var(F,,) = arL(zn ) - aré;n 2) et —arézn 6




GOODNESS-OF-FIT TEST FOR MEMBERSHIP FUNCTIONS 7439

2.2. Fuzzy bernoulli and fuzzy binomial distribution. In this section, we introduce
several new distribution functions. A Bernoulli trial is an experiment that has only two
possible (and incompatible) outcomes: “success” and “failure” [5]. In general, let X =1
if the outcome of Bernoulli trial is a success, and let X = 0 if it is a failure. Then, we say
that a fuzzy Bernoulli experiment is a random experiment, the outcome of which can be
classified in one of two mutually exclusive and exhaustive ways: success or failure (i.e.,
we let X € [0.5, 1] if the outcome of fuzzy Bernoulli trial is a success and X € [0,0.5) if
it is a failure). Hence, a sequence of fuzzy Bernoulli trials occurs. In such a sequence we
let m denote the probability of success for each trial. In addition, we will frequently let
q = 1 — 7 denote the probability of failure.

Next, let X be a continuous random variable associated with a fuzzy Bernoulli trial by
define as

X € [0.5,1] for a success and X € [0,0.5) for a failure;
that is, the two outcomes, success and failure, are denoted by mutually exclusive parts of
the partition set [0, 1].
The probability density function (p.d.f.) of X can be written as

o, it o051
f@*:{zu—wy ﬁzghnb%' (3)

In this scenario, we say that X has a fuzzy Bernoulli distribution which is denoted by
X ~ FB(1,7).
We first derive some properties of the fuzzy Bernoulli distribution.

Theorem 2.1. The fuzzy Bernoulli density function given in (8) is a density function.

If X ~ FB(1,m), then the expected value of X is p = E(X) = ! ZQW, and the variance
of X is 0? = Var(X) = % + %7‘((1 — 7). Finally, the moment-generating function of X
is
G% -1 t .
M(t) = B(eX) = 2( ; )[W€2+(1—7T)], if t #0 '
1, if t =0

Proof: Note that f(z) > 0. Also note that

1 0.5 1
/ f(z)dz = / 2(1 — m)dz + / 2ndr = 2(1 — ) -2 |97 +27 - [ 5= 1.
0 0 0

.5

Thus, f is a density function.

1 0.5 1 2
E(X):/0 a:-27rdx+/0 z-2(1 —m)de = —ZW,

.5

Var(X) = B(X?) — [E(X)]*

! 0 1+2m\* 1 1
:/o x2-27rdm+/0 a:2-2(1—7r)dx—< _ZW> :E+ZW<1_W)’

.5

and the moment-generating function of X is
1 0.5
M(t) = E(e) = / e 2rdr + / e2(1 — m)dw = 2 (
0 0
t #0.

es — 1
t

) [WB% + (1 —m)| for

.5
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The moment-generating function is not differentiable at zero, but can be calculated by
taking lim; ,o. We present these operations as follows:

M(0) = Ilfl—IgéM(t) = hmz(eé t_ 1> [71'6% +(1- W)] =lim?2 <6% _ 1> [Weé +- W)]

t—0 t
= lim {2 (e
t—0

= 54 (1 2(ez —1 = 1
2) [ + ”7]'+ (6 ) (We 2) }'_
(by L’Hospital’s Rule).

In a sequence of fuzzy Bernoulli trials, we are often interested in the total number of
successes, and we do not consider the order of their occurrence. If we let the random
variable M be the number of observed successes in n fuzzy Bernoulli trials, M takes the
value of any nonnegative number. To easily denote the fuzzy Binomial distribution, let
k denote the number of observed successes, where 2m —n < k < 2m for k € N U {0}
when m < n and for £ = n when m = n, then let n — k denote the number of failures
occurred. We say that m is the observed value of M and N is defined as the natural
number. (The same definitions are used in the following analysis.) The number of ways

|+
=
]

v

|+

to select k positions for the k successes in the n trials is . Note that, when we know

n
k
the value of m, the values of k are decided.

The p.d.f. of M can be written as

) = 25 () -, (@)

keQ

where Q = {k € NU{0} | 2m —n < k <2m for m < n and m = n for k = n}. Another
way to represent the p.d.f. is as either

((o)(1—m)™, 0<m<0.5, k=0
(o) (1 —m)™ + () (1 —m)" 1, 05<m<1, k=01
(Ma-m"+ (Hrt@—m)" '+ ()n?(1 —m)" 2, 1<m < 1.5, k=0,1,2
2 :7n n n 1 n—1 n n—1 1 :’ ;
flm)= =< (Ha-m"+{Hr'@-—m" "+ -+ (" )" 1 —m", 05(n—1) <m < 0.5m, k=0,1,...,n—1
n (;L)n;(177r)"—;+(g)w§(17w)é—§+~-~+(z)w", 0.5n < m < 0.5(n + 1), k=1,2,..., n
)T -—m" 2+ G)r*A—m)" 2+ ()77, 0.5(n+1)<m<05n+2), k=2,3,...,n
\ '(’:i)wﬂ 052n—1) <m <0.5(n+n)k=n
or
o)1 —m)" % 0 <m <0.5n, k=0
2 Drt(l—m) !, 05<m<05(n+1), k=1

(M (1—m)™ ™", 05n<m<05(n+n), k=n
We say that M has a fuzzy Binomial distribution, which is denoted as M ~ FB(n, 7).
The constants n and 7 are called the parameters of the fuzzy binomial distribution; they

correspond to the number of trials and the probability of success for each trial, respectively.

Theorem 2.2. The fuzzy Binomial density function given in (4) is a density function. If

M ~ FB(n,r), then the expected value of M is p = E(M) = n - 2 and the variance

of M is Var(M) = Z—; + 47(1 — ). Finally, the moment-generating function of M is

2 (et —1 . no
M(t) = ﬁ( ; )[71’62+(1—7T)] , ift#0 .
1, if £ =0
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Proof: Note that f(m) > 0. Also, using the binomial theorem and integral operation,
we have the following:

/On F(m)dm — /On % 3 <Z) (1 — )" Fdm
2

keQ

05n /. 05(n+1) 7,
:H[/o <0)7r0(1—7r)"dm+/0'5 <1>7r1(1—7r)"_1dm+...
0.5(n+n) n
+ / ( )W"(l - W)Odm]
0.5n n

2~ [P k n—k 2 (1 & n-k M
:—Z/O <k>7r(1—7r) dm:ﬁZ(k)W(l—ﬂ) )

n
k:() .5k

:kf% (Z)wka e (=) = 1

Thus, f is a density function.
Using the binomial theorem and integral operation again, we have the following:

9 M [05(n+k) n
M(t) = E(e™M) == / e . < )Wk(l — )" *dm

o J0.5k k
2 1, » L n /e \F -
:ﬁ¥(€2t_1)z(k) <627T) (1—7'(')
k=0
2 exf—171 n
==t |:7T€§+(1_7T):| for ¢ # 0.
n

In the case t = 0, we can take lim;_,o and use L’Hospital’s Rule to complete the proof.
Now, we let

2 2 -1
z/z(t):logM(t)zlog——l—logth +n-log(rez +1—7),
n
we can get ¥(0) = log M(0) =log1 = 0.
t ezttt — (ezt —1)-1 Tesl
Moreover, let ¢'(t) = — . 2 ( ) +n. —— 2 and
ezt — 1 12 ez +1—1
1- (et —1) —t-e2'2 e3tn. ¢ — (e3t —1
w//@) — ( . ) e 2 . 2 2( )
- 1) t
; [e ()7 t4edtn. g _e%tg} 2 [eBtn t— (30— 1)] -2t
* est — 1 t4
t o t1q 2
me? (5) <7T€2 +1 —7r> — (71'62 5)
+n

We can get that

o= 1/(0) = lim m/ () = n- 127

t—0 t— t—0 ¢ t—0
(by L’Hospital’s Rule)
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/ / / 2
o e e W) —00) () — nepy 3
ond 0 = (0) = imy == = lig S = lim () = g + (1 =)
In the next section, we will derive the fuzzy multinomial distribution which is expanded

from the fuzzy binomial distribution.

3. Fuzzy Multinomial Distribution.

3.1. Fuzzy trinomial distribution. Let M = (M;, M) be a bivariate random vector
with range S, = {(m1, m2) : my > 0,me > 0 and m; + mg < n}. That is, m; and my are
nonnegative real values, such that m; + my < n. Also, let K,, = {(k1,ks) : 2m; —n <
ki < 2my, k; € NUA{0} for i = 1,2 and k; + ko < n} under the condition S,,. Then, we
have a relation between K,, and S,,. When m; and ms are fixed, k; and ks are decided.

Hence, M has a fuzzy trinomial distribution with parameters n and © = (7, m), written
as M = (M, Mg) ~ FT(n,(m,m)) if M has joint density function

k‘l kz n*klka
( ) szlll{é n—k1 ky)! 1M Ty (1 — m — ) ;

if (ky,k2) € K,

k1 ko n—ki1—ko
( ) ZZkllk2 n_kl kg) 7Tl o ( 7T1_772) )
\ if (kl,kg) e K — Kn
where K = {(k1,k2) : k1 > 0,ky > 0 and k; + ko < n} and (mq,ms) € S,.

In the above equations, n is a positive integer and 7; and 7y are nonnegative numbers
such that m; + m < 1. .

To prove that f is a p.d.f. under S,,, we must extend the set S, to S, U A, where
S, = {(my,m2) : 0.5k; <m; <0.5(n+k;), ki € NU{0} fori=1,2 and k; + k2 < n} and
A= S-S, where A is measure zero. Note that, S is the set denoted by S = {(m1,ms,) :
0<m; <nand0<my<n}.

f(my,my) =2 (5)

Theorem 3.1. The fuzzy trinomial density function given in (5) is a density function.

1+ 2m,
If (My, My) ~ FT(n, (71, 7)), then E(M;) = n - +4 L Var(M) = 5+ (1 - m),
cov(My, My) = —%mm, and the joint moment-generation function is

2\? [estt — 1 2 1 " 0 n
z [me? + moe2 +(1—7T1—7T2)] )
M(tl,tg) — n t]_ t2

if (tlth) 7é (07 )
) if (t1,t2) = (0,0)

Proof: Clearly, f(mi,my) > 0. Using the trinomial theorem and integral operation,
we have the following:

1

/ f(ml, mQ)dmldmg
Sn

= / / f(ml,mQ)dmldmg
0 Jo

more (2 n! k1 ks n—ky —ks
[ 0) T et b,
0 0 kl k2
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2\ n! by g R
- (E) kzkz {//S} kilkol(n — Ky — ko)! R (1 =m —m) dmydms
1 2

-/ Odmldmg]

( ) Z /05 (n+k2) /05 (n+k1) n N k(
T 2 (1 — mp
0.5k 0.5k1 Foylho! (n — k1 — k2) b

)n kl

k2 dm1 dmg

_ n! k1K n—ki—ko
_ZZ kol (n — ky — ko) 7r117r22(1 — T — Ta)
2

[7?1 + 7+ (1 —m —mo)]"

Thus, f is a density function.
Using the trinomial theorem and integral operation again, for the joint moment-genera-
tion function, we have the following:

M (ty1,t5)
— E( t1m1+t2m2)

05n+k2 0.5 n+k:1 n'
t1m1 tzmz : ki, ko1
()Z / / Tkl (n — & k;)”l”?(l ™
0.5ko 0.5k1 1-h2 1 — h2

—7T2)n k= demlde

2 /.8 3

_ 2 ot 1 otz _ 1 Z Z 71_]@17_(_]@2(1 T — 7T2)n—k1—k‘2
n ty kilka!(n — kl ka)! L
2\° [est — 1 3l2 _ ] o t2 n

_ <_) (6 > <€ ) {Wﬁ et +(1—m — m)] for (t1,t2) # (0,0).

n t to

The moment-generating function is not differentiable at (¢1,t2) = (0,0), but can be
calculated by taking lim, 4,)-(0,0). We let ¢, = rcos, to = rsinf. If (t1,t3) — (0,0),
then r — 0.

Hence, we have

M(0,0) = lim Mtq,t
( ) (t1,t2)—(0,0) (1 2)

. 2 t ty n
= o t1§§(0 ) <—> ( ) ) me?2 +me? + (1 —m — 7@)}
1,2 }

1. 2 2 eaTCOS@ egrsm€ |: T cos 6 + rsin 6 + (1 ):|TL
= lim (| — mTEe 2 Toe 2 - =7
r—0+t \ 1 7“(3089 rsin 6 ! 2 ! 2

=1.

Now, let 9(t) = log M (t), where t = (t1,12) is a vector.
We can get that

2 pAC | 2t
b(t) =2log (—) + log (e—> +log (e—)
n ty 123

+ nlog [me% + 7r26t72 +(1—m — 7@)} )
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It implies that ¢(0) = log M(0) = log1 = 0.
Moreover, let

ou(t t; esti .t — (e3ti —1) -1 metl
¢z(t) — ’QZ)( ) = —& . 2 (2 ) +n- - - 2 7
ot; eati — 1 t: Ted £ e 41—y —
O2p(t) 1. (3t —1) — ;- e362 e3tn. g, — (e3t —1)
¢7,7,(t) = 2 = n ) : B}
82(:2 (eztz 1) t’L
N ti [efti(g)z ti +ezti . 1 eitig] 12— [e%tlg t; (€2t‘ — 1)] 2t;
ezt — 1 t4
; N2
med (%)2 <7T16t71 F et 41— — 7r2> — (Wie%%>
+n 5
t1 to
(me? + ez +1 —m — 7T2>
t; t;
and ¢2](t) = w( ) 2 J 2

atjati atj <7rle% + 7T26t72 +1—m — 7r2>

We can get that

1+ 2m,
p=EM; = ;(0) = lim¢;(t) =n - - i
t—0 4
0% = Var(M;) = 4u(0) =l (t) = o + (1l = m),
. n
and CO’U(Ml, Mg) = 1/112(0) = hmt_>0 77[)12(75) = —171'177'2.

Theorem 3.2. Let (M, My) ~ FT(n,(m,ms)) be a fuzzy trinomial distribution with
means m and mo. Then My ~ FB(n,m) and My ~ B(n,m).

Proof: The marginal moment-generating function of M; is calculated as follows:

M (t) = M(t,0)

2\ (et — 1Y ezt —1 N o n
= lim — [me 2 + et + (1 —m — 7T2):|
(t1,t2)—(t,0) t1 to
. N e |
< ) ) 7T1€§ + e + (1 —m — 7T2)i| tl;g%) <T)
e% — n
= (ﬁ) ( , ) |:7T162 +(1- 7r1)] :

This expression is the moment-generating function for F'B(n, ), so M; ~ FB(n,m).
The proof for M, can be done in a similar way.

Next, we discuss the fuzzy trinomial distribution that will lead to the notation used
in the fuzzy multinomial distribution. Let (M, Ms) ~ FT(n,(m,m2)), and let My =
n—M; — My and 7 =1 —m; —my. Then M = (My, My, M3) has the joint density function

(2) zzzkl.kg-,kg Rt (ko k) € K
1 2 3

(2) XS gttt i (kb € K - K;
kl k2 k‘3 1:h2shvg:

f(m17m27m3> - 2
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where K = {(ki, ko, k3) : k1 > 0,k > 0,k3 > 0 and ky + ko + k3 < n} and where (my,
ma,m3) € Sk, Sk is denoted as S¥ = {(my,ma,m3) : my > 0,my > 0,m3 > 0 and m,
+mgy + mg = n}.

AISO, let K:L = {(kl,kg,k’g) 2my —n < k; < sz,kﬁl eNU {0} for i = 1,2,3 and ki +
ks + k3 = n} under the condition (mq, ma, ms) € S. Then we have a relation between
K and S;. If my, me and mg decide, kq, ko and ks are decided. It is straightforward to
show that (M;, My, M3) has a joint moment-generating function

(3) () (T (T (e ome e’
“ <7T1€2 + moe2 +7r362> ,
M(t17t27t3) - n tl t2 t3

if (t1,t2,t3) # (0,0,0)
1, if (t1,12,t3) = (0,0,0)

Note that the joint density function and joint moment-generating function of (M, M,,
Ms3) are somewhat nicer than those of (M, Ms). Also notice that the density functions of
(My, My) and (My, My, M3) represent the same model, in which we have n independent
replications of an experiment with three possible outcomes.

When (M, My) ~ FT(n,(m,m)), the joint distribution of M;, My and Ms = n —
M, — M, is a special case of the fuzzy multinomial distribution discussed in the following
analysis. In this case, we often say that M = (M, My, M3) has a three-dimensional
fuzzy multinomial distribution and we write (M7, My, M3) ~ F'Ms(n, (71, 7o, 73)), where
w3 =1—m — mo.

3.2. Fuzzy multinomial distribution. We have already considered the situations that
involve two and three random variables. Now, we want to extend it to £ random variables.
Let M = (M, ..., My) be a k-dimensional random vector with range S, = {(m1, ...,

my) :mq > 0,...,mg > 0and my + -+ +my = n}. That is, M; are nonnegative fuzzy-
valued random variables whose sum is n. M = (My,..., My) has a k-dimensional fuzzy
multinomial distribution with parameters n and 7 = (7, ..., 7). We write (M, ..., My,)

~ FMy(n, ) if M has joint density function

( 2 k '
E § n: k1,_ko kg,
— —— T Ty ... T
(n) I ko
k1 ky,

if (kv ko, ... ki) € Ky

k
2 n! &
z 0 k_ke Ky
(n) 2 Zkll...m“ I
ky ki,

if (kp, ko, ... k) € K — K,

flmy,....mg) =

\

where K = {(ky,..., k) : k; > 0fori = 1,2,...,kand 3.0 ki = n}, M € S,, and
¢ = dim(k — 1), and where n is a positive integer and m; are constants such that
Zle 7, = 1. Moreover, K, = {(k1,...,kr) : 2m; —n < k; < 2m;, k; € N U{0} for i =
1,....kand ¥  k; = n}. Note that S5 | M; = n and hence, My, = n — Y25 M; and
m=1— Zf;ll ;. Also note that

(Ml,MQ) ~ FMQ('I?,, (7T1,7T2)) = My~ FB(TL,?Tl), My =n— Ml,

and (Ml, MQ,M3) ~ FMg(n, (71'1,71'2,77'3)) = (Ml, Mg) ~ FT(n, (7T1,7T2), M3 =n — M1 -
M.

The following theorems illustrate important properties of the fuzzy multinomial distri-
bution.



7446 P.-C. LIN, B. WU AND J. WATADA

Theorem 3.3. The fuzzy multinomial density function in (6) is a joint density function

for all positive integers n and for all values m, ..., T, such that m; > 0 and Zle m = 1.
Let M ~ FMy(n,n), where M = (My,..., M), # = (m1,...,7 ZM = n and
i 1+ 27 n> n

Zm = 1. Then, E(M;) = n- * Var(M;) = E—F 47TZ(1 m;), cov(M;, M;) =

— 4 i and the joint moment-generation function can be written as

() () () ot ooty

— | ——— <7T1€2 + mae 2 +"'+7Tk€2),

M(ty, ... t) = n ty 2 )
)

i (tr,...,tk) #(0,...,0
1, 1f(t1,,tk):(0,,()

[fM ~ FMk(n,ﬂ'), then M,L ~ FB(TL,TQ) and (Ml, M]) ~ FT(H, (7Ti,7Tj>>.

Proof: The proof is given in the same way as those for Theorems 3.1 and 3.2.
The next theorem gives a normal approximation, which has a widely range of uses.

_ “x; M
Theorem 3.4. Let X; ~ FB(1,7) and X,, = Ti_ —, where M ~ FB(n,7) and
non

i=1
M = Zx, Suppose that p = E(X;) is finite and that o* = Var(X;) < oco. Then
i=1
M —n- 1427
! 1—d>N(O,1)a8n—>oo.

[ + g1 —m)]*
Proof: Because X; ~ F'B(1,7), we have the following:

142 1 1
uw=FE(X;) = T nd o? = Var(X;) = — + —-7n(1 —m).
48 4
_ "~z M 142
Moreover, X, = x—:—, where M ~ FB(n,7), u = E(M) = n- —tl " and
‘~n  n
n2 i=1
Var(M) = — 1—
ar(M) = 48+47r( ).
Hence,
- M 1 1 1+ 27 1427
—BEX)=E(=)=-EM)=="(n- = |
j = B(X,) (n)n”n(n ) -
and Var(X,) = Var (&) = LVar(M) = % [48 + 4m(1 —71')} =5 +r(l—m).
Using the central limit theorem, we have the followmg
X, —
a li>N(O,1)asn—)oo.
[+ (=7
M —n . k2
Hence, ! : iN(O,l) as n — 00.

n?2 n 2
(2 + 271 — )]
We have introduced some new distributions based on fuzzy theory. Now, we can use
these distributions to derive a fuzzy chi-square statistic for goodness-of-fit.
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3.3. Goodness-of-fit for membership functions with fuzzy data.
The l-sample fuzzy multinomial model

Let M; be independent [-dimensional random vectors (M; ~ F M (n;, m;)) where n; are
integers and m; are unknown parameter vectors. This model is called the [-sample fuzzy
multinomial model. The primary purpose of this model is to test the equality of all =;.
Let M;; be the jth component of M;, let ;; be the jth component of 7; and let L; denote
linguistic variables for 7 = 1,2,..., k. Table 1 shows these notations.

TABLE 1. The table of membership M;; in L;

L1 L2 . Lk Total
M, My | Mg | ... | My M, =n,
M, My | My | ... | My Ms. = ny
Ml Mll Mlg Ce Mlk Ml‘ =1y
l
Total | My | My | ... | My | N=) n
=1

Theorem 3.5. A;; is an unbiased estimator of m;; for the l-sample fuzzy multinomial

oM, 1
model M;j, where A;; = J

Proof: We know that M; ~ FMy(n;,m;) implies that M;; ~ FB(n;,m;). Thus, we

1 4 2m;, 2,
have E(M;;) = n; - el and Var(M,;;) = Z—é + nzm-j(l —m;j). We can then derive
1 [4M;; 2M;; 1 . . .
El-= J_ 1)) =F . — — ) = E(A;j) = m;. Hence, A;; is an unbiased esti-
mation of ;.

Now, we test Hy : my = my = -+ = m; against Hy: Hy not being true. Under the null

hypothesis Hy, the 7; values are all equal, so we let
— — — — h — /
T =My = -+ = m = my, where my = (mo1, Toz, - - -, Tok) -

Therefore, a sensible estimator for the expected frequency for the jth cell in the ith sample

18
A 1+ 27, 1 2M.; 1 M.
E.=n; - ——L =n;- = [1+2 J _ =n; —2
Moy Mg { * ( N 2)} mN
where M; =Y. M;; and N = ). n,.
Let
I k-1 A k-1 ; 22 \1°
Oe=3.2 I+ et
T B, k—1 A ng
. 1. n; n?
Where Bij = §E1] — g + @

Here Uy, is a fuzzy chi-square distribution and has (I — 1)(k — 1) degrees of freedom.
Because the distribution of Uy, is approximately x*(I — 1)(k — 1), we will reject Hy if
Ue > x2(1 = 1)(k — 1), where « is the desired significance level of the test.

Theorem 3.6. Uy, % (1 — 1)(k — 1)
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Proof: It is enough for us to show that Uy, A X2k —1).

Let Mn = (Mn17Mn2,...,Mnk)/7 T = (7T1,7T2,...77Tk)/, E (Enl,EnQ,... Enk) and
V be the K x K matrix, whose ith diagonal element is Vj; = 17;(1 — 7) and whose (i, j)th
off-diagonal element is Vi; = —mm;. So, Var(X;) = & + 7rz(1 mi), and cov(X;, X;) =
—im-wj, for i # 7.

First, let us show that n‘l(Mn — E,) is approximately N (0 Vi [k) Because M,, ~
FMy(n,m), where 7 = (m,7,...,m) and M, = nX,. We can get that E(X,) =
I2n and Var(X,) = Y+ £I. Therefore, E, = E(M,) = n- 2% and Var(M,) =

n-V+4 I . Using the multinomial central limit theorem, X,, — 122“
1427

Ny, (O V + ]k) We can get that M is approximately N (O LA ]k) Hence,
nil(M E ) is approximately Ny (O v + Ik)

Because V' is not invertible, let M} and E* be the (k — 1)-dimensional vectors and let
V* be the (k — 1) x (k — 1)-dimensional matrix. Then, n=}(M* — E¥) is approximately
Ni—1 (0, %= + 5 1e1).

We know that [1]

is approximately

1, = ot - B (%

which implies that

2 -1
n=wwwm@w —hO(M%ﬂ%w%—M

48
h V* 4 2[ 1D + 2[ 1F*F*’
ere n — — — )
v 4L T LT gkt T gy e
Let
nmy 0 0
0 nmy ... 0
Dy = ) . )
0 0 NmTe_1
and F,, = (nm,nme, ... ,nmy).

We also know the following [1]:
If Ais a ¢ x g invertible symmetric matrix, b and ¢ are ¢g-dimensional vectors, and d # 0

(cA71b)?
is a number, the2n d(A—d o) le=dA™? FRRAETR Then, we let C,, = M* — E*,
1
A= z_LDk_l + Z—Slk_l, b= F; and d = 4n. Hence, we can get that

2

~1
T, =(M* — EY (nV* Z—8Ik 1) (M — E7)

-1 2
My = By (3D + 1) F;;]

dn— F (ADyy + 220 )  Fr

2
k-1 n2
5| O = B [T 0 = B (1 - 5|

_z‘ﬂ Bpi n—4zk 'B ( e )2 ’
= ni 18B,;

1 n n?
h Bm = _Em' - -5
where 5 8 + TS

1 2 -1 |i(
=(M; - E}) (4Dk 1+ 4_8[k 1) (M — E) +
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Hence, Uy, = T), - x2(k — 1).

To compute the degrees of freedom in Theorem 3.6, note that there are (I — 1) degrees
of freedom for each of the k populations. Thus, there are k(I — 1) degrees of freedom for
the whole model. Under the null hypothesis, we estimate (I — 1) independent parameters,

the components of my. (Note that ) mp; = 1.) Therefore, we would expect the degrees of
freedom for this hypothesis to be k(I — 1) — (I —1) = (k—1)(I — 1).

4. Empirical Studies.

Example 4.1. A manager wants to have a dinner party with his staffs at the end of
this year. He wants to know whether the different sexes will make difference choices about
dinner style. He conducts a sampling survey and randomly chooses 100 samples (50 males
and 50 females) from the company. During the answering process, people are asked to reply
via two methods: a conventional reply and a fuzzy response. In the conventional reply,
people can only choose one answer. In the fuzzy response, people can answer the question
with percentages (the total percentage is 100%). For instance, a staff could respond that
he has a preference 70% for Chinese style, 20% for Japanese style and 10% for Korean
style. The manager then sums up the percentages and the results are as follows:

TABLE 2. Respose in conventional way

Style | Chinese | Japanese | Korean | Thailande others Chi-square test
Voter Style Style Style Style of homogeneity
Male 27 12 2 3 6 Y2 =3.46 >
Female 26 14 2 0 8 0.71 = x345(4)
TABLE 3. Respose in fuzzy way

Style | Chinese | Japanese | Korean | Thailande other Chi-square test
Voter Style Style Style Style 51 of homogeneity
Male | 19.86 16.09 4.45 3.6 6 Y2 =0.18 >
Female | 18.7 13.5 6.82 4.29 6.69 | 0.71 = x245(4)

The null hypothesis Hy is that there is no difference in dinner style choice against the
alternative hypothesis H; is that Hy is not being true. With a significance level a = 0.95,
we can see the two results from the different responses are different. For the conventional
response, we reject the null hypothesis, while for the fuzzy reply, we accept the null
hypothesis. In other words, for the conventional reply, sex affects the response about
dinner style, while for the fuzzy reply, sex does not affect the response about dinner style.

Although we did not illustrate the feasibility of the test statistic in this paper, we
provided a method to evaluate fuzzy questionnaire which is more approaching to human
though. The statistic test we proposed in this paper is more flexible with fuzzy numbers
than a corresponding statistic test with real numbers.

5. Conclusions. We seldom use the fuzzy survey in the social sciences. One of the
reasons is that it is difficult to find an appropriate fuzzy testing process. In this paper,
we provided a formula, called fuzzy chi-square test to deal with fuzzy data. We used the
fuzzy binomial distribution to find expected value and variance. Hence, we could find the
estimator for 7;; in [-sample fuzzy multinomial model. Moreover, we used the central limit
theorem to obtain an approximately normal distribution. We used a proof similar to that
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of the conventional Pearson’s chi-square test to describe the fuzzy chi-square teat. We
also presented an example in Section 4 where we used two methods, the conventional chi-
square test and the fuzzy chi-square test, to test the hypothesis. Outstanding questions
that will lead to future improvements are as follows:

1. Does the size of sample affect the sensitivity of the result?

2. How can we prove that A;; is the best estimator for m;;?

3. Although we proved the fuzzy chi-square test in this paper, the result is a little
complex and hard to calculate.
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