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Abstract. Nonlinear systems described by the simple mathematical model often exhibit
extremely complicated behavior called chaos. In this paper, chaotic systems, described
by the one-dimensional difference equation, are investigated. Methods for constructing
chaotic systems with the invariant density, which is piece-wise uniform with one or two
step, are demonstrated.
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1. Introduction. In various research fields, it is well known that nonlinear systems with
a simple mathematical model often exhibit extremely complicated behavior called chaos
[1-12]. In this paper, chaotic behavior, exhibited by the following one-dimensional differ-
ence equation, is investigated

xn+1 = f (xn) , n = 0, 1, 2, . . .

f : I → I, I = [0, 1]
(1)

Concerned with the nonlinear function f (x), which determines the characteristic of the
nonlinear system (1), if a function p (x), x ∈ [0, 1] satisfies the following Frobenius-Perron
equation

p (y) =
X

x∈f−1(y)

p (x)

|f 0 (x)| , f 0 (x) =
df (x)

dx
(2)

and satisfies the following normalized conditionZ
I

p (x) dx = 1

then the function p (x) is called the invariant density of the nonlinear function f (x) [5].
Important statistical information of chaotic behavior of the system (1) are included in the
invariant density p (x). For example, for any subset A ⊂ R1, the equation

lim
n→∞

1

n

n−1X
k=0

χA (xk) =

Z
I

χA (x) p (x) dx (3)

holds, where

χA (x) =

½
1, x ∈ A
0, x /∈ A
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